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ABSTRACT

Simulations of physical processes are ubiquitous in science and engineering, but they can
be prohibitively expensive, particularly when many cases must be run. The field of model
reduction comprises a collection of methods with an ambitious goal: reduce the compu-
tational cost of simulations by orders of magnitude while maintaining tolerable accuracy.
The standard framework for producing a reduced-order model (ROM) is to (i) find a low-
dimensional encoding of the state of the dynamical system, then (ii) derive a dynamical
system governing the evolution of this low-dimensional encoding. While model reduction
has had many successes, new techniques are needed for the widespread adoption of ROMs.
This thesis explores space-time model reduction, an alternative framework wherein (i) the
entire trajectory of the state of the system over a time interval [0, T ] is encoded, then (ii)
the degrees of freedom in the encoding are solved for simultaneously.

First, we investigate space-time encodings. We establish a connection between space-time
proper orthogonal decomposition (POD) and the singular value decomposition of a particular
Hankel matrix used in popular time-delay embedding methods. This connection provides
a clear interpretation of the Hankel modes grounded in classical POD theory, and we gain
insights into these modes by analyzing the equivalent discrete space-time POD problem.
Based on these insights, we present several methods for improving the Hankel modes.

Second, the main contribution of this thesis is the development of a space-time ROM,
complete with a space-time encoding scheme and a method to solve quickly and accurately
for the encoding online. The method encodes trajectories using spectral POD (SPOD)
modes, which provide a spatial basis at each temporal frequency. These modes have several
properties that make them an ideal choice for space-time model reduction, including near-
optimality for encoding long trajectories. The method solves for the degrees of freedom in the
SPOD encoding using a novel technique, which we call spectral solution operator projection
(SSOP): we project the analytical solution to the linearized governing equations onto the
SPOD modes. This yields precomputable transfer functions that map the initial condition
and forcing to the SPOD coefficients that result from the linearized dynamics. Nonlinearity
is accounted for in this framework as an additional state-dependent forcing on the system,
resulting in a nonlinear system of algebraic equations for the SPOD expansion coefficients.
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We solve this system using a fixed-point iteration.
We demonstrate the capabilities of SSOP by testing it on linear and nonlinear Ginzburg-

Landau systems, and an advection-diffusion system. These tests include cases where the
testing conditions are qualitatively different from those used for training, such as using
different system parameters and using non-statistically-stationary forcings. In all cases, we
find that SSOP delivers orders-of-magnitude lower error than benchmark ROMs at similar
cost. Indeed, the method achieves substantially lower error than the lower bound for space-
only ROMs based on linear encodings. We then describe ongoing work applying SSOP to the
incompressible Navier-Stokes equations. These equations pose additional challenges related
to approximating the transfer functions involved in the method, and we discuss techniques
for overcoming these challenges.

We conclude that SSOP is a promising avenue for further work on model reduction. While
it requires more care in the precomputation steps than most existing methods, we view the
reduction in error, particularly the near-exact recovery of the space-time encoding of the
solution, as a significant result.
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CHAPTER 1

Introduction

1.1 The need for model reduction

Computational models for physical phenomena are surprisingly expensive. Consider, for
example, a two-dimensional simulation of the flow past a cylinder. Integrating the solution
over many oscillations can require hours of CPU time, even at modest Reynolds number.
Increasing the Reynolds number increases the range of scales, requiring a finer grid and
shorter time step, and the cost grows accordingly. Making the simulation three-dimensional
may further increase the cost by orders of magnitude. And this flow is among the simplest
of practical interest.

The scientific and industrial applications for computational models often involve much
more complex flows. The turbulent convection of the molten iron in the outer core of the
earth, for example, contains scales ranging from meters to thousands of kilometers [43].
Many engineering applications also require simulations to be run quickly, either because the
simulation results are needed promptly, or because many simulations must be conducted in
succession. In model-predictive control, a simulation time of milliseconds can be required to
inform real-time actuation input [55, 53, 80]. Aircraft manufacturers often run a simulation
at each step in an optimization loop over possible airfoil designs [59, 79]. Techniques for
uncertainty quantification often use Monte-Carlo methods which involve many simulations
[10, 140], requiring each one to be cheap. While these examples are drawn from fluid me-
chanics, which is the focus of this thesis, the need for fast simulations extends across science
and engineering.

Developing techniques to accelerate simulations is a broad goal, and there are many
approaches to doing so including better hardware, more computing (parallelization), better
numerical algorithms, and simplified physical models. The approach that is the focus of this
thesis is reduced-order modeling.

The field of model reduction comprises methods that build a reduced, i.e., computationally
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cheap, model using data from and/or the equations governing a model that is regarded as
the ground-truth. The ground-truth model, hereafter called the full-order model (FOM),
may be a high-fidelity simulation or an experiment, and while accurate it may be expensive
to run. The goal of the reduced-order model (ROM) is to produce accurate predictions of
the behavior of the FOM in new conditions and at low cost, thus alleviating the need to run
the full-order model. Reduced-order models often require an up-front computational cost
to construct, which usually involves generating and processing data from the FOM, and in
many cases, doing additional calculations using the equations governing the FOM. While
this thesis focuses on fluid mechanics, reduced-order models, including the ones developed
herein, are formulated for general dynamical systems.

The goal of model reduction is an ambitious one, and the availability of general-purpose
techniques to accelerate simulations would be of enormous value in the scientific and engi-
neering fields that rely on expensive simulations. However, ROMs are not yet sufficiently
robust for widespread use in science and engineering. The majority of ROMs operate within
a particular approach, which we refer to as the space-only framework. While this framework
has many successes, ROMs remain far from a general-purpose tool for accelerating simula-
tions, and we argue that this motivates the investigation of alternative approaches. In this
thesis we explore space-time model reduction, an interesting, but far less common approach
that addresses some limitations of the space-only approach. In the remainder of this chapter,
we describe the space-only framework in detail, introducing concepts and notation that are
used throughout the thesis, and give an outlook on its use and limitations. We then describe
the space-time framework, and situate the contributions of this thesis within the existing
space-time literature.

1.2 The standard framework: space-only model reduction

We focus in this thesis on time dependent problems, though some ROMs are designed for
time-independent problems. While some ROMs are constructed without explicit governing
equations, many of the methods discussed below, and the methods developed in this thesis,
make use of them. We consider full-order evolution equations of the form

q̇ = h(q, t;µ), (1.2.1)

The function h returns the time derivative of the state q ∈ CNx . It is a function of the state,
time and any parameters µ ∈ CNµ that define the system. In later chapters we assume a
less general dependence of h on its arguments.
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The great majority of model reduction methods use the following two-step approach: (i)
find an efficient encoding of the state of the dynamical system, replacing the high-dimensional
state space with a low-dimensional one, then (ii) derive a dynamical system for the encoding
[8, 112]. The motivation for this approach is the following: the instantaneous state of the
system of interest is often made up by a few prominent coherent structures, and moreover,
the dynamics are dominated by the interactions of these structures. This allows the state
to be represented accurately by a relatively small number of degrees of freedom, and ideally,
for these degrees of freedom to be evolved accurately by a reduced system that ignores the
impact of unretained features on the large-scale structures.

1.2.1 Encoding methods

Mathematically, the encoding scheme of the state is given by a pair of functions ex : CNx →
Cr and dx : Cr → CNx . The encoder ex maps the state q to an r dimensional encoding
a ∈ Cr, and the decoder dx maps the encoding back to the state space. The encoding
scheme is effective if the encoding is low-dimensional, i.e., r ≪ Nx, and if the decoding of
the encoded state is near the original state, i.e., dx(ex(q)) ≈ q for states q that are realized
by the system. The encoding scheme is usually derived from data from the FOM, though in
some cases [86, 47, 58], it is derived from the governing equations.

In practice, it is standard to decompose the state in terms of a mean and fluctuation
q = q + q′, and to formulate the encoding scheme for the fluctuation, i.e., a = ex(q′) and
q ≈ q+dx(a). We assume throughout that this decomposition has already been performed,
so hereafter q denotes the fluctuation to the mean.

1.2.1.1 Linear encodings

Many common encodings are linear in that the encoding and decoding functions are both
linear in their inputs. In this case, the encoder and decoder are matrices (if the state is a
finite-dimensional vector), and the encoding/decoding process amounts to a projection onto
the subspace spanned by the columns of the decoding matrix. Let the decoder be given by
Φ ∈ CNx×r, meaning the decoded state q̃ ∈ CNx is

q̃ = Φa. (1.2.2)

With this decoder, the best encoder is the one that minimizes the error

∥q −Φa∥2
x. (1.2.3)
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It is common to use a weighted L2 norm, given by ∥q∥2
x = q∗Wq, where W is a positive-

definite matrix, and the subscript, used throughout the thesis, is used to distinguish this
space-only norm from a space-time one introduced later. With this norm, the optimizing
encoded state is given by a = (Φ∗WΦ)−1Φ∗Wq, meaning the optimal encoder is given by
the (weighted) pseudo-inverse of the decoding matrix. The encoding/decoding process then
amounts to an orthogonal projection of the state onto the span of Φ, i.e., q̃ = Pq where
P = Φ(Φ∗WΦ)−1Φ∗W. The error in the representation only depends on this span, so it is
convenient to work with orthonormal decoders, i.e., ones where Φ∗WΦ = I. In this case,
the encoding is

a = Φ∗Wq (1.2.4)

and the projection matrix is P = ΦΦ∗W. Another convenient property of these encoding
schemes is that the error is given by ∥q −Φa∥2

x = ∥q∥2
x − ∥a∥2

2, which may be interpreted
as a generalized form of Parseval’s theorem. Familiar examples of such orthonormal linear
encodings include representation by a truncated Fourier series, and representation by a
truncated set of normal eigenvectors of a linearized system.

Proper orthogonal decomposition (POD) modes [96, 52, 76, 77] provide the most common
basis for linear encodings in space-only model reduction. POD is used across many fields.
Its use in model reduction derives from that fact that it is the optimal linear encoding; it
minimizes the average error between the state and the decoder approximation thereof. POD
will be discussed in detail in Chapter 2.

An advantage of linear encodings is that the encoded state a is interpretable as the coeffi-
cients of the state q in the basis given by the columns of the decoding matrix. The simplicity
of linear encodings can also be helpful when deriving the reduced dynamical system. How-
ever, linear encodings can be inefficient for representing the state in certain problems [71, 6].
Consider, for example, the one-dimensional advection equation u̇(x, t) = − ∂

∂x
u(x, t), with a

step-function initial condition u(x, 0) = 1 for x < 0 and u(x, 0) = 0 for x ≥ 0. The step
function simply translates in the positive direction at constant speed, but despite this simple
behavior, linear encodings of the solution require many degrees of freedom for even modest
accuracy. It has been shown [90] that with any linear encoding scheme, the L2 norm of
the error in the representation of the solution is at least C√

r
for some time. Therefore, the

accuracy in the representation only converges at a rate of 1√
r

with the number of modes r.
While such precise error bounds are only available for a few problems, this slow decay in
error with r is observed empirically for advection-dominated problems with sharp gradients
[98].
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1.2.1.2 Nonlinear encodings

The limitations of linear encodings has motivated the development of nonlinear encodings.
The additional flexibility afforded by nonlinearity can enable more efficient representations
of the state. In the one-dimensional advection problem described above, for example, an
encoding that simply returns the location of the discontinuity can achieve an exact repre-
sentation of the solution using only one degree of freedom. Encoding schemes where the
encoder is linear, but the decoder is a quadratic function of its inputs were first developed
for model reduction in the structural dynamics community [58, 114], and these schemes have
been shown to improve the convergence for advection-dominated problems [38]. Encoding
schemes that generalize projection onto eigenmodes to nonlinear systems have also been
developed [47]. These schemes also involve a linear encoder and a polynomial decoder. Per-
haps the most common nonlinear encoding schemes – both in model reduction and other
fields — are autoencoders. These parametrize both ex and dx as neural networks, and train
them to minimize the error in the representation of the state using data from the problem
of interest. Autoencoders were first developed in the machine learning community [113, 49],
but have been employed in model reduction [66, 48, 71]. While nonlinear encoding schemes
are usually more efficient than linear ones in that they achieve lower error with the same
number of degrees of freedom, nonlinearity can make the process of learning the dynamics
more difficult.

1.2.2 Producing the reduced dynamical system

With an encoding defined, the second step in the standard framework is to produce a dy-
namical system governing the encoded state of the form

ȧ = g(a, t;µ), (1.2.5)

where g : Cr → Cr.

1.2.2.1 Projection with linear encodings

With a linear encoding the most common approach is Galerkin projection. Substituting
q ≈ Φa into (1.2.1) gives

Φȧ = h(Φa, t;µ), (1.2.6)

which can be used to obtain an equation giving ȧ in terms of a and t, as desired. However,
(1.2.6) is overdetermined, as there are Nx equations and only r unknowns. The Galerkin
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approach is to left-multiply both sides by Φ∗W, which gives

ȧ = Φ∗Wh(Φa, t;µ). (1.2.7)

This is equivalent to minimizing the norm of the residual ∥Φȧ− h(Φa, t;µ)∥2
x over ȧ, and

it amounts to an orthogonal projection of the full-order right-hand side h onto the span of
the columns of Φ.

The overdetermined system (1.2.6) can also be closed by performing an oblique projection,
or, equivalently, by left-multiplying both sides of (1.2.6) by a different matrix Ψ∗W, where
Ψ ∈ CNx×r is a different set of basis vectors. This is called Petrov-Galerkin projection, and
it results in the following reduced system:

ȧ = (Ψ∗WΦ)−1Ψ∗Wh(Φa, t;µ). (1.2.8)

Galerkin projection is recovered as the case where Ψ = Φ. This choice of Ψ can have
a surprising impact on the quality of the resulting ROM, with good choices leading to
substantially more accuracy [16, 17].

1.2.2.2 Projection with nonlinear encodings

A similar approach can be taken when the encoding is nonlinear. Substituting q ≈ dx(a)
into (1.2.1) and applying the chain rule gives

J(a)ȧ = h(dx(a), t;µ), (1.2.9)

where J(a) = ∂
∂a
dx(a) ∈ CNx×r is the Jacobian of the decoder about the current encoded

state. This is again an overdetermined system. The residual ∥J(a)ȧ − h(dx(a), t;µ)∥2
x is

minimized by left-multiplying by the pseudo-inverse of J(a). This can be interpreted as
Galerkin projection generalized to the nonlinear encoding: it is an orthogonal projection of
the full-order right-hand side h onto the tangent space of the manifold given by the decoder
at the current encoded state. Petrov-Galerkin projection generalizes to the nonlinear case
as well, and it entails an oblique projection onto the same tangent space [71].

An important difference relative to the linear case is that the projection changes as the
system evolves, since the Jacobian depends on a, and this can complicate the precomputation
process.
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1.2.2.3 Precomputations and hyper-reduction

The purpose of deriving the reduced system ȧ = g(a, t;µ) is to arrive at a system that is
cheap to integrate forward in time. However, as written, the systems above are actually
similarly expensive to the FOM. Evaluating the function g involves decoding the state,
evaluating the full-order right-hand side h, and then performing the projection. Each of
these operations scales (at least) with Nx, the large-scale state dimension that ROMs are
designed to avoid, and thus there is no speedup as written. With the right precomputations
— offline calculations involved in building the ROM before using it online — these operations
can usually be avoided, although doing so can require additional approximations in some
cases.

Consider the linear time-invariant (LTI) system

q̇ = Aq + Bf(t), (1.2.10)

with A ∈ CNx×Nx and B ∈ CNx×Nf . With a linear encoding scheme given by the decoder Φ,
Galerkin projection gives the following reduced system:

ȧ = Ara+ Brf(t). (1.2.11)

The matrices Ar = Φ∗WAΦ ∈ Cr×r and Br = Φ∗WB ∈ Cr×Nf can be precomputed, and
the resulting system can then be integrated forward in time at a cost that scales with r (and
Nf ) rather than Nx.

A similar technique can be used for a quadratically nonlinear system of the form q̇ =
Aq + b(q, q) + Bf(t), where b : CNx ×CNx → CNx is a bilinear function. By precomputing
both the matrices from the linear case and the tensor Nijk = ϕ∗

i Wb(ϕj,ϕk), the reduced
system can be written as

ȧ = Ara+
r∑

j,k=1
Nijkajak + Brf(t). (1.2.12)

Evaluating the right-hand side of this system now scales with r3 rather than Nx, and the
additional precomputation scales with Nxr

2.
In principle, one could approximate a general nonlinearity as a sum of polynomial terms,

carrying out the necessary precomputations for each one. However, this quickly becomes too
expensive — the online phase scales with rk+1 for a k-th order polynomial nonlinearity. In
practice, for third-order and higher nonlinearities, so-called hyper-reduction techniques are
used. The most common among these approximate the nonlinear term with a precomputed
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reduced basis. The nonlinear term is then sampled at p points online at each time step,
using the result to obtain the basis coefficients. With such methods, the evaluation of the
nonlinear term scales with pr rather than Nx. Most often, the basis used for the nonlinear
terms is POD modes obtained from data for the nonlinear term, and the sample points are
obtained by a greedy selection process called the discrete empirical interpolation method
(DEIM) [21].

In the examples above, h does not depend on parameters, and parameter dependence
can complicate the process of precomputing the necessary matrices for fast online model
evaluation. The objective is to precompute quantities such that the ROM operators can be
formed quickly given a new parameter vector, i.e., without any computations that scale with
Nx. While this is often not achievable [8], one special, but common, case which can be dealt
with elegantly is affine parameter dependence. Consider the LTI system q̇ = A(µ)q+Bf(t),
where A has the following dependence on the scalar parameter µ,

A(µ) = A0 + µA1. (1.2.13)

By precomputing Ar
0 = Φ∗WA0Φ and Ar

1 = Φ∗WA1Φ, the reduced linear operator Ar(µ)
involved in a Galerkin ROM for this system can be formed as Ar(µ) = Ar

0 +µAr
1 without any

computations that scale with Nx. Affine dependence is the more general case when A(µ) can
be written as a linear combination of matrices Ai, each weighted by a scalar function ζi(µ) of
the parameters (see (4.1.22)). Full-order model operators often depend affinely on physical
parameters like Reynolds number, conductivity, or wave speed, which can be exploited to
obtain efficient ROMs. On the other hand, geometric parameters usually lead to non-affine
dependence, requiring further approximations [8].

1.2.2.4 Learning the dynamics from data

An alternative to projection-based model reduction is to obtain the operators that define the
ROM directly from data. These methods obtain data for the time derivative of the encoded
state ȧ via finite differences, then solve a regression problem to find the operators in the
reduced system. Operator inference [100, 69, 37] exploits known structure of the governing
equations to obtain a reduced system: if the equations are known to be quadratically non-
linear, for example, then operator inference entails solving a least-squares problem to find
the operators in (1.2.12). Operator inference is used with linear encodings, usually POD, to
ensure that the functional form of the reduced system is the same as that of the full-order
system. Learning methods which do not exploit any known structure of the governing equa-
tions also exist, and these are often used in conjunction with autoencoders [84, 40, 138].
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These methods can take advantage of the additional reduction enabled by the nonlinear
encoding, but they sacrifice the benefit of known structure in the governing equations.

Methods that build a ROM without use of governing equations, i.e., that treat the source
of data as a “black box”, are called non-intrusive. These are particularly useful when the
governing equations are either unavailable, as in an experiment, or too cumbersome to work
with, as can be the case in complicated simulations. However, it is generally expected that
these non-intrusive ROMs have trouble generalizing to test conditions that differ substan-
tially from the data used to train them.

1.2.3 Time-delay embedding methods

The methods described above all encode the instantaneous state of the system. An alter-
native is to incorporate temporal information into the encoding. Time-delay embedding
methods do this by encoding the state of the system using data from some number d previ-
ous time steps qi, qi−1, qi−2, . . . , qi−(d−1). This idea goes back to Takens [129], who showed
that even a scalar time series of sufficient length can encode the state of the system with no
approximation. Reduced-order models have been developed based on this idea, and many
[12, 61, 13, 20, 27, 67] obtain reduced coordinates by taking the left singular vectors of a
Hankel matrix, which is a data matrix with time delay embeddings as columns. While the
encoding of the state in these methods incorporates both space and time, the dynamics are
still Markovian, and the reduced system is still in the form of an evolution equation for the
encoded state. The connection between these time-delay-based encodings and space-time
proper orthogonal decomposition is the focus of Chapter 2.

1.2.4 Outlook on model reduction

POD-Galerkin projection is perhaps the most widely used approach, and it serves as an
important benchmark against which to compare new approaches. It has been successfully
applied [4, 109, 88, 111] to a range of problems, particularly those in which the dynamics are
dominated by a small number of energetic coherent structures. A particular Petrov-Galerkin
approach, called least-squares Petrov-Galerkin [16, 15], has been an important advance,
improving the accuracy and applicability of projection-based ROMs. This approach has led
to application of projection-based ROMs to problems such as flow past the Ahmed body [17]
and airplane geometries [42], culminating in the development of production-level software
such as Pressio [107]. Though non-intrusive methods like operator inference generally
do not improve on the accuracy of projection-based methods, and often result in poorer
generalizability outside the training data, they do lower the barrier to applying ROMs,
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which is quite valuable. Despite these successes, adoption of ROMs is somewhat limited,
and a number of issues remain. Projection-based ROMs often lack stability [104, 9]. They
can also require a large number of modes to achieve tolerable accuracy, and the resulting
ROM can thus be expensive to integrate.

A large literature has developed to address these issues within the space-only framework.
For example, stabilization schemes [115, 64] and closure models [57, 105] have been inves-
tigated to address the issue of stability. In addition to the nonlinear encodings described
above, methods requiring fewer modes have been developed by using different encodings or
hyperreduction schemes tailored to different regions of parameter space [103, 99]. Similarly,
methods that update the encoding basis in the online phase [97, 54] have been applied to
complex problems, albeit at greater cost than typical ROMs. Given the fact, however, that
the majority of existing ROMs share the same basic space-only architecture, we contend that
there is value in exploring fundamentally different formulations. The space-time approach
described in the next section is a promising, if nascent, alternative.

1.3 Space-time model reduction

In this section, we describe the space-time framework for model reduction, which is the focus
of this thesis.

1.3.1 The space-time framework

Space-only ROMs are motivated by the observation that the state of the system at a given
time is often made up of a few prominent coherent structures. A broader observation is
that the evolution of the state over a time interval is often made up of a few spatially and
temporally coherent motions, or spatiotemporal coherent structures. Whereas the former
observation suggests that an efficient encoding of the instantaneous state is possible, the
latter suggests that an efficient encoding of the trajectory of the state over a time interval
[0, T ] is possible. An encoder/decoder framework for trajectory representation, analogous to
the one described above for state representation, is given in Chapter 3. In short, the encoder
becomes a function that maps the trajectory on [0, T ], discretized in both space and time,
to a low-dimensional vector, and the decoder maps this vector back to the vector space of
trajectories. Since both the spatial and temporal dimensions are reduced in tandem, this
is called a space-time reduction. The space-time analog of POD is called space-time POD
[76, 33], which minimizes a certain mean L2 error over the interval.

Space-time encodings can be used for model reduction by modifying the two-step process
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used in space-only model reduction as follows:

(i) Find an efficient encoding for the entire trajectory of the state over some time interval
of interest. With the entire evolution of the state represented in the encoding, the
degrees of freedom that represent the solution no longer evolve in time.

(ii) Solve for these static degrees of freedom either by solving a system of simultaneous
equations or an optimization.

As we show in Chapter 2, many time-delay embedding methods make use of an encoding
that is an approximation of space-time POD. However, these methods use these embeddings
to encode the state, rather than the trajectory, and the resulting ROMs retain the Markovian
structure of space-only ROMs.

As can be seen in Figure 1.1, the potential advantage of the space-time approach over the
space-only one is that solutions to problems of interest exhibit spatiotemporal coherent struc-
tures, which offer an extremely efficient means of describing the dynamics. In a space-only
ROM, one is nonetheless solving for an encoding of the trajectory – the space-only encoding
of the state at all time steps may be viewed as such – but this trajectory encoding is far
from optimal. Indeed, the space-only POD coefficients, for example, are highly correlated
from one time step to the next, so they provide a redundant (i.e., suboptimal) encoding of
the entire trajectory. Thus, with the same total degrees of freedom, the space-time frame-
work offers the potential for substantial additional accuracy by leveraging spatiotemporal
correlations.

The key questions for a space-time ROM are the following. (1) To what extent is lower
representation error achieved by the space-time encoding? (2) Can one solve for the space-
time encoding coefficients accurately? POD-Galerkin projection (POD-G), e.g., does not
exactly recover the projection of the solution onto the POD modes due to the influence of
unclosed terms. To what extent does this persist for a space-time approach? (3) Can the
system of equations in the space-time ROM be solved in similar time to the time integration
required in the space-only ROM? In other words, does the space-time approach take the same
(or less) CPU time as the space-only approach for the same number of degrees of freedom?
If the answers to these are all ‘yes’, then the space-time ROM will be much more accurate
than a space-only ROM at the same CPU time.

1.3.2 Existing space-time ROMs

Space-time model reduction is far less developed than the space-only variant. The space-
time encodings used in many existing space-time ROMs are formed by attaching a time
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Trajectory encoding Reduced system

Governing equations

q(x, t) ≈ ∑r
j=1 aj(t)ϕj(x)

q(x, t) ≈ ∑rNt
j=1 ajϕj(x, t)

ȧ = g(a, t;µ)

G(a, q0;µ) = 0

q̇ = h(q, t;µ)

Figure 1.1: Space-only and space-time reduced-order modeling frameworks (top and bottom
panels, respectively). The space-time encoding leverages the spatiotemporal correlations
present in the trajectory q(x, t) to achieve greater efficiency.

dependence to space-only POD modes [25, 24, 68, 50]. In most cases, the time dependence
for a given POD mode is tailored to that mode, which is accomplished by taking the singular
value decomposition (SVD) of a data matrix containing as its columns different temporal
evolutions of the associated POD coefficient. In other cases [25], the same temporal basis is
used for each POD mode. To find the coefficients, Refs. [25, 24, 68] minimize the square norm
of the residual between the time derivative of the decoded trajectory q̃(t) and the decoding
inserted into the right-hand side, integrated over the time interval of interest. That is, they
solve the following optimization

min
a

∫ T

0
∥ d
dt
dx,t(a, t)− h(dx,t(a, t), t;µ)∥2

xdt, (1.3.1)

where dx,t is the space-time decoder and a is now the encoding of the entire trajectory (the
notation will be made more precise in Chapter 3). Alternatively, Ref. [50] trains a machine
learning model that outputs the encoding given inputs to the system.

In addition to the work in this thesis and the articles it is based on [32, 35], several methods
have been proposed that use spectral proper orthogonal decomposition (SPOD) modes for
space-time model reduction. The following are methods closely related to the proposed
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approach. Refs. [74, 130] developed Galerkin and Petrov-Galerkin SPOD-based ROMs,
respectively, for linear systems. These models are only capable of handling systems in which
the solution is known to be periodic. Recently, Ref. [73] proposed a nonlinear SPOD-based
model, somewhat similar to the Galerkin models in Refs. [74, 130], but which was generalized
to handle nonlinearities. Ref. [73] then applied this model to find periodic solutions in a
canonical incompressible viscous flow. This latter model can be seen as a spatially reduced
version of the harmonic balance method [46], a method which derives a relation between the
various frequencies of a temporally periodic solution to the Navier-Stokes equations. The
harmonic balance method has been applied in turbomachinery problems [46, 45], where the
solution is assumed to be periodic with the fundamental frequency given by the blade-passing
frequency, and has also been used to study boundary layer transition [106]. In both, just a
few harmonics are retained. All the methods above require a periodic solution, something
that might be natural to expect of methods based on the Fourier transform. However, SPOD
modes are effective at representing both periodic and aperiodic trajectories, and since the
latter is far more common, there is a greater need for reduced-order models for that case. The
approach proposed in Chapters 3 and 4 can handle both periodic and aperiodic problems.

1.3.3 Proposed approach

In Chapters 3 and 4, we present a novel space-time model reduction method called spectral
solution operator projection (SSOP). The method makes the following choices for the two
steps that define a space-time ROM:

(i) The method uses spectral POD (SPOD) modes to encode the trajectory. SPOD pro-
vides a spatial basis at each temporal frequency that is tailored to the structures that
appear in the solution at that frequency. As we show analytically in Chapter 2, this
basis converges to space-time POD in a certain limit, implying that it is near-optimal
for encoding trajectories. Moreover, we show that it has a number of other properties
that together make it an ideal choice for space-time encodings for model reduction.
SPOD has been used before for model reduction [74, 130], but these works have not
formulated effective methods for solving online for the coefficients, leading to large
errors.

(ii) To solve online for the space-time encoding, we apply a space-time projection to the
fundamental solution operator for linear systems. In the case of linear governing equa-
tions, this results in transfer functions that map the initial condition and forcing to the
SPOD encoding; in the nonlinear case, it results in a nonlinear system to solve for the
coefficients. The benefit of this global-in-time approach, as opposed to minimizing a
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local-in-time residual as in (1.3.1), is that the coefficients obtained are nearly exactly,
with errors arising from approximating the transfer functions. The approach is novel,
and it is among the most significant contributions of this thesis.

Returning to the three key questions for space-time ROMs listed above, we find the method
is based on an efficient encoding, solves accurately for the encoding coefficients, and does so
quickly.

1.4 Thesis overview

The key contributions of this thesis are the following.

• Chapter 2: Established a connection between space-time POD and the SVD of a
Hankel matrix, the latter of which is used in many time-delay embedding methods.
Since space-time POD is well-understood, this connection is useful for understanding,
and in some cases improving, the properties of model reduction methods based on
delay embedding.

• Chapter 3: Developed a novel approach to space-time model reduction for linear sys-
tems: Rather than minimizing a local-in-time residual over the coefficients, we project
the fundamental solution to linear systems onto the space-time modes used to encode
the trajectory. The result is a transfer function from the initial condition and forcing
inputs to the space-time coefficients that encode the trajectory. The benefit of this
approach is that the coefficients obtained are nearly exact, with errors arising from
approximating the transfer functions. This is in contrast to the errors in previous ap-
proaches to both space-only and space-time model reduction, where the accuracy of
retained coefficients is impacted by unretained ones.

• Chapter 3: Derived expressions for the transfer functions in the case of spectral POD
modes, coining the resulting method Spectral Solution Operator Projection. Leverag-
ing the fact that SPOD modes have analytic (complex-exponential) time dependence,
the temporal portion of the space-time projection can be done analytically. Doing so,
however, requires careful formulation, and two previous SPOD-based ROMs resulted
in O(1) errors due to subtleties with the periodicity of SPOD modes. Our formulation
avoids these issues.

• Chapter 4: Extended the SSOP framework to nonlinear systems by treating the nonlin-
earity as an additional forcing on the system. Crucially, this additional forcing depends
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on the solution itself, i.e., the nonlinearity at a given time is a function of the solution
at that time. The nonlinear coupling is handled by adding over a sparsified set of
triadic interactions between SPOD modes in the case of a quadratic nonlinearity, and
by using an adaptation of a standard hyper-reduction method otherwise.

• Chapter 4: Developed a fixed-point iteration approach to solve the nonlinear system of
equations for the SPOD coefficients. This approach can be interpreted as an iterative
correction to the linear solution.

• Chapters 3 and 4: Tested SSOP on both linear and nonlinear Ginzburg-Landau prob-
lems, as well as a two-dimensional advection-diffusion system, all for unseen data. In
all cases, the method is shown to produce orders-of-magnitude lower error than both
benchmark space-only ROMs, and the lower bound for space-only ROMs based on
linear encodings. With this reduction in error, SSOP is comparable in computational
cost to the benchmarks.

• Chapters 3 and 4: Tested the predictive capacity of SSOP using test data qualitatively
different from the training data. This includes testing on trajectories generated with
non-statistically-stationary forcings (and training on statistically stationary ones), and
testing on different system parameter values than those used for training. In all cases,
the method achieved substantially lower error than the benchmarks at similar cost.

• Chapter 5: Presents preliminary work on applying SSOP to the incompressible Navier-
Stokes equations, with the goal of an open-source implementation in the spectral ele-
ment code Nek5000 for community use.

The material in Chapters 2, 3, and 4 is based on Refs. [33, 32, 35], respectively. The
material in Chapter 5 is based on ongoing work that is not yet submitted for publication.
In addition to the work presented in this thesis, the author’s doctoral research has included
work on the phenomenon of transient growth in hydrodynamic stability theory. This work is
not included in this thesis, but is published in Ref. [34], and developed further in Ref. [44].

15



CHAPTER 2

Space-Time Proper Orthogonal Decomposition and the
Hankel Matrix

The aim of this chapter is twofold. First, we describe three variants of proper orthogonal
decomposition, space-only, spectral, and space-time. These methods are integral to the
remainder of this dissertation, with spectral POD being the basis for the model reduction
approach developed in the chapters that follow, and the other variants underlying important
points of comparison. Second, we establish a connection between space-time POD and the
singular value decomposition of a particular Hankel matrix, which is used in various model
reduction methods. This connection provides insight into the properties of these Hankel-
based methods, and in some cases, guidance about how to improve the modes that underlie
them.

Originally introduced to the fluid dynamics community by Lumley [76] in 1967, proper
orthogonal decomposition is known by a variety of names in other areas including principal
component analysis, Karhunen-Loève decomposition, and empirical orthogonal functions. In
POD, the flow data is analyzed statistically, and the objective is to search for the modes
that most efficiently represent the data. Specifically, POD modes are defined to minimize
the reconstruction error, as measured by the average square inner product, compared to any
other basis of the same dimension. As introduced by Lumley, the most general version of
POD seeks to describe the time evolution of the flow for a prespecified window of time, so
the basis functions are functions both of space and of time. This general version is called
space-time POD, and the reconstruction of a flow over the time window consists of these basis
functions multiplied by constant coefficients. Space-time POD has been used infrequently
in the literature. Notable exceptions include application of space-time POD to optimally
describe transients [41], generalize dimension reduction methods [108], and study acoustic
intermittency in the form of bursts in jets via conditioning [120, 119].

Following the work of Sirovich [127] and Aubry [3], today the most popular form of POD
involves modes that are functions of space only. To represent a time-dependent flow, these
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modes are multiplied by time-varying coefficients. We refer to this form of POD as space-only
POD [131], but note that it is often referred to simply as POD in the literature. Space-only
POD has been used extensively to form Galerkin-based reduced-order models [4, 111, 112],
educe physically meaningful structures from flow data [51, 85], and reduce the data needed
to store flow data [102]. We will show that space-only POD can be understood within the
more general space-time POD framework as the limit as the time interval on which the
optimization problem is defined goes to zero.

An increasingly popular variant of POD is spectral POD (SPOD). While also introduced
in the original work of Lumley [76, 77], this form of POD was rarely employed until recently
[131, 18, 128, 122]. Here, the objective is to optimally represent statistically stationary flows
in the frequency domain. At each frequency, SPOD provides a set of spatial modes that
capture the portion of the flow at that frequency more accurately, on average, than any
other basis of the same order. SPOD can be formulated as the limit of space-time POD as
the time interval on which the modes are defined goes to infinity.

Many other techniques exist for analyzing time-series data. At the heart of several of
them, especially ones popular in the dynamical systems community, is analysis of a Hankel
matrix. A Hankel matrix has constant skew diagonals, i.e., the (i, j) entry of the matrix only
depends on i + j. Common applications include system identification and minimal system
realization [30], and the use of the Hankel matrix in this context goes back to the 1960s
[124]. The Hankel matrix plays a key role in singular spectral analysis (SSA) [134] and in
the eigensystem realization algorithm (ERA) [61]. Recently, the Hankel matrix has been
used in the context of fluid dynamics. It is central to balanced truncation [86], which was
made scalable to fluid dynamics problems with balanced POD [137, 110]. The Hankel matrix
is also used in a variant of dynamic mode decomposition (DMD) [117] called Hankel DMD
[2], where the goal is to extract the spectrum and modes of the Koopman operator for some
dynamical system by performing DMD on a Hankel matrix of observables.

The entries of the Hankel matrix are taken from time series data, and moving down
or right along the columns or rows of the matrix corresponds to moving forward in time.
Therefore, the columns of the Hankel matrix are delay embeddings of the dynamical system
that produced the time series. Delay embedding, which goes back to work from the 1980s
[92, 129], is a method of encoding the state of a dynamical system by recording the time
history of one (or a few) of its observables. Intuitively, the state of an n-dimensional system
should be determined by n independent observables, which don’t need to be the original
degrees of freedom of the system [92]. This idea was later made rigorous by Takens [129],
and, under weak conditions, 2n+ 1 entries of a time series are needed to determine the state
of the system.
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A recurring theme in applications of the Hankel matrix in dynamical systems is the
singular value decomposition (SVD). Both SSA and ERA obtain their bases from the SVD
of the Hankel matrix. In balanced truncation and balanced POD, the Hankel singular
values are used. In the Hankel alternative view of Koopman (HAVOK) framework [13],
the SVD of a Hankel matrix of data is used in order to form a low-rank linear model of
the dynamics on some chaotic attractor. The modes in their linear model are the left
singular vectors of the Hankel matrix formed from a time series of the dynamical system.
Convolutional coordinates, used to represent the state of a dynamical system at a particular
time in terms of its representation in some predefined temporal basis, can be defined in
terms of the continuous SVD (Schmidt decomposition) of a continuous Hankel matrix [65].
The left singular vectors of the Hankel matrix have recently been called principal component
trajectories and used for control [27].

The connection between space-time POD and the Hankel singular modes is established
by observing that the Hankel matrix multiplied by its Hermitian transpose provides an ap-
proximation of the space-time correlation matrix, and the eigendecomposition of this matrix
defines discrete space-time POD modes. Analyzing this space-time correlation matrix leads
to insights into the modes and, in some cases, guidance about how to improve them. The
Hankel modes are not the only approximation one can form of the space-time POD modes
using the available data, and in many cases, they are not the most practical approximation.

With a surplus of available data, a sufficiently accurate space-time correlation matrix
can be formed by throwing out many of the columns before taking the SVD, which can
drastically reduce the cost and memory requirements of obtaining the modes. In fact, unless
data is quite scarce, we show that it is inadvisable to form the entire Hankel matrix to
obtain the modes for large systems. Discarding columns works because the Hankel matrix is
a data matrix of trajectories, but each trajectory is very similar to the adjacent ones in the
Hankel matrix, so a given trajectory provides little additional information. In the opposite
limit, i.e., where data is severely limited, we derive a more accurate approximation of the
space-time POD modes than that provided by the Hankel matrix SVD. The approximation
works by exploiting the ergodicity of the system (ergodicity is assumed in forming the Hankel
matrix) to form a more accurate space-time correlation matrix. We show that these modes
are substantially more accurate for low dimensional systems than Hankel modes when data
is severely limited as compared to converged Hankel modes.

The connection to space-time POD also makes clear the assumed inner product, which
defines the sense in which the Hankel modes are optimal and clarifies the impact of the time
step between successive snapshots on the approximation. Additionally, we show that the
height and width of the Hankel matrix determine the extent to which temporal correlation
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is accounted for in defining the modes, and the convergence of the correlation, respectively.
Finally, we show that in the limits of short and long delays, space-only and spectral POD
are recovered, respectively.

2.1 Space-only POD

In this section on space-only POD, and in the ones that follow on spectral and space-time
POD, we first introduce the continuous formulation of the POD method. In the continuous
setting, we describe the modes in terms of expected values over ensembles. We then describe
the discrete formulation of the methods, and in this setting, the modes are obtained from
data and the expected values become sample averages over the realizations within the data.
We view the latter as a discrete and finite-data approximation of the former.

2.1.1 Formulation

Space-only POD modes are vectors that form an efficient basis for snapshots of the flow
q(x). These snapshots are thought of as vectors in a Hilbert space with an inner product
⟨·, ·⟩x, and the first POD mode is the direction in this space with along which the projection
of q(x) has the most variance. That is, the first space-only POD mode ϕ1(x) is the solution
to the following optimization problem,

λ[ϕ(x)] = 1
∥ϕ(x)∥2

x

E
[
|⟨q(x),ϕ(x)⟩x|2

]
, (2.1.1a)

ϕ1(x) = arg max λ[ϕ(x)]. (2.1.1b)

Here, the expectation operator E[·] acts over time, and λ is a functional which takes any
function as input (in the appropriate function space) and returns the variation in the flow
along it. The first POD mode ϕ1 maximizes this functional. Typically, the modes are
normalized to unity, but for clarity we will keep the magnitude in the formulae. The norm
∥ · ∥x is defined in the usual way by the inner product, and the inner product takes the form

⟨q1(x), q2(x)⟩x =
∫
Ω

q∗
2(x)W (x)q1(x)dx, (2.1.2)

where W is a weight matrix and Ω is the spatial domain of interest. The weight matrix is
often used to make the norm correspond to some physical definition of energy, e.g., turbulent
kinetic energy, or to give preference to certain flow variables or regions of the flow. In solving
(2.1.1b), it is helpful to rewrite (2.1.1a) as an inner product with the correlation tensor
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[76, 109],
λ[ϕ(x)] = 1

∥ϕ(x)∥2
x

〈〈
ϕ(x′),C(x,x′)

〉
x
,ϕ(x)

〉
x
, (2.1.3)

where the correlation is defined as

C(x1,x2) = E[q(x1)q(x2)∗]. (2.1.4)

The correlation tensor is symmetric (under interchange of its two arguments), so it has
orthogonal eigenfunctions {ν1(x),ν2(x), . . . }, which can be ordered so that the associated
eigenvalues {λ1 ≥ λ2 ≥, · · · ≥ 0} are non-increasing. These are eigenfunctions in the sense
that they satisfy

⟨νk(x2),C(x1,x2)⟩x = λkνk(x1). (2.1.5)

Writing ϕ in the basis of these eigenfunctions provides insight into the maximization problem
(2.1.1), and the energy of ϕ (2.1.3) can be written in terms of the expansion coefficients used
to express it [76],

λ[ϕ(x)] =
∞∑

k=1
|ck|2λk for normalized ϕ(x), (2.1.6)

where the expansion coefficient ck = ⟨ϕ(x),νk(x)⟩x is the projection of ϕ(x) on the kth

eigenfunction. The solution that maximizes (2.1.6) is c1 = 1, c̸=1 = 0, because λ1 > λ ̸=1.
This tells us that the first POD mode is the eigenvector of the correlation tensor with the
greatest eigenvalue. To define the latter modes, we maximize λ[ϕ(x)] over all ϕ(x) orthogonal
to previous modes. A simple inductive argument shows that if the first k POD modes are
the first k eigenfunctions of the correlation tensor, then the k+ 1st mode must be the k+ 1st

eigenfunction because this orthogonality condition tells us that c<k+1 = 0 for the k + 1st

mode. The POD modes are therefore the eigenfunctions of the correlation tensor, ϕk = νk,
and their energies are the eigenvalues, λ[ϕk(x)] = λk. In terms of the inner product, the
POD modes satisfy ∫

Ω

C(x1,x2)W (x2)ϕk(x2)dx2 = λkϕk(x1). (2.1.7)

2.1.2 With discrete data

In practice, space-only POD modes are approximated using data from a simulation or ex-
periment defined on a discrete set of points and sampled in time. To approximate the true
continuous space-only POD modes, the data is used to approximate a correlation matrix
whose eigendecomposition gives the modes. Denoting one discrete snapshot as qj ∈ CNx ,
we need a correlation matrix of the form Cx ∈ CNx×Nx , where each element represents the
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correlation between two components of the flow at different points. We label this spatial
correlation matrix with an x superscript to distinguish it from other correlations that arise
later in the paper. It can be approximated as

Cx = 1
m

QQ∗ with Q = [q1, q2, . . . qm] ∈ CNx×m. (2.1.8)

The data matrix Q contains an ensemble of snapshots, and 1
m

QQ∗ is an approximation of C
because it gives each component of the correlation as a sample average over the realizations,

(QQ∗)ij =
m∑

k=1
(qk)i(q∗

k)j. (2.1.9)

Discrete space-only POD modes are given by the eigenvectors of the discrete correlation
matrix multiplied by the weight,

CxWΦ = ΦΛ, (2.1.10)

where W is the discrete weight matrix. This weight is used both as the discrete version
of the continuous weight and to account for numerical quadrature of the integral in (2.1.7).
The columns of the matrix Φ = [ϕ1,ϕ2 . . . ] are the discrete space-only POD modes, and the
diagonal matrix Λ contains the corresponding eigenvalues.

The discrete space-only POD modes are also related to the left singular vectors of the
data matrix Q and the weight matrix, and the details of this relation will prove important
to understanding the connection between the SVD of the Hankel matrix and POD. If we
take the singular value decomposition to obtain

1√
m

W
1
2 Q = UΣV∗, (2.1.11)

then we can write the correlation tensor multiplied by the weight as CxW =
W− 1

2 UΣV∗VΣU∗W 1
2 . Because both U and V are orthonormal, multiplying by W− 1

2 U
we have

CxWW− 1
2 U = W− 1

2 UΣ2. (2.1.12)

This constitutes an eigendecomposition of CxW, and therefore the POD modes are related
to the left singular vectors of the data matrix and the energies to the singular values,

Φ = W− 1
2 U and Λ = Σ2. (2.1.13)

It is important to remember that the correlation matrix is approximate because it is
obtained from finite data. If the data are highly correlated, e.g., if the snapshots are taken
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from a time series whose length is on the same order as the characteristic timescale of the
flow or shorter, then the correlation tensor, and hence the POD modes, will be inaccurate.
Both will increase in accuracy with the number of realizations and the independence of the
realizations.

2.2 Spectral POD

Spectral POD produces an optimal frequency domain representation of statistically station-
ary flows. At each frequency, SPOD modes reconstruct the Fourier transform of a flow more
accurately, on average, than any other reconstruction of the same order.

2.2.1 Formulation

Spectral POD can also be cast as an optimization problem, analogous to that of space-only
POD, as

λω[ϕ(x)] = 1
∥ϕ(x)∥2

x

E
[
|⟨q̂ω(x),ϕ(x)⟩x|2

]
, (2.2.1a)

ψω,1(x) = arg max λω[ϕ(x)]. (2.2.1b)

Here, the expectation operator acts over the Fourier transform of segments of the flow. These
segments can be subsections of a longer time series or correspond to separate realizations of
the flow. Similar to the space-only case, λω is a functional that returns the energy in the
flow at frequency ω captured by the argument. The Fourier transformed flow is defined as

q̂ω(x) =
∞∫

−∞

q(x, t)e−iωtdt, (2.2.2)

and the inner product is the same as before, given in (2.1.2). Analogous to the space-only
case, the optimization problem (2.2.1a) can be rewritten in terms of correlations,

λω[ϕ(x)] = 1
∥ϕ(x)∥2

x

〈〈
ϕ(x′),Sω(x,x′)

〉
x
,ϕ(x)

〉
x
, (2.2.3)

where Sω, called the cross-spectral density tensor, is the Fourier transform pair of the sta-
tistically stationary space-time correlation tensor,

Sω(x1,x2) =
∞∫

−∞

C(x1,x2, τ)e−iωτdτ (2.2.4)
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with
C(x1,x2, τ) = E[q(x1, t+ τ)q∗(x2, t)]. (2.2.5)

Note that in statistically stationary flow, the correlation tensor C only depends on one time
variable, τ , which represents the difference in the two times in a more general C that arises
in space-time POD.

The mathematical structure of (2.2.3) is the same as in space-only POD, so to maximize
(2.2.3) we solve the integral eigenvalue problem

∫
Ω

Sω(x1,x2)W (x2)ψω,k(x2)dx2 = λkψω,k(x1), (2.2.6)

where λk is the kth largest eigenvalue of Sω, and ψω,k is the kth SPOD mode at frequency ω.

2.2.2 With discrete data

As we saw in 2.1.2, data can be used to compute approximate space-only POD modes by
forming a discrete spatial correlation matrix C. Analogously, approximate spectral POD
modes can be computed by using data to form a discrete cross-spectral density matrix. To
do this, instead of taking the Fourier transform of the space-time correlation matrix, the
Wiener-Khinchin theorem is invoked, which states that the cross-spectral density tensor is
equivalent to the correlation between points in the flow in Fourier space,

Sω(x1,x2) = E[q̂ω(x1)q̂∗
ω(x2)]. (2.2.7)

To find Sω in this way, many realizations of the flow are needed in the frequency domain, at a
particular frequency: Q̂ω = [q̂ω,1, q̂ω,2, . . . q̂ω,m], where q̂ω,i ∈ CNx is the spatially discretized
representation of the Fourier transform of the ith flow realization, at frequency ω. These
frequency domain realizations come from applying the discrete Fourier transform to time
series data, and to get more than one realization at each frequency from a single time series,
the time series is broken up into m (possibly overlapping) blocks, and the discrete Fourier
transform is taken of each block [131]. With this data matrix of Fourier realizations, the
cross-spectral density matrix can be approximated as

Sω = 1
m

Q̂ωQ̂∗
ω. (2.2.8)

The product of the data matrix with its transpose approximates the discrete cross-spectral
density tensor because it averages products of different components of q̂ω over the realiza-
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tions. The SPOD modes at frequency ω are the eigenvectors of this approximated cross-
spectral density tensor multiplied by the weight matrix,

SωWΨω = ΨωΛω, (2.2.9)

where Ψω = [ψω,1, ψω,2 . . . ], and Λω is the diagonal matrix of eigenvalues at frequency ω.
As before, the modes can be obtained using the SVD of the (weighted) data matrix of
realizations in Fourier space,

1√
m

W
1
2 Q̂ω = UωΣωV∗

ω. (2.2.10)

The modes and energies are then given by

Ψω = W− 1
2 Uω and Λω = Σ2

ω. (2.2.11)

2.3 Space-time POD

In this section, we describe a generalization of space-only POD and spectral POD called
space-time POD, in which the goal is to find modes that optimally represent the flow evolu-
tion on a finite-time window [0, T ].

2.3.1 Formulation

The goal is formalized in the same way as the previous two cases, by maximizing an expression
involving an inner product,

λx,t[ϕ(x, t)] = 1
∥ϕ(x, t)∥2

x,t

E
[
|⟨q(x, t),ϕ(x, t)⟩x,t|2

]
, (2.3.1a)

ϕ1(x, t) = arg max λx,t[ϕ(x, t)]. (2.3.1b)

For the space-time case, however, the inner product involves integration over space and time,

⟨q1(x, t), q2(x, t)⟩x,t =
T∫

0

∫
Ω

q∗
2(x, t)W (x, t)q1(x, t)dxdt, (2.3.2)

and the space-time norm ∥·∥x,t is induced in the usual way from this space-time inner product.
The expectation operator acts over finite time segments of the flow. These segments can be
separate realizations of the flow or can be extracted from a single long time series if the flow
is ergodic. The space-time optimization problem (2.3.1) has a different physical meaning
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than the space-only optimization and the spectral optimization problems (2.1.1) and (2.2.1),
respectively. The desired mode here will be a function of both space and time, and its
accuracy is measured by an inner product over both space and time as well, whereas, in the
previous two cases, the modes were functions of only space. Mathematically, however, the
problems are quite similar; instead of the spatial domain, Ω, we now have the spatiotemporal
domain D ≡ Ω×[0, T ], and the modes are now a functions of both space and time, z ≡ [x, t]T .
With these definitions, the space-time optimization problem can be written

λx,t[ϕ(z)] = 1
∥ϕ(z)∥2

x,t

E
[
|⟨q(z),ϕ(z)⟩x,t|2

]
, (2.3.3a)

ϕ1(z) = arg max λx,t[ϕ(z)], (2.3.3b)

where the inner product is

⟨q1(z), q2(z)⟩x,t =
∫
D

q∗
2(z)W (z)q1(z)dz. (2.3.4)

The maximization is the same mathematically as (2.1.1), so the solution is that the opti-
mal space-time modes are the eigenfunctions of the correlation between two points in the
spatiotemporal domain,

∫
D

C(z1, z2)W (z2)ϕk(z2)dz2 = λkϕk(z1). (2.3.5)

Rewriting this again in terms of space and time, the space-time POD modes satisfy

T∫
0

∫
Ω

C(x1, t1,x2, t2)W (x2, t2)ϕk(x2, t2)dx2dt2 = λkϕk(x1, t1), (2.3.6)

where the space-time correlation tensor is defined as

C(x1, t1,x2, t2) = E[q(x1, t1)q(x2, t2)∗]. (2.3.7)

In section 2.5, we will show that the Hankel SVD modes constitute a discrete approxima-
tion of space-time POD modes. Before doing so, we first show that spectral and space-only
POD can be recovered from space-time POD in the limits of long and short time windows,
respectively. The latter result is novel to the best of our knowledge.
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2.3.2 Space-time POD on long times becomes spectral POD

Here, we show that in the limit that T → ∞, the space-time modes become spectral POD
modes. This limit has been shown in the literature, e.g., in [77, 131], but here we give a
different proof. We restrict our attention to ergodic flows, though all that is needed for the
results to be valid is that the flow is wide-sense statistically stationary, i.e., the first and
second moments of the flow don’t change with time. The integral eigenvalue problem that
defines the modes when T →∞ is

∞∫
−∞

∫
Ω

C(x1, t1,x2, t2)W (x2)ϕ(x2, t2)dx2dt2 = λϕ(x1, t1). (2.3.8)

For convenience, the bounds on time have been shifted to cover the entire real line. Because
the flow is stationary, the correlation must only depend on the difference of the two times,
not on the times themselves, so

C(x1, t1,x2, t2)→ C(x1,x2, t1 − t2). (2.3.9)

Switching the order of integration, we have

∫
Ω

∞∫
−∞

C(x1,x2, t1 − t2)W (x2)ϕ(x2, t2)dt2dx2 = λϕ(x1, t1), (2.3.10)

which is a convolution of C with ϕk. Taking the Fourier transform of both sides and using
the convolution theorem, we have

∫
Ω

Sω(x1,x2)W (x2)ϕ̂ω(x2)dx2 = λϕ̂ω(x1). (2.3.11)

The modes must satisfy (2.3.11) for every ω. SPOD modes, ψω′ at some ω′, are solutions
as they are defined by this equation for ω = ω′, and are zero for ω ̸= ω′. The SPOD mode
with the kth greatest energy λ (over the modes at all frequencies) is the kth space-time POD
mode.

2.3.3 Space-time POD on short times becomes space-only POD

Here, we show an analogous result for space-only POD. Specifically, we investigate what
happens to the space-time POD modes in the limit that the time T on which they evolve
is short compared to the time scales of the flow. In this limit, the space-time correlation

26



between two points (x1, t1) and (x2, t2) is only a function of their locations in space because
t1 and t2 are negligibly different. Intuitively, we can now think of this integral over space
and time as an integral over space multiplied by time because there is no time dependence
in the integrand, so long as the weight doesn’t depend on time (which would be an unusual
choice). Rewriting condition (2.3.6) with a constant weight and correlation, we have

T∫
0

∫
Ω

C(x1,x2)W (x2)ϕk(x2, t2)dx2dt2 = λkϕk(x1, t1). (2.3.12)

Because the left-hand side is not a function of t1, the modes must indeed be constant in
time, and the condition on the modes becomes an integral over space multiplied by time,

T
∫
Ω

C(x1,x2)W (x2)ϕk(x2)dx2 = λkϕk(x1). (2.3.13)

This condition is exactly that of space-only POD, as shown in (2.1.7). As a result, the space-
time POD modes converge to the space-only POD modes and their energies are proportional
to the space-only POD energies (with proportionality constant T ).

2.3.4 Space-time POD with discrete data

Given time series data on a spatial grid from an experiment or simulation, how do we
compute the space-time POD modes? Above, we have seen that the solution to the space-
time POD problem is given by eigendecomposition of the space-time correlation, which
becomes a matrix when space and time are discrete. Building this matrix requires any
ensemble of finite-time realizations of the flow. If the time T that the space-time POD
modes are to evolve on is represented by d time steps with our temporal discretization, then
one realization of the flow can be written as a vector with d snapshots stacked on top of one
another,

y =


q1

q2
...
qd

 ∈ CNxd. (2.3.14)

With many of these realizations, we can approximate the correlation matrix C ∈ CNxd×Nxd
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in the same manner as before,

C = 1
m

YY∗ with Y = [y1,y2, . . .ym] ∈ C(Nxd)×m. (2.3.15)

Analogous to the space-only POD and SPOD cases, this approximation works because the
correlation between two points in the spatio-temporal domain is approximated as the product
of the flow at those points averaged over the realizations. We will see later in section 2.6,
however, that if the flow is assumed to be ergodic and the realizations are all to be formed
from one long time series, this construction of the correlation matrix does not fully exploit
the ergodicty of the system, and it is possible to create a more accurate approximation of
the correlation. The discretized POD modes are obtained as

CWΦ = ΦΛ, (2.3.16)

where W ∈ CNxd×Nxd is the discretized weight matrix.
Similar to the space-only POD and SPOD cases, the modes on this domain can also be

obtained from the SVD of the weighted data matrix,

1√
m

W
1
2 Y = UΣV∗. (2.3.17)

The space-time POD modes and energies are then

Φ = W− 1
2 U and Λ = Σ2. (2.3.18)

2.4 The Hankel matrix

A Hankel matrix is a matrix whose skew-diagonals are constant, i.e., the (i, j) entry only
depends on i+ j,

H =


g1 g2 . . . gm

g2 g3 . . . gm+1
... ... . . . ...
gd gd+1 . . . gm+d−1

 . (2.4.1)

In dynamical systems theory, these matrices are formed from a time series of observables
g1, g2, g3, . . . , gm+d−1. This means that the columns of H are time-delay embeddings of the
dynamical system. In this paper, we focus our attention on the more general block Hankel
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matrix

H =


q1 q2 . . . qm

q2 q3 . . . qm+1
... ... . . . ...
qd qd+1 . . . qm+d−1

 , (2.4.2)

formed from a time series of vector-valued observables q1, q2, . . . , qd, . . . , qm+d−1.
Applications of the Hankel matrix include the singular spectrum analysis (SSA) [134], the

eigensystem realization algorithm (ERA) [61] and the Hankel alternative view of Koopman
(HAVOK) [13]. All of these methods depend on the SVD of the Hankel matrix,

H = UΣV∗, (2.4.3)

and in particular use the left singular vectors of the Hankel matrix as a basis, which have
been called principal component trajectories [27]. The connections to time-delay embedding,
Koopman theory, and dynamic mode decomposition have garnered increasing interest in
analysis of the Hankel matrix.

2.5 Hankel singular vectors are space-time POD modes

Here, we demonstrate the connection between space-time POD modes and Hankel modes by
showing that one way of computing the unweighted space-time POD modes is to take the
SVD of a Hankel matrix. As we will show, this connection provides insight into the sense
in which the Hankel SVD modes are optimal and the impacts of the time step, rows, and
columns on the properties of the modes.

For ergodic systems, the flow realizations needed to construct the approximate correlation
matrix can be extracted from a single long time series. Given a time series of snapshots,
q1, q2, . . . , qd, . . . , qm+d−1, we may extract m realizations of length d by creating the first
realization y1 = [qT

1 q
T
2 , . . . , q

T
d ]T , then advancing one time step over to create the second

realization, y2 = [qT
2 q

T
3 , . . . , q

T
d+1]T , and so on. Stacking these as columns in the data matrix,

the result is a block Hankel matrix,

H = [y1,y2, . . .ym] =


q1 q2 . . . qm

q2 q3 . . . qm+1
... ... . . . ...
qd qd+1 . . . qm+d−1

 . (2.5.1)

Comparing (2.5.1) and (2.3.15) we see that the Hankel matrix H provides one way of gener-
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ating the data matrix Y. Therefore, using (2.3.17) and (2.3.18) and taking the SVD of the
(weighted) Hankel matrix,

1√
m

W
1
2 H = UΣV∗, (2.5.2)

we obtain the space-time POD modes as

Φ = W− 1
2 U and Λ = Σ2. (2.5.3)

If the weight W is uniform, the modes come directly from the Hankel SVD,

Φ = U = lsv(H). (2.5.4)

That is, the left singular vectors of the Hankel matrix give a discrete approximation of the
space-time POD modes in the case of a uniform weight.

This connection to space-time POD implies the sense in which the Hankel modes are
optimal: they minimize the expected value of the square norm of the projection error, where
the norm is the ℓ2 norm, i.e., the weight is uniform. Uniformity is a reasonable choice for the
weight matrix if the spatial grid is uniform. However, if the grid is non-uniform, a uniform
weight matrix corresponds to a non-uniform continuous weight. For example, if the flow
data is defined on a cylindrical grid, a uniform weight matrix will bias accuracy toward the
center of the domain over the outside. If the desired weight is non-uniform, as, e.g., is likely
to be the case if the grid is non-uniform in space, then the discrete space-time POD modes
can be obtained using equations (2.5.3) and (2.5.2).

2.5.1 Height of the Hankel matrix corresponds to T

The connection between space-time POD and singular modes of the Hankel matrix reveals
two interpretations of the number of rows d in the Hankel matrix. First, it determines, for
a fixed time step ∆t, the time window T on which the space-time POD modes optimally
represent the flow. The window also depends on the time step, specifically, T = (d− 1)∆t.
Second, the significance of the choice of d can also be understood in terms of the space-time
correlation matrix implied by the Hankel matrix — the Hankel singular modes will account
for a section of the space-time correlation of the system of width T , as shown in Figure 2.1.
The properties of the correlation outside this window are discarded; they play no role in the
definition of the modes and cannot be represented by the modes.

Two interesting limits of this truncation occur when (d − 1) ∗ ∆t << τC and when
(d − 1)∆t >> τC , where τC is the maximum correlation time of the flow between any two
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Figure 2.1: The height of the Hankel matrix d, along with the time step ∆t between snap-
shots, determines the time window T over which the space-time correlation C of the system
is accounted for in the Hankel singular modes. Shorter Hankel matrices, therefore, severely
truncate the correlations, whereas taller Hankel matrices retain more of these correlations.

locations in space. When the height of the Hankel matrix corresponds to a time much smaller
than the correlation time, we should expect to get spatial modes identical to those from
discrete space-only POD for the same reason discussed in Section 2.3.3: the discrete space-
time POD modes are eigenvectors of the correlation matrix, and if (d− 1) ∗∆t = T << τC ,
then this correlation matrix is constant in time. In this limit, the correlation between two
points in space is independent of the time difference, so

Cij = Ci+aNx,j+bNx , (2.5.5)

where Nx is the number of spatial gridpoints and a and b are any integers, so long as the
indices are valid. Incrementing one of the indices by Nx corresponds to moving one time
step forward but not shifting in space, but we have assumed that the correlation matrix is
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constant in time. It can therefore be written in block form as

C =



Cx Cx . . . Cx

Cx . . . ...
...

Cx . . . Cx

 , (2.5.6)

where Cx ∈ CNx×Nx is the discrete correlation matrix at no time lag, as defined in 2.1.8. C
has only Nx non-zero eigenvalues, and these eigenvalues are dΛx, the space-only eigenvalues
scaled by the number of time steps. The associated eigenvectors of C are

ϕk =


ϕx

k

ϕx
k
...
ϕx

k

 , (2.5.7)

where ϕx
k is the kth eigenvector of the space-only correlation Cx. Since each Nx× 1 block of

ϕk is the same, the space-time POD modes are constant in time and have the spatial form
of space-only POD. Thus, we’ve recovered space-only POD in the short-time limit, as we
might expect from the discussion of the continuous case in section 2.3.3. The SVD of a very
short Hankel matrix will therefore give modes with little time dependence, which could have
been obtained with less computational effort using space-only POD instead.

Above, as well as in section 2.3.3, we assumed no temporal variation of the correlation
function. Gibson et al. [39] showed that for the special case of a scalar Hankel matrix, if
small variations in time to the correlation matrix are allowed, then the resulting POD basis
is the Legendre polynomials. In intuitive terms, the Legendre polynomials appear because,
over short times, the flow will be well approximated by its Taylor series truncated at a few
terms, and each term is much more important than the next. Therefore, with k modes, the
basis should span the set of degree k− 1 polynomials and also be orthogonal with respect to
the inner product. If the inner product is uniform, then the basis satisfying these conditions
is the Legendre polynomials. On a vector time series, we observe a full set of modes with no
time dependence, consistent with the order zero Legendre polynomial, followed by full sets
of modes with time dependence corresponding to each subsequent Legendre polynomial and
negligible energy. The constant modes are the space-only POD modes, and their energies
are the space-only POD energies multiplied by d. This confirms that our analysis assuming
no temporal variation, and the resulting conclusions that the space-time modes converge to
space-only modes, hold.
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The other limit, (d − 1)∆t = T >> τC , occurs when the height of the Hankel matrix
corresponds to a time much longer than any correlation time in the flow. From section 2.3.2,
we would expect that the modes oscillate with a pure frequency as SPOD modes do. Indeed,
taking the SVD of a Hankel matrix becomes a discrete Fourier transform as the height of
the Hankel matrix grows to infinity [12, 11]. This limit has been used in the context of
time-delay embedding [63].

This connection to SPOD means that Hankel SVD is also related to two other popular
methods, resolvent analysis and dynamic mode decomposition (DMD). Resolvent analysis is
an input-output formulation of the Navier-Stokes equations in the frequency domain [82, 133]
wherein the non-linear terms (about some base/mean flow) are interpreted as forcing inputs
to a linearized system. Towne et al. [131] showed that if these forcings do not preference
any spatial structure, i.e., they are white in space, then resolvent modes are equivalent to
SPOD modes. Hence, due to the connection we have established, resolvent modes are SVD
modes of an asymptotically tall Hankel matrix if the non-linear terms are white. DMD is
a data-driven method that seeks the linear operator which most closely maps snapshots at
one time to their value one time-step later, in the least-squares sense. SPOD modes are
optimally averaged DMD modes [131], so too then are Hankel SVD modes in the case that
the Hankel matrix is asymptotically tall.

Finally, we note that the time step between rows (along columns) signifies the temporal
discretization of the continuous eigenvalue problem (2.3.6) which defines the modes. Next,
we leverage the distinct meaning of the time step between rows and columns to approximate
the modes at reduced cost.

2.5.2 Width of the Hankel matrix informs convergence

The connection with space-time POD also reveals the impact of the width of the Hankel
matrix on its singular modes. The convergence of the discrete space-time POD modes is
determined by the accuracy of the approximation of the correlation matrix formed from the
data. Each element of the correlation is proportional to the sample average of products of
one entry in the column with another, averaged over the columns of the Hankel matrix,

Cij = (HH∗)ij =
m∑

k=1
HikHjk. (2.5.8)

Thus, the width of the Hankel matrix m determines the number of realizations that con-
tribute to approximating the correlation.

However, because two adjacent columns in the Hankel matrix are only one time step apart,
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their contributions to each element of the correlation matrix are far from independent, so
the accuracy of the correlation is not just a function of the number of columns. Indeed, one
could imagine a Hankel matrix that has many columns but only represents data over a short
time during which the underlying system does not fully explore its phase space. There are
two criteria necessary for the modes to be accurate: there must be enough columns in the
Hankel matrix so that their sample average converges, and the data must be representative
of the underlying attractor. The latter may require the data to be taken over a long time,
leading to a very wide Hankel matrix, thus a costly SVD. We point out here that the time
step between columns signifies the time between two successive realizations, in contrast to
the time step between rows.

Alternatively, we may throw out many of the columns of the Hankel matrix, so that the
columns are less correlated, then take the SVD of this matrix,

QUC =


q1 qs+1 q2s+1 . . . qm

q2 qs+2 q2s+2 . . . qm+1
... ... ... . . . ...
qd qs+d q2s+d . . . qm+d−1

 . (2.5.9)

Here, s represents the spacing in time between columns, and the Hankel matrix is recovered
if s = 1. QUCQ∗

UC still forms an approximation of the correlation matrix, so its singular
vectors will approximate the space-time POD modes. If H is formed from data representative
of the attractor, then QUC will be as well, and if we retain enough columns, the correlation
matrix will be accurate. An appropriate choice of s, one which negligibly impacts the
accuracy of the modes, depends on the amount of data available, the system dimension, the
embedding dimension, and the time step. The Hankel matrix is the data matrix with the
most columns possible from the data, and in practice it is likely overkill, and overly costly,
if the time series is long. If the data is lacking, however, the Hankel matrix will produce a
more accurate correlation and hence more accurate modes than any other spacing.

This strategy of removing most of the columns provides a substantial cost reduction. The
time complexity of the SVD scales quadratically with the smaller dimension of the matrix
and linearly with the larger one. Therefore, this strategy reduces the computation time by
a factor of s2 if the Hankel matrix is taller than it is wide, which is usually the case for
fluids and other high-dimensional problems, and by a factor of s otherwise. Critically, this
reduction is achieved without changing the window T or the time step ∆t along the columns,
such that the meaning of the modes discussed in section 2.5.1 and the temporal discretization
of the integral in (2.3.6) remain unchanged.

Obtaining the space-time POD modes from a long time series of data is, in some ways,
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analogous to finding the power spectrum of a signal from a single long time series. It is
well known [136] in the latter case that one should break the long time series into many
shorter, possibly overlapping blocks, and then average the specta obtained from each block.
The ideal overlap is determined by the analyst’s trade-off preferences between accuracy and
cost and the particularities of the problem, but little is gained by going beyond, say, 90%
overlap. Certainly, it would be ill-advised to use the maximum overlap, i.e., shifting each
block by only one time step. But, in the case of obtaining space-time POD modes, using
the full Hankel matrix is imposing such an excessive overlap. This maximum overlap should
only be used if data is scarce and forming the Hankel matrix and taking its SVD do not pose
time or memory problems.

A cartoon of the correlations produced from uncorrelated columns vs. Hankel columns
with different amounts of data is shown in Figure 2.2. The top two correlation graphics
show how the uncorrelated columns (left) and Hankel (right) approaches might approximate
the correlation with limited data. In this case, the Hankel matrix is likely to produce more
accurate correlations than the matrix with uncorrelated columns because the latter may
have too few to converge averages. However, the limited data is not representative of the
underlying attractor, so although sampling this data more and more (Hankel approach) and
computing the correlations may converge, it will not converge to the true correlations. When
the time series is long enough to be representative of the attractor (bottom), both approaches
will produce accurate correlations so long as enough columns are included in the uncorrelated
matrix to converge averages. We also note that in the case of a short time series, we derive
a method in section 2.6 which produces a more accurate approximation of the correlations
than the Hankel approach with the same data.

2.5.3 Summary of the connection

To summarize, we have shown that Hankel singular modes constitute an approximation of
space-time POD modes. The block Hankel matrix is formed as a data matrix whose columns
are discretized temporal flow realizations, and when multiplied by its conjugate transpose,
gives the correlation matrix from space-time POD. The eigenvectors of this matrix, which
are the space-time POD modes, are the left singular vectors of the Hankel matrix due to
the well-known equivalence of the SVD and eigendecomposition. This connection sheds
light on the sense in which the Hankel modes are optimal: they are optimal in the case
of a uniform weight, which is often an undesirable norm. Understanding Hankel singular
modes as approximate space-time POD modes also reveals that the time step between rows
and columns of the Hankel matrix need not be the same. Indeed, in many practical cases,
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Figure 2.2: Uncorrelated columns (left) and Hankel (right) approaches to approximating the
correlation matrix from short (b,c) and long (d,e) time series. (a) A time series used to sample
temporal realizations with different samplings. (b) Correlations from uncorrelated columns
using a short time series. (c) Correlations from the Hankel matrix using the short times
series. (d) Correlations from uncorrelated columns using a long time series. (e) Correlations
from a Hankel matrix using the long time series. Though both (d) and (e) are accurate, the
correlations in (d) come at significantly lower computational cost.
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Figure 2.3: The dimensions of the Hankel matrix can be interpreted in terms of the integral
space-time eigenvalue problem (2.3.6). The height of the Hankel matrix corresponds to T ,
the length on which the space-time POD modes optimally represent the flow. The width,
though there is subtlety about independence, informs how accurately the correlation matrix
is approximated, and hence the accuracy of the modes.

discarding many of the columns of the Hankel matrix negligibly impacts the accuracy of the
modes but significantly reduces the time for the SVD. The time window corresponding to
the height of the Hankel matrix T = (d − 1)∆t is the time over which the Hankel modes
optimally represent the flow as well as the window of space-time correlations accounted for in
calculating the modes. Finally, in the limits of short and tall Hankel matrices, corresponding
to evolution on short and long time windows, the Hankel modes become discrete space-only
POD modes and discrete SPOD modes, respectively. Much of the discussion in this section
is summarized in Figure 2.3.

2.6 Fully exploiting ergodicity: more accurate modes

As discussed in section 2.5, the Hankel matrix implies a particular approximation of the
space-time correlation, which in turn determines the approximation of space-time POD
modes provided by singular modes of the Hankel matrix. In this section, we show how
a more accurate approximation of the correlation matrix can be constructed by fully ex-
ploiting the ergodicity of the underlying system, which produces more accurate modes if
there is a shortage of data, as we will demonstrate later in section 2.7.6. This approach has
been used in the context of SSA [134], but to our knowledge, has never been employed for
vector-valued data.
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Ergodicity is assumed in constructing the Hankel matrix: instead of taking columns
from different sample paths of the flow, columns are formed from different sections in one
long sample path, so there is an assumption that these two are equivalent. However, in
constructing the Hankel matrix (or a down-sampling thereof) and then taking its SVD, the
assumed ergodicity is not fully exploited. To see this, look at the correlation C = HH∗ ∈
CNxd×Nxd. Broken up into its spatial block structure, this correlation is written

C =



C11 C12 C13 . . . C1d

CT
12 C22 C23 . . . C2d

CT
13 CT

23 C33 . . . C3d

... ... ... . . . ...
CT

1d CT
2d CT

3d . . . Cdd


, (2.6.1)

where the matrix
Cij ∈ CNx×Nx (2.6.2)

represents the correlations between all points in the spatial domain between times i and j.
Because the flow is ergodic, these correlations should only depend on the difference in times,
e.g., C12 should be equal to C56, but by calculating this correlation with the Hankel matrix,
this will not normally be the case. Indeed, writing each of these correlation blocks in terms
of elements of the time series,

Cij =
m∑

k=1
qi+k−1q

∗
j+k−1, (2.6.3)

we see, for example, that the (1, 1) block of C does not depend on the last element of the
time series while the (d, d) block does, so they will not be equivalent as we know they should
be from ergodicity. Instead, the fully converged correlation should have the symmetric block
Toeplitz structure,

C̃ =



C0 C1 C2 . . . Cd−1

CT
1 C0 C1 . . . Cd−2

CT
2 CT

1 C0 . . . Cd−3
... ... ... . . . ...

CT
d−1 CT

d−2 CT
d−3 . . . C0


. (2.6.4)

That the (block) diagonals of C = HH∗ are not constant indicates that ergodicity is not
fully exploited in constructing the correlation.
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To calculate each correlation Ci from a time series, q1, q2, . . . qm+d−1, we simply take the
sample average of the product of all points in the time series i time steps apart,

Ci = 1
m+ d− i− 1

m+d−i−1∑
k=1

qkq
∗
k+i. (2.6.5)

After building C̃ as in (2.6.4), the modes are obtained as C̃WΦ = ΦΛ. The difference in
accuracy of the modes can be substantial when data is in short supply and when m/d is not
large, as we demonstrate in section 2.7.6.

The entries of the Toeplitz matrix (2.6.5) are formed using more terms than are used in
forming the Hankel-based correlations (2.6.3). The ratio depends on the entry calculated but
is proportional to m

m+d
; therefore as m/d increases, the advantage in the Toeplitz approach

diminishes.
The relative cost of computing modes using the Hankel and Toeplitz approaches depends

on the relative size of Nxd and m. The time scaling for the Hankel approach comes from the
SVD in both cases, which is O(N2

xd
2m) for Nxd < m and O(Nxdm

2) otherwise. The time
scaling for the Toeplitz approach comes from passing through the time series to calculate
all blocks of the correlation and from taking the eigendecomposition of the correlation. The
former scales as O((m+ d)dN2

x) and the latter as O(N3
xd

3). The ratio of the scalings of the
Toeplitz and Hankel algorithms is thus


max(1

d
, Nxd

m
) if Nxd < m,

(
Nxd
m

)2
if Nxd > m.

(2.6.6)

In fluids applications, Nxd is usually much greater thanm, so this approach will scale much
worse than the Hankel approach. However, in many other dynamics applications, including
many classic applications of the Hankel matrix, Nx is small, often 1, and d substantially
smaller than m [13, 27], so this approach both leads to more accurate modes and better
scaling. In short, the Toeplitz method scales more favorably than building the Hankel
matrix and taking the SVD when Nxd < m, but when Nxd > m the algorithm is slower.

2.7 Numerical experiments: Lid-driven cavity flow

In this section, we demonstrate our theoretical results with data from a 2D lid-driven cavity
flow at Reynolds number Re = 22,000 [19]. First, we compare the convergence of modes
with a true Hankel matrix against a data matrix whose columns are uncorrelated, showing
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that with the same number of columns (flow realizations) the uncorrelated matrix generates
better modes. We then show a related, but more practical, example. Given an mH-column
Hankel matrix, one can form an uncorrelated data matrix by sampling m of its columns. We
show that for m significantly smaller than mH the modes are nearly identical, which can be
used to reduce computational cost. Next, we demonstrate that space-time POD converges
to space-only POD on very short time intervals, and that the modes become Fourier in time
on very long time intervals, indicating convergence to spectral POD. Finally, we show that
with limited data, exploiting the ergodicity of the system produces more accurate modes
than the Hankel approach.

2.7.1 Simulation description

We generate data for square lid-driven cavity flow at Re = Uh
ν

= 22,000, where U is the
speed of the lid, h is the height of the square cavity, and ν is the viscosity of the fluid. The
incompressible Navier-Stokes equations are solved using a Crank-Nicolson method for the
viscous term and an Adams-Bashforth method for the nonlinear term [83]. The domain is
discretized with Nx = Ny = 120 grid-points. Data is generated by starting the simulation
with zero velocity everywhere except the top, running until the initial transients have van-
ished and the statistics become stationary, and then collecting the time series data. The
time is nondimensionalized so that in one unit of time the lid slides the cavity width, and
the simulation time step is 5× 10−4. We sample this data with ∆t = 0.1. Figure 2.4 shows
a snapshot of the flow to illustrate the setup and spatial scale of variation of the flow.

2.7.2 Spaced columns yield better modes

In section 2.5.2, we argued that an m-column data matrix with uncorrelated columns will
produce a more accurate correlation matrix, and hence more accurate modes, than an m-
column Hankel matrix, when measured against converged modes. Here, this is demonstrated
with the lid-driven cavity flow: we form two data matrices — one Hankel, and the other
uncorrelated, with the structure in (2.5.9). For the sake of memory, which scales like Nxmd,
we choose a downsampled version of u, the x component of velocity, as our observable of the
state q, with 24 points in each direction. We choose T = 2, so that the modes evolve on
the convective time scale of the flow, and d = T

∆t
+ 1 = 21. Each column of the matrices is

an element of CNxd, where Nxd = 24 × 24 × 21 = 12,096. The space-time POD modes are
obtained as the left singular vectors of the two matrices, and their convergence is evaluated
by taking the square of their inner product with a fully converged mode, which is obtained
from a data matrix with 40,000 columns, all far apart in time. The variation in different
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Figure 2.4: Schematic of the lid-driven cavity flow. The lid moves to the right and drives
the flow. Contours show a snapshot of the turbulent kinetic energy.

realizations of the chaotic system leads to variation in the accuracy of the modes calculated
from them. To account for this, we repeat the process of finding the modes 400 times for
each m and take the mean square inner product with the fully converged mode.

Figure 2.5 shows the results. As expected, the modes from the uncorrelated data matrix
outperform those from the Hankel matrix. The x-axis is logarithmic, and the two curves are
roughly a constant horizontal distance from one another. This means that to achieve the
same accuracy as an uncorrelated data matrix with m columns, a Hankel matrix must have
cm columns, where c is some constant independent of m; here it is roughly 8, though this
number depends sensitively on the parameters used.

2.7.3 Faster computation by sampling the Hankel matrix

Choosing between taking the SVD of a Hankel matrix or an uncorrelated data matrix of
the same size may be unrealistic — simulation or experimental data can be in short supply,
and it is not trivial to simply generate the extra data needed to construct the uncorrelated
data matrix. A more relevant question might be: given a time series of snapshots, should
one form the entire Hankel matrix or can many of the columns be omitted? The latter
has the advantage of reducing computational cost, in terms of both CPU time and memory
requirements, while the former may be more accurate if data is scarce. The accuracy loss
depends on how many columns are removed, but we demonstrate here that the loss of
accuracy can be negligible for orders of magnitude computational speedup.

Again, we choose T = 2, so d = 21. Starting with a Hankel matrix with mH = 5000
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Figure 2.5: Convergence of the modes with the width m of the matrix: (blue) Hankel matrix;
(red) uncorrelated data matrix. The modes from the uncorrelated data matrix converge
faster than those from the Hankel matrix. This improved convergence is observed because
the columns of the uncorrelated data matrix represent data from more of the attractor than
the columns of the Hankel matrix of the same size.
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columns, we form a reduced data matrix by retaining only m columns with the maximum
possible spacing. For example, if m = 51, we use every 100th column of the Hankel matrix
to form the data matrix. Removing columns changes the time step along rows but not
along columns, and our analysis in section 2.5.2 indicates that this only changes the rate of
convergence of the modes, not what the modes converge to. We take the SVD of both the
Hankel and data matrices and compare each mode from the data matrix to its respective
Hankel matrix mode using the square of the inner product, i.e., |⟨ϕH

k ,ϕ
D
k ⟩x,t|2 where ϕH

k

is the k-th mode from the Hankel matrix and ϕD
k is the k-th mode from the data matrix;

values of 1 and 0 indicate identical modes and orthogonal modes, respectively. We repeat
this process 200 times to see how well, on average, the modes from the much smaller data
matrix approximate the modes from the full Hankel matrix.

Figure 2.6 shows this accuracy metric as a function of m for the first three modes from
each matrix, reporting both the mean (solid) and the median (dashed) of the 200 trials.
Both the first and second modes from the m = 500 data matrix capture over 97% of the
energy of the corresponding Hankel modes (mean), and over 99% (median). For m = 1000,
the first and second modes both capture over 99.9% of the corresponding Hankel modes.
Even these modest reductions in m offer significant computational savings, scaling here like
the square of the reduction in m.

The ratio of the number of columns in the sampled Hankel matrix to that of the full
Hankel matrix needed to achieve a given accuracy is not constant. For example, if the time
step ∆t is smaller, a sparser sampling of the Hankel matrix can be used to achieve the
same accuracy because k columns of the Hankel matrix represent less of the underlying flow.
The speedup gained by sampling the Hankel matrix can be significant; for problems with a
complicated spatial domain, the height of the data matrices, Nxd, will likely be much larger
than the number of columns, m. Therefore the time complexity of the SVD is m2, and
reductions in m save considerable time. We reiterate that this cost savings is enabled by the
insight, provided by the connection between Hankel singular modes and space-time POD,
that the time step along rows and columns have different meanings and need not be equal.

2.7.4 Convergence to space-only POD for short times

Here, we demonstrate the convergence of the space-time POD modes to space-only POD
modes as the time interval they are defined on approaches zero, T → 0. Space-only POD
modes are defined on Ω and space-time POD modes are defined on Ω× [0, T ], so in order to
compare the two, we take the square of the space-only inner product, averaged over time. In
Figure 2.7, we see that the spatial part of the space-time modes indeed converges to space-
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Figure 2.6: Similarity between modes from a downsampled Hankel matrix, retaining m/mH

columns, and the Hankel modes. Both the mean (solid) and the median (dashed) are reported
for the 200 trials. The first mode (blue) and the second mode (red) are more similar than the
third mode (green). For the parameters used, retaining 1/10 and 1/5 of the columns yields
modes that capture over 97% and 99.9% of the energy of the Hankel modes, respectively, for
both the first and second modes, on average (mean).
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only modes as T → 0. In fact, the square inner product of the two remains near unity even
when the space-time modes are defined over a time on the order of the convective time-scale;
when T = 1 it is 0.937, and it only drops below 0.9 when T > 1.4.
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Figure 2.7: Convergence of space-time POD modes ϕT to space-only POD modes ϕ for small
T . The spatial dependence of the first space-time mode at each T is compared to the first
space-only mode using the space-only inner product, averaged over the time evolution of the
space-time mode.

2.7.5 Convergence to spectral POD for long times

Here, we demonstrate that as the time interval becomes long, the time dependence of the
modes becomes Fourier. Modes are computed via the SVD of a data matrix with large T and
800 well-spaced columns. We do this for different values of T and examine the frequency
content of the modes. The expectation is that the modes will become delta functions in
the frequency domain as T increases since we know that SPOD modes, which have purely
Fourier time dependence, are the limits of space-time POD for long time windows. The
spectral content of the space-time modes may vary over the spatial extent of the mode, so
we use the norm of their Fourier component,

∥ϕ̂(ω)∥2
x = ⟨ϕ̂(ω,x), ϕ̂(ω,x)⟩x, (2.7.1)
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which is equivalent to the power spectral density of the mode integrated over the domain,
as a measure of their overall spectral content. Figure 2.8 demonstrates the convergence with
increasing T of the spectra of the leading mode to a delta function in frequency.
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Figure 2.8: Convergence of space-time POD to spectral POD, visualized in terms of the
power spectral density of the space-time POD modes for various values of T : (blue) T = 50;
(red) T = 100; (green) T = 200; (purple) T = 400. As T is increased, more and more of the
energy of the modes is contained to an increasingly narrow band of frequencies, indicating
convergence toward a discrete frequency, consistent with the time dependence of SPOD
modes.

2.7.6 Fully Exploiting Ergodicity

Finally, we demonstrate that the modes from the Toeplitz correlation matrix offer a sig-
nificant improvement over those from the Hankel data matrix. We extract the modes by
taking the SVD and eigendecomposition of the Hankel and Toeplitz matrices, respectively,
and calculate the energy of the flow captured by the first few modes of both methods. We
repeat this many times to generate PDFs of the energy captured, observing that the Toeplitz
modes capture more energy. We also compare the modes from both methods to fully con-
verged Hankel modes and tabulate the results for different parameters, again finding that
the Toeplitz modes are more accurate.

Energy of the space-time POD modes, (2.3.1), is an appropriate metric for evaluating the
performance of the two methods for obtaining modes because it is the quantity optimized
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in the definition of the POD problem. Analogous to (2.1.6), we may rewrite the energy of a
mode in terms of its projection coefficients onto the exact modes,

λ[ϕ] =
min(m,Nxd)∑

k=1
c2

kλk with ck = ⟨ϕ,ϕk⟩x,t/∥ϕ∥x,t, (2.7.2)

where ϕk is the kth space-time POD mode. We calculate the energy of the modes produced
by the Hankel and Toeplitz methods using the above formula, where the ‘true’ modes are
calculated using a Hankel matrix built from a 40,000-long time series with the same Nx and
d.

Given m and d, and an m+d−1-long time series, we compute the modes using the Nxd×m
Hankel matrix and the Nxd×Nxd Toeplitz matrix and calculate their energies. Forming the
Toeplitz matrix and taking its eigendecomposition is infeasible for large systems, so here, we
take the Nx points in the simulation with the highest variance for small values of Nx. Of
course, the accuracy of the modes from either method depends on the time series used, so
we repeat this process 1000 times, generating PDFs for different choices of m, d, and Nx. A
PDF with significant support only near unity indicates a high probability of producing an
accurate mode.

Figure 2.9 shows the PDF for the energy captured by the first mode from each method as a
fraction of the energy of the true optimal mode (λ1). Beginning with (a) in Figure 2.9, we see
that the mean of the modes from the Toeplitz method is higher than that of the modes from
the Hankel method. Both methods give a bimodal distribution, and these peaks represent
instances where the method mistakes the true second mode for the first mode. There is a deep
trough between the peaks of the Toeplitz method, indicating that it produces a mode close
to the first or to the second true mode rather than some combination thereof. The Hankel
method displays some of this behavior, but it is significantly less pronounced, indicating that
it produces something between the two true modes more often than the Toeplitz method.
This behavior is also present in (b), (c), and (d).

As expected, for a fixed value of d and Nx, increasing m yields a higher probability of
more accurate modes, and the modes from both methods in (c) are more accurate than
those in (b), which are more accurate than those in (a). We also see that as m

d
increases, the

difference in the accuracy of the two methods decreases, and the PDFs of the two methods
become closer going from (a) to (b) and from (b) to (c). We see this behavior because for
m
d
>> 1, all of the elements on the same diagonal of C = HH∗ are sums of mostly the same

products of terms from the time series, so C is nearly Toeplitz, whereas for m
d
≈ 1 this is

not true. In (e), m
d

= 50, and the difference between the methods is hard to see by looking
at the PDFs, though there is still some difference in the means and medians, especially for
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Figure 2.9: PDFs of energy captured by the first modes of the Hankel (blue) and Toeplitz
(red) methods for various choices of m, d, and Nx. Both methods use the same time series
of length m+ d− 1 to approximate the modes. The PDFs are calculated with 1000 samples
and the energies are divided by the maximum possible energy of one mode. These parameter
values are, (a): m = 30, d = 30, Nx = 1. (b): m = 100, d = 30, Nx = 1. (c): m = 300,
d = 30, Nx = 1. (d): m = 300, d = 30, Nx = 3. (e) m = 600, d = 30, Nx = 3. (f) m = 10,
d = 10, Nx = 1.

the second mode, as reported in Figure 2.10.
For fixed values of d and m, increasing Nx worsens the accuracy of the modes, and the

modes in (d) are less accurate on average than those in (b). Similarly, increasing d worsens
the accuracy of the modes, as can be seen by comparing (a) and (f). In fact, the modes in
(f) are more accurate from both methods than those in (a) despite being calculated with
lower m. Increasing Nx or d decreases the quality of the modes because it causes them to
be in a higher dimensional space, which makes them more difficult to approximate. If m
is large enough, however, (signifying a long time series from which to calculate the modes),
both methods will converge for any Nx and d.
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Figure 2.10: Mean (circles) and median (squares) accuracy of Hankel modes (blue) vs.
Toeplitz modes (red) calculated from 1000 time series of the most energetic Nx points of
the lid-driven cavity flow. Accuracy is measured as the square inner product against a ‘true
mode.’ When the data is severely limited (m is relatively small), the difference is more
pronounced.

To evaluate the accuracy of the latter modes, say the kth, we add the energies of the
modes up to the kth. We do this instead of simply calculating λ[ϕk] because this would
erroneously reward switching the first and the kth mode. We denote the sum of the energies
as

λ[ϕ1,2,...,k] =
k∑

i=1
λ[ϕi], (2.7.3)

and this quantity is interpreted as the energy captured by the first k modes. Again, we
generate PDFs of these energies using 1000 time series of length m+d−1, computing modes
using both methods, and calculating the energy they capture. Figure 2.11 shows the results
for the first four modes using m = 30, d = 30, Nx = 1. The energy captured by the first two
Toeplitz modes is significantly greater than that of the first two Hankel modes. The same
can be said about the first three and first four Toeplitz modes. These observations hold for
the majority of parameter combinations.
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Figure 2.11: PDFs of the energy captured by the first four modes of the Toeplitz and Hankel
methods, normalized by the maximum possible energy by four modes. These are calculated
for m = 30, d = 30, Nx = 1. The difference is more severe for the latter modes, which we
observed for the majority of the parameter choices that we tested.

A second metric for evaluating the accuracy of the modes is to compare them directly to
fully converged modes, via the square inner product. Again a value near unity indicates an
accurate mode, though a value near zero for, e.g., the third mode does not indicate that that
mode captures no energy, just that it captures energy orthogonal to that of the converged
third mode. We calculate these converged modes from the 40,000-long time series. For each
choice of m, d, and Nx, we calculate the modes from the Hankel and Toeplitz matrices, take
the inner product with the converged modes, and repeat 1000 times. We record the mean
and median of the square inner products for the first three modes in Figure 2.10.

As d increases, the number of realizations m needed to get accurate modes also increases
for both methods. Similarly, as Nx increases, m may need to be increased to retain accuracy.
Intuitively, this tells us that we need more data to find a mode in a higher dimensional space.
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The improvement of the Toeplitz method decays with m/d, because if this quantity is large,
the difference between HH∗ and the Toeplitz C̃ becomes small, as discussed in section 2.6.
Again, we note that the Toeplitz modes are significantly more accurate when m is not
significantly greater than d. Also, there is not a big difference when m is very large, because
here the modes are converged. Because a large Nx necessitates a large m for accuracy, m/d
will be large and thus the improvement gained by the Toeplitz method is marginal for large
Nx. However, these are the cases for which the time complexity of the Toeplitz method is
already prohibitive.

2.8 Chapter summary

This chapter begins with a rigorous description of space-only, spectral, and space-time POD,
and demonstrates how the former two variants can be recovered as limits of the latter variant.
Following this, we show that the SVD of the Hankel matrix used in a variety of ROMs gives
an approximation of space-time POD modes. This connection provides insight into the
qualities of the Hankel modes, and we give interpretations of them in terms of the integral
that defines the space-time eigenvalue problem. We also give examples of how the Hankel
modes can be improved by leveraging insights from the connection to space-time POD.
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CHAPTER 3

Linear Spectral Solution Operator Projection

3.1 Introduction

Motivated by the trajectory representation properties of SPOD modes, the goal of this
chapter is to develop an algorithm to solve quickly for the SPOD coefficients that represent a
trajectory for forced linear dynamical systems given the initial condition and forcing. If these
coefficients can be obtained accurately, then the resulting error will be substantially lower
than that of a POD-Galerkin model with the same number of modes. The method works as
follows. The SPOD coefficients at a given frequency are related to the (temporal) Fourier
transform of the state at the same frequency, which in turn is related to the forcing and initial
condition. We derive these relations by starting from the fundamental solution to linear
time-invariant (LTI) systems, then performing a discrete Fourier transform analytically, and
finally projecting the result onto the SPOD modes at each frequency. Using the LTI solution
as a starting point makes the method applicable to general linear systems, avoiding the
requirement that the system be periodic, which might otherwise arise with a temporal Fourier
basis. The operators involved are all linear and are precomputed, leaving only small matrix-
vector multiplications to be done online. The method amounts to a space-time projection of
a space-time solution operator, and we refer to it as Spectral Solution Operator Projection
(SSOP).

We demonstrate the method on two problems: a linearized Ginzburg-Landau problem
with a spatial dimension of Nx = 220 and an advection-diffusion problem with Nx = 9604.
We show that, indeed, we can solve for the SPOD coefficients accurately, resulting in two-
orders-of-magnitude lower error than even the projection of the solution onto the same
number of POD modes, which is itself a lower bound for the error in any time-domain
Petrov-Galerkin method, such as balanced truncation (BT) [86]. We show that this accuracy
improvement does not come with an increase in CPU time; the computational cost of our
method is similar to that of POD-Galerkin projection and balanced truncation, consistent
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with scaling estimates we derive.
The SPOD modes that form the basis for the method are obtained from data. A data-free

version of the method is made possible by a connection between SPOD modes and the left
singular vectors of the resolvent operator. The resolvent operator comes directly from the
matrices that define the LTI system, so its singular value decomposition does not rely on
data. As established by Ref. [131], the left singular vectors of the resolvent operator at a
given frequency are equivalent to the SPOD modes at the same frequency if the forcing in
the system is spatially white. Many studies [82, 7, 122, 89, 101], however, have shown that
remarkable similarity between the two types of modes persists even when the forcing is far
from white. Given that the SPOD modes and resolvent modes are similar, the latter serves
as an excellent space-time basis for trajectories. We find that the data-free method that
results from substituting the resolvent modes for the SPOD modes in the proposed method
yields lower error than balanced truncation, the state-of-the-art data-free method.

Before introducing SSOP, we describe the details of using SPOD modes for trajectory
representation in Section 3.2, and introduce the resolvent operator in Section 3.3, which is
relevant for this chapter and the two that follow.

3.2 SPOD modes for encoding trajectories

Here, we formalize the problem of encoding trajectories, and describe how SPOD can be used
to achieve efficient trajectory encodings. We also define the discrete spatial and space-time
norms and inner products that are used throughout Chapters 3 and 4.

3.2.1 Trajectory representation

Here, we formalize the notion of a space-time encoding scheme in analogy to the space-only
encoding framework introduced in Section 1.2.1. We take the trajectory on the interval to be
a vector of its values at times 0,∆t, . . . , (Nω−1)∆t, where Nω∆t = T . That is, the trajectory
is a vector qJ = [qT

0 , q
T
1 , . . . , q

T
Nω−1]T where qj is the state at time tj = j∆t. Throughout

this chapter and the following one, a subscript J is used to indicate the set or vector that
is formed by taking the subscript to be each element of the vector J = [0, 1, . . . , Nω − 1]T .
For example tJ denotes the vector [0,∆t, . . . , (Nω − 1)∆t]T . We denote the number of time
steps Nω for reasons related to the discrete Fourier transform, which will become clear later.

An encoding scheme for trajectories comprises an encoder ex,t : CNxNω → CrNω and a
decoder dx,t

J : CrNω → CNxNω . The encoding scheme is effective if qJ ≈ dx,t
J (ex,t(qJ )) for

trajectories of the system. More precisely, the expected error averaged over the trajectory,
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E[∥qJ − dx,t
J (ex,t(qJ ))∥2

x,t], should be small. The space-time norm is induced in the usual
way from a space-time inner product ∥qJ ∥x,t =

√
⟨qJ , qJ ⟩x,t, and this inner product is given

by

⟨q1
J , q

2
J ⟩x,t =

Nω−1∑
j=0
⟨q1

j , q
2
j ⟩x, (3.2.1)

The space-only inner product is ⟨q1, q2⟩x = (q1)∗Wq2 for a positive definite weight matrix
W, and the space-only norm ∥ · ∥x is induced from this inner product in the usual way.

The analog of POD for the case of trajectories is space-time POD [76, 33] — it is the
optimal linear encoding/decoding scheme for trajectories in the sense that it minimizes
E[∥qJ − dx,t

J (ex,t(qJ ))∥2
x,t]. As discussed in the following subsection, SPOD modes can

be used to represent trajectories, and a primary motivation for the SSOP method is that
the SPOD representation approaches the accuracy of the space-time POD representation for
statistically stationary systems as T → ∞. Another important point of comparison is the
POD representation of trajectories, wherein each time step of the trajectory is encoded using
r POD modes Φ ∈ CNx×r, i.e., where dx,t

j (ex,t(qJ )) = ΦΦ∗Wqj.

3.2.2 Encoding using SPOD modes

SPOD modes can be used to represent a trajectory qJ by representing the trajectory at
each frequency q̂k using the SPOD modes at the same frequency. The trajectory at the k-th
frequency is given by the discrete Fourier transform (DFT) as

q̂k = DFTk [qJ ] =
Nω−1∑
j=0

qje
−iωktj , (3.2.2)

where ωk = 2π(k − NωΘ(k − Nω/2))/T , where Θ is 0 if its argument is negative, and is 1
otherwise. This frequency of the trajectory may be represented by a linear combination of
the first rk SPOD modes as that frequency as

q̂k ≈ Ψkak. (3.2.3)

In practice, the SPOD modes are obtained using the method described in Section 2.2.2. With
Nd temporal blocks of data, Nd SPOD modes are available at each frequency. We denote
the full set of modes at ωk as ΨNd

k = [ψk1,ψk2, . . . ,ψkNd
] ∈ CNx×Nd . The truncated set of

modes, used in (3.2.3), is Ψk ∈ CNx×rk , which includes the first rk columns of ΨNd
k . The

vector ak ∈ Crk in (3.2.3) contains the expansion coefficients. It will become clear below
why it is advantageous to retain different numbers of modes at different frequencies. The
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expected value of the error in the representation at this frequency can be expressed in terms
of the truncated SPOD energies as

E[∥q̂k −Ψkak∥2
x] =

Nx∑
m=rk+1

λkm, (3.2.4)

If q̂k is known, the SPOD coefficients may be found by taking inner products between q̂k

and the modes as
ak = Ψ∗

kWq̂k. (3.2.5)

This may be written in terms of a space-time encoder ak = ex,t
k (qJ ), where the k-th frequency

of the encoder is given by
ex,t

k (qJ ) = Ψ∗
kW DFTk[qJ ]. (3.2.6)

The corresponding decoder is given by taking using the SPOD coefficients at each frequency
to reconstruct the trajectory in the frequency domain, then applying the inverse DFT to the
result. Specifically, the j-th time step of the decoded trajectory is

q̃j = dx,t
j (aK) = 1

Nω

Nω−1∑
k=0

Ψkake
iωktj . (3.2.7)

Hereafter, a subscriptK is used to denote all frequencies, analogous to our use of the subscript
J for all times. The relevant metric for accuracy is the spatial error averaged over the times
in the interval, which is the square of the space-time norm of the difference. Due to Parseval’s
theorem, this is proportional to the error summed over frequencies,

∥q̃J − qJ ∥2
x,t = 1

Nω

Nω−1∑
k=0
∥Ψkak − q̂k∥2

x, (3.2.8)

where q̃J is the decoded trajectory. Taking the expected value of both sides and using
(3.2.4), we have

E
[
∥q̃J − qJ ∥2

x,t

]
= 1
Nω

Nω−1∑
k=0

Nx∑
m=rk+1

λkm. (3.2.9)

Thus, the expected accuracy of the trajectory representation is determined by the energies
of the truncated SPOD modes. This informs the best allocation of modes across frequencies:
for the best accuracy given a total number of modes, one should retain the modes with the
highest energies over all frequencies. We denote the average number of modes retained by
r, and denote the j-th largest SPOD energy at any frequency by λ̃j. The number of modes
retained at the k-th frequency rk is then the number of modes at this frequency with energy
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greater than or equal to λ̃(rNω),

rk = |{m : λkm ≥ λ̃(rNω)}|, (3.2.10)

where | · | denotes the cardinality of the set, and the parentheses in the subscript are a
reminder that r and Nω are multiplied and are not separate indices.

The SPOD encoding/decoding scheme may be written in terms of the forward and inverse
DFTs as

q̃j = 1
Nω

Nω−1∑
k=0

eiωkj∆tP̂k

Nω−1∑
l=0

e−iωkl∆tql, (3.2.11)

where P̂k is ΨkΨ∗
kW. The l-th time in the trajectory thus has the following impact on the

j-th time in the representation
(

1
Nω

Nω−1∑
k=0

eiωk(j−l)∆tP̂k

)
ql, (3.2.12)

and j-th time in the projected trajectory may be written as the following discrete convolution

q̃j =
Nω−1∑

l=0
P[j−l]ql, (3.2.13)

where
Ps = IDFTs[P̂K] = 1

Nω

Nω−1∑
k=0

eiωks∆tP̂k, (3.2.14)

and where [j − l] indicates j − l mod Nω. The representation in terms of the convolution is
useful for interpreting the behavior of the method in Section 3.5.

The SPOD trajectory representation (3.2.7) may be viewed as a rank-rNω space-time
representation, i.e., it is a sum of spatiotemporal modes with constant coefficients of the form∑rNω

i=1 ξiai with ξi ∈ CNωNx . In the SPOD representation, each spatiotemporal mode is an
SPOD mode at some frequency ωk multiplied by the associated oscillatory time dependence
eiωkt. The most accurate space-time representation is space-time POD modes — these lead
to lower trajectory representation error than any other space-time basis. The fact that
motivates our use of SPOD modes is that as the time interval T → ∞, the SPOD modes
approach space-time POD modes [76, 77, 33].

Figure 3.1 shows the convergence in the representational ability of space-time POD and
SPOD as the time interval becomes long. Specifically, to represent trajectories with some
level of error, 2%, say, one needs the same number of SPOD coefficients as space-time POD
coefficients if the interval is long compared to the correlation time in the system. The error
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Figure 3.1: Number of degrees of freedom (DOFs) required to achieve 2% representation
error as a function of the length of the time interval of the trajectory [0, T ]. The convergence
of SPOD to space-time POD proven in Chapter 2 can be seen. The data are from the
Ginzburg-Landau system introduced in Section 3.5.

is defined in 3.2.15 below. The data are from the Ginzburg-Landau system described in
Section 3.5.

The efficacy of the SPOD modes can also be compared to that of POD modes by calcu-
lating the relative error produced by both encoding schemes as a function of the number of
degrees of freedom. The relative error is

∥q̃J − qJ ∥2
x,t

∥qJ ∥2
x,t

, (3.2.15)

where q̃J is given by either the POD or SPOD encoding/decoding. In Figure 3.2, we show
these errors as a function of r, the number of modes, averaged over 173 trajectories of the
linear Ginzburg-Landau system described later in the paper. Figure 3.2 demonstrates the
superior representational power of SPOD modes over POD modes; with the same number
of total coefficients, the SPOD representation results in more than two orders of magnitude
lower error. Space-time POD is not included in this plot as computing the requisite Nωr

modes requires a prohibitively large amount of data.
The goal of this chapter and the next is to develop a reduced-order model for nonlinear

systems that solves for the SPOD coefficients quickly and accurately, so as to recover the
accuracy shown in Figure 3.2 at low cost.
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Figure 3.2: The relative error for the SPOD and POD trajectory encoders as a function of
r, the number of modes used.

3.3 Resolvent analysis

Here, we introduce the resolvent operator, which is a fundamental object in linear systems
theory, and is relevant to the method developed in this chapter and in the two that follow.

Consider the LTI system
q̇ = Aq + Bf , (3.3.1)

where q(t) ∈ CNx is the state, A ∈ CNx×Nx is the system matrix, and f(t) ∈ CNf is some
known forcing that is mapped onto the system by the matrix B ∈ CNx×Nf . The resolvent
operator R(ω) ∈ CNx×Nx is the transfer function that relates the Fourier transformed-state
q̂(ω) to the Fourier-transformed forcing f̂(ω),

q̂(ω) =

R(ω)︷ ︸︸ ︷
(iωI−A)−1 Bf̂(ω). (3.3.2)

Note that here, the Fourier transforms that define q̂(ω) and f̂(ω) are continuous and defined
on an infinite time interval, unlike the DFT that defined q̂k in Section 3.2.

Much insight can be gained into the behavior of the system by studying the properties of
R(ω), and one particularly important tool for doing so is the singular value decomposition
[133, 29, 82, 81]. The squares of the singular values of the resolvent operator are interpreted
as gains that relate the energy that is input to the linear system by the forcing in the direction
of the corresponding right singular vector to the energy in the state in the direction of the
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corresponding left singular vector. This analysis can be predictive of structures that appear
in the system, especially in cases of high gain separation, i.e., when the first singular value
is much larger than the second. In this case, the portion of the forcing that projects onto
the first right singular vector is amplified much more than any other portion of the forcing,
and the resulting structure will thus resemble the first left singular vector.

This intuitive analysis was made rigorous by Ref. [131] who showed that the left singular
vectors of the resolvent operator at a given frequency are equivalent to the SPOD modes at
the same frequency if the forcing in the system is spatially white. We discuss this equivalence
in more detail in Section 3.4.6, where we use it to formulate a data-free version of the method
developed in this chapter by substituting the resolvent modes for the SPOD modes in the
method.

While (3.3.1) is linear, the resolvent operator can be used to gain insight into nonlinear
systems by considering the nonlinearity as a forcing on the linear system. This insight, first
made by Ref. [82], has led to a significant literature on using the resolvent operator to
understand and model even turbulent flows [26, 87, 101]. A particularly remarkable result is
that even when the nonlinearity is far from white, the resolvent modes often are predictive
of the structures that appear in the flow [82, 123, 75, 7], and direct comparisons between
SPOD modes and resolvent modes have been made [122, 89, 101].

3.4 Spectral solution operator projection method

The method aims to find, as accurately as possible, the SPOD coefficients of the solution to
the LTI system

q̇ = A(µ)q + Bf , (3.4.1)

Specifically, we seek the SPOD coefficients of qJ , the temporally discretized solution to this
system on the interval [0, T ]. In (3.4.1), f ∈ CNf is a known time-dependent forcing, and
the matrices A(µ) ∈ CNx×Nx , and B ∈ CNx×Nf are the usual system matrices, the former
of which depends affinely on the parameter vector µ ∈ RNµ . We suppress this parameter
dependence for now; after deriving the nonlinear reduced-order model in Chapter 4, we
reintroduce it and show how the reduced matrices involved may be computed quickly given
µ. We also assume that the system has been transformed such that the mean of the state is
zero.
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3.4.1 Solution operator

The SPOD coefficients for the solution can be written in terms of a space-time inner product.
The m-th SPOD coefficient at the k-th frequency, for example, is

akm = ⟨qJ ,ψkme
iωktJ ⟩x,t, (3.4.2)

where akm = (ak)m and where the space-time inner product is given by (3.2.1). We write
the first argument of the inner product in terms of a solution operator

akm = ⟨L [q0,Bf(t); tJ ] ,ψkme
iωktJ ⟩x,t. (3.4.3)

This solution operator L[q0, g(t); tj] maps the initial condition, forcing, and a time tj to
q(tj) as

L[q0, g(t); tj] = eAtjq0 +
∫ tj

0
eA(tj−t′)g(t′) dt′. (3.4.4)

The name of the method is due to the fact that (3.4.3) can be thought of as a space-time
projection of the solution operator onto the SPOD modes.

3.4.2 Evaluating the inner product

Analytic progress can be made on evaluating the inner product (3.4.3) by breaking it into a
DFT of the solution operator and a spatial inner product as

q̂k =
Nω−1∑
j=0

(
eAj∆tq0 +

∫ j∆t

0
eA(j∆t−t′)Bf(t′) dt′

)
e−iωkj∆t. (3.4.5a)

ak = Ψ∗
kWq̂k (3.4.5b)

where the left multiplication by Ψ∗
kW effects the spatial inner product for all modes at the

k-th frequency. The sum in (3.4.5a) can be computed analytically assuming that (i) the
forcing is of the form f(t) = ∑Nω−1

l=0 f̂le
iωlt, and (ii) that iωlI−A is invertible for all included

l (this latter assumption can be relaxed if needed).
To aid in the ensuing discussion, we split (3.4.5a) into two parts: the response to the

initial condition and the response to the forcing. The first of these is

q̂k,ic =
Nω−1∑
j=0

e(A−iωkI)j∆tq0. (3.4.6)

This term may be evaluated by noticing that it is a matrix geometric sum, so, it can be
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written as
q̂k,ic = (I− e(A−iωkI)∆t)−1(I− e(A−iωk)Nω∆t)q0. (3.4.7)

Because eiωkNω∆t = 1, this simplifies to

q̂k,ic = (I− e(A−iωkI)∆t)−1(I− eAT )q0. (3.4.8)

Note that the assumption that iωkI − A is invertible implies that I − e(A−iωkI)∆t is also
invertible.

Second, the response to the forcing is

q̂k,force =
Nω−1∑
j=0

e−iωkj∆t
∫ j∆t

0
eA(j∆t−t′)Bf(t′) dt′. (3.4.9)

To evaluate this term, we first insert the Fourier expansion of the forcing and take the
constant matrix exponential out of the integral, giving

q̂k,force = 1
Nω

Nω−1∑
j=0

e−iωkj∆teAj∆t
∫ j∆t

0

Nω−1∑
l=0

e(iωlI−A)t′Bf̂l dt
′. (3.4.10)

Integration inverts the matrix in the exponential, and the expression evaluates to

q̂k,force = 1
Nω

Nω−1∑
j=0

e−iωkj∆t
Nω−1∑

l=0
Rl

(
eiωlj∆t − eAj∆t

)
Bf̂l, (3.4.11)

where Rk = (iωkI−A)−1 is the resolvent operator at the k-th frequency. Equation (3.4.11)
can then be written as

q̂k,force = 1
Nω

Nω−1∑
j=0

Nω−1∑
l=0

Rl

(
ei(ωl−ωk)j∆t − e(A−iωkI)j∆t

)
Bf̂l. (3.4.12)

The frequency difference term in (3.4.12) evaluates to zero for ωl ̸= ωk, and the other term
may be evaluated by the same geometric sum argument as before. The entire forcing term
in (3.4.5a) becomes

q̂k,force = RkBf̂k −
1
Nω

(I− e(A−iωk)∆t)−1(I− eAT )
Nω−1∑

l=0
RlBf̂l. (3.4.13)

Recombining our simplified expressions for q̂k,ic and q̂k,force, we obtain the following equation
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for the k-th component of the DFT of the trajectory:

q̂k = RkBf̂k +
(
I− e(A−iωk)∆t

)−1 (
I− eAT

)(
q0 −

1
Nω

Nω−1∑
l=0

RlBf̂l

)
. (3.4.14)

The first term in (3.4.14) RkBf̂k, is familiar: it is the component at frequency ωk of
the steady-state response to a periodic forcing. The second term in (3.4.14) represents the
transient. This transient may persist for the entirety of the interval [0, T ], so including it is
crucial.

Finally, we left-multiply (3.4.14) by the SPOD modes according to (3.4.5b) to obtain the
following expression for the SPOD coefficients,

ak = Ψ∗
kWRkBf̂k + Ψ∗

kW
(
I− e(A−iωkI)∆t

)−1 (
I− eAT

)(
q0 −

1
Nω

Nω−1∑
l=0

RlBf̂l

)
. (3.4.15)

3.4.3 Relation to previous SPOD-based methods

Refs. [74, 130] took an expression equivalent to the first term in (3.4.14) as their starting
point for SPOD-based model reduction. Specifically, they began with the equation

Lkq̂k = Bf̂k, (3.4.16)

where Lk = (iωkI − A) is the inverse of the resolvent operator. We stress that unless the
solution q(t) is T -periodic, this relation is incorrect, and this issue was not fully appreciated
in either Ref. [74] or Ref. [130]. We note that [78] has discussed this issue in another context.

Ref. [74] proceeded to reduce 3.4.16 by applying a Galerkin projection with Ψk as the trial
basis, resulting in the equation ak = (Ψ∗

kWLkΨk)−1Bf̂k. Even in T -periodic systems, this
reduction does not recover the exact SPOD coefficients — the unretained modes influence
the retained coefficients. An innovation made by Ref. [130] was to use a Petrov-Galerkin
projection of (3.4.16), resulting in the equation ak = (ΦF ∗

k WLkΨk)−1ΦF ∗
k WBf̂ . Ref. [130]

showed that the test basis ΦF
k can be chosen in such a way that the retained SPOD coefficients

are exact (for T -periodic systems). The expression for the test basis ΦF
k required to achieve

this involved the statistics of the forcing and was written in terms of the singular value
decomposition of the product of the resolvent operator and a matrix that contained these
forcing statistics.

The T -periodic Petrov-Galerkin method from Ref. [130] may be alternatively derived by
left-multiplying the full-order equation q̂k = RkBf̂k by Ψ∗

kW, resulting in the following
relation for the SPOD coefficients ak = Ψ∗

kWRkBf̂k. Since our goal is to arrive at a ROM
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without the constraint of periodicity, we instead apply the left-multiplication to (3.4.14).
While the frequency domain equation (3.4.14) remains valid regardless of the stability

of the system as long as the assumptions listed above are met, we do not recommend the
method in the case of an unstable system unless Tλmax is relatively close to unity. When
there is significant exponential growth along the unstable eigenvectors, i.e., eT λmax is large,
capturing these directions, and the projection of the forcing onto them is crucial, so eigen-
system methods are superior.

3.4.4 Operator approximations

If the system is small, all operators in (3.4.15) may be computed analytically. However, for
large systems, direct computation of, e.g., the inverse that defines the resolvent operator
or the matrix exponentials, is not tractable. For these systems, these operators must be
approximated, and we describe an approximation method for both below. We return to the
question of approximating these operators in Chapter 5.

3.4.4.1 Steady-state operator

We begin with the operator Mk = Ψ∗
kWRkB. A simple-to-implement approximation of Mk

can be obtained by leveraging the availability of data as follows. Defining

gi
k = Lkq̂

i
k, (3.4.17)

where, again, L = (iωkI−A) is the inverse of the resolvent and q̂i
k is the i-th realization of

q̂k in the training data, we have
q̂i

k = Rkg
i
k. (3.4.18)

Forming each gi
k is not computationally expensive so long as A is sparse. Using the Nd

realizations in the training data (the same ones used to generate the SPOD modes), we have

Qk = RkGk, (3.4.19)

where Qk = [q̂1
k, q̂

2
k, . . . , q̂

Nd
k ] and Gk = [g1

k, g
2
k, . . . , g

Nd
k ]. We approximate the resolvent

operator Rk as
Rk ≈ QkG+

k , (3.4.20)

where the pseudoinverse is defined G+
k = (G∗

kWGk)−1G∗
kW. It may be shown that the

action of this approximate resolvent is equivalent to an orthogonal projection into the column
space of Gk, followed by a multiplication by the resolvent. In other words, QkG+

k = RkPg,
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where Pg is an orthogonal projection matrix (in the W-based norm). This means that QkG+
k

is an effective approximation of Rk to the extent that the vectors to which it is applied are
near the column space of Gk. By inserting this approximation of the resolvent operator into
the expression Mk = Ψ∗

kWRkB, we define the matrix Ek as

Mk ≈ Ek = Ψ∗
kWQkG+

k B. (3.4.21)

The total cost of these operations scales linearly with Nx and quadratically with Nd, thus the
approximation avoids the superlinear Nx scaling required by most methods for computing
the (non-approximate) action of the resolvent operator. We note that if more accuracy is
required, time-stepping approaches, such as those developed by [28], may be used.

3.4.4.2 Transient operator

Next, we approximate the operator Ψ∗
kW

(
I− e(A−iωkI)∆t

)−1 (
I− eAT

)
, which involves cost

that scales as O(N3
x) to compute directly. This is accomplished using the Nd available SPOD

modes at each frequency to form a Galerkin approximation of A that is then used in the
matrix exponentials and inverses. Specifically, the approximation is

Ψ∗
kW

(
I− e(A−iωkI)∆t

)−1 (
I− eAT

)
≈ Pk

(
I− e(Ãk−iωkI)∆t

)−1 (
I− eÃkT

)
ΨNd∗

k W, (3.4.22)

where Ãk = ΨNd∗
k WAΨNd

k is the Galerkin approximation of A at the k-th frequency, and
the matrix Pk =

[
Irk

0
]
∈ Rrk×Nd selects the first rk rows of the matrix it multiplies.

This approximation converges to the true operator in the limit that Nd = Nx. As desired,
all matrix exponentials and inverses are of size Nd ×Nd, which makes them tractable.

The forcing sum in (3.4.15), which is difficult to compute directly because it involves
resolvents, must also be approximated. In the unreduced equations, this term is the same
at each frequency, so the sum over frequencies only needs to be computed once. Any ap-
proximation of this term should be the same for each frequency to avoid quadratic scaling in
Nω. The natural choice is to use the same approximation of the resolvent operator as before,
giving

RlBf̂l ≈ QlG+
l Bf̂l. (3.4.23)

The equations can, at this point, be written as

ak = Ekf̂k + Fk

(
q0 −

1
Nω

∑
l

QlG+
l Bf̂l

)
, (3.4.24)
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where Fk =
(
I− e(Ãk−iωkI)∆t

)−1 (
I− eÃkT

)
Ψ∗

kW ∈ Crk×Nx . The operators have been ap-
proximated, so far, to avoid O(N3

x) scaling in the offline phase of the algorithm. To avoid
O(Nx) scaling in the online phase, one final approximation must be made. The term in
parentheses in (3.4.24) is multiplied on the left by Fk for every frequency ωk, leading to
NxNωr scaling. This can be avoided by storing the term in parentheses in (3.4.24) in a
rank-p1 reduced basis Φ ∈ CNx×p1 and precomputing the product of this basis with each
Fk. This basis should represent the initial condition and forcing sum terms accurately, and
in practice, we choose POD modes of the state. With this approximation, the equations
become

ak = Ekf̂k + Hk

(
Φ∗Wq0 −

1
Nω

∑
l

Jlf̂l

)
, (3.4.25)

where Hk = FkΦ ∈ Crk×p1 and Jl = Φ∗WQlG+
l B ∈ Cp1×Nf . We find that the approxima-

tions described in this section produce accurate results for the problems considered in this
chapter and next. In Chapter 5, we revisit the approximations.

3.4.5 Computational complexity

Given an initial condition q0 and forcing f(t), the online stage of the method consists of
taking the Fourier transform of the forcing, then inserting this and the initial condition into
(3.4.25) in order to get the SPOD coefficients. In this section, we discuss the scaling of the
linear version of the method. Algorithms are presented in the next chapter in Section 4.1.6.1
for the fully nonlinear version of SSOP, a special case of which is the linear version described
in this chapter.

So long as the offline time is feasible, which we show next, the online scaling is the salient
cost. In calculating the online cost, we count the operations necessary to go from the time
domain forcing and initial condition to the SPOD coefficients. The complexity of the online
algorithm is

O((rp1 + rNf +Nf logNω)Nω). (3.4.26)

This time should be compared with the complexity of a POD-Galerkin model, which is
O((rNf + r2)Nt). The two are similar, and the differences are due to how p1 compares with
r, how Nt compares with Nω, and the constants involved. In our numerical experiments, we
find that the SPOD method is slightly faster for equal rank (but much more accurate).

Obtaining the SPOD modes, e.g., using the techniques described in Chapter 2 or in Refs.
[131, 121], scales as O(N2

dNxNω). If the evaluation of Aq scales linearly with Nx (i.e., A is
sparse), then the offline scaling is O(N2

dNxNω). If the evaluation of Aq scales quadratically
with Nx, then the offline scaling is O(N2

dNxNω +NdN
2
xNω).
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3.4.6 Data-free method

Here, we briefly outline a data-free version of the method. Ref. [131] established a connection
between SPOD modes, which come from data, and resolvent modes, which come directly from
the system matrices. We first define the singular value decomposition

XqRkBX−1
f = ŨkΣkṼ∗

k. (3.4.27)

Here, Xq is the Cholesky factor of the weight matrix that defines the energy of the state,
and Xf is the Cholesky factor of the weight matrix that defines the norm of the forcing,
i.e., W = X∗

qXq, Wf = L∗
fLf and ∥f∥2 = f ∗Wff . The resolvent response modes at

frequency ωk are then defined as Uk = X−1
q Ũk. The relation between these modes and the

SPOD modes is the following: if the forcing at frequency ωk is white in space with respect
to the forcing norm, i.e., E[f̂kf̂

∗
k ] = αW−1

f for some constant α, then the SPOD modes are
equivalent to the resolvent modes,

Ψk = Uk, (3.4.28)

and the SPOD energies are proportional to the square singular values,

Λk = α2Σ2
k. (3.4.29)

Formally, this equivalence holds only if the forcing is white; however it has been demon-
strated extensively in the fluid mechanics literature that the two sets of modes are often
remarkably similar even when the forcing is far from white [82, 7, 122, 89, 101]. This can be
leveraged to formulate a data-free ROM by substituting the resolvent modes for the SPOD
modes at each frequency. We refer to this version of the method as resolvent SSOP.

The scaling for a straightforward computation of the inverse that defines the resolvent, and
the matrix exponential and inverse in (3.4.15) is cubic in Nx. However, data-free methods
[28] exist that can be used to drastically reduce this scaling, as is required for large systems.

The natural point of comparison for the resolvent SSOP method is balanced truncation,
which is also data-free. We make this comparison in Section 3.5.1, finding that at most
parameter values, resolvent SSOP is more accurate. Balanced truncation shares the worst-
case offline scaling, and approximations that reduce the scaling exist as well [137, 110].

3.5 Examples

Here, we demonstrate the proposed method on two examples: a linearized Ginzburg-Landau
problem and a scalar transport problem. The former is a dense system of dimension Nx =
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220, and the latter is a sparse system of dimension Nx = 9604. For the Ginzburg-Landau
system, we compare the accuracy and cost of the proposed method to those of POD-Galerkin
projection and a statistics-enhanced version of balanced truncation. The error is roughly two
orders of magnitude lower for the proposed method than the other two (depending on the
case), and the CPU time is similar for all methods. For the scalar transport case, the offline
time for balanced truncation makes the method (in its unapproximated form) infeasible,
so we compare only to a POD-Galerkin model. The proposed method is again orders of
magnitude more accurate at similar CPU cost.

The SSOP method with an average of r modes at each frequency is compared to the two
time-domain methods with r modes. In both time-domain methods, we use an integrator
with an adaptive time step, but calculate the error at the temporal grid corresponding to
the fastest frequency used in the SSOP method (which was longer than the time steps taken
by the integrators in both examples). This means that the time-domain methods, as well as
the proposed SSOP method, use rNω degrees of freedom to represent the solution over the
interval. We will show that the SSOP and the two time-domain methods at the same r are
comparable in terms of CPU time, so the comparison that ultimately is the most meaningful
is the accuracy of the methods at the same r.

3.5.1 Linearized Ginzburg-Landau problem

In continuous space, the complex linearized Ginzburg-Landau equation is

q̇(x, t) = Aq(x, t) + f(x, t), (3.5.1)

where
A = −ν ∂

∂x
+ γ

∂2

∂x2 + µ(x), (3.5.2)

and f(x, t) is a forcing. Following Ref. [5], we set ν = 2 + 0.4i and γ = 1− i. The parameter
µ(x) takes the form

µ(x) = (µ0 − c2
µ) + µ2

2 x
2, (3.5.3)

with cµ = 0.2, µ2 = −0.01 [5]. The parameter µ0 is a bifurcation parameter; the linearized
system transitions from global stability to global instability when µ0 exceeds 0.397. We
set µ0 = 0.229 [131] for the majority of our numerical experiments and later explore the
effectiveness of the ROMs as µ0 varies from 0.079 to 0.379. The system can be interpreted as
an advection-diffusion equation with a local exponential growth term. The equation supports
traveling wave behavior in the positive x-direction and is stable in the sense that all the
eigenvalues of the linear operator (discretized or continuous) are negative, so all solutions
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to the unforced equations decay asymptotically. Whether the exponential term promotes
local growth or local decay depends on the sign of µ(x). With the parameters used, µ(x)
is positive when x ∈ [−6.15, 6.15] and negative elsewhere, so as waves move through this
region, they grow substantially before decaying once again after passing through it.

When the equation is discretized in space, it takes the general form in (3.4.1). Following
Refs. [5, 22], we use a pseudo-spectral Hermite discretization with Nx = 220 collocation
points [131], and solve the discretized equations using MATLAB’s ode45, an explicit Runge-
Kutta (4,5) integrator. Following Ref. [131], training data to compute the SPOD modes is
generated from a single long run of the forced system comprising a short transient followed
by 12000 time steps of data with ∆t = 0.2. The transient is discarded so that the modes are
independent of the initial condition used in the run, and the 12000 time steps are segmented
into Nd = 142 overlapping blocks, each of length Nω = 1024 time steps.

Figure 3.3(a,b) shows two space-time trajectories of the state q, each 1024 time steps
in length. The diagonally oriented structures demonstrate the traveling wave behavior of
the system, and it is clear that the waves are amplified and then attenuated as they pass
through x = 0. These space-time trajectories are to space-time POD (and thus SPOD) as
snapshots are to POD: the more structure there is in the trajectories, the fewer space-time
modes are needed to accurately represent them. For example, in Figure 3.3(a) the state is
forced with band-limited temporally white noise and a Gaussian spatial correlation while
the state in Figure 3.3(b) is forced with a temporally, as well as spatially, Gaussian noise.
The resulting state from the white forcing has more detailed structures – a good proxy for
higher rank behavior – so trajectories with this forcing require more space-time modes to be
accurately represented. The temporally white and temporally Gaussian forcings are shown
in Figure 3.3(c,d). Note that the forcing occupies the entire domain in this example, i.e.,
Nf = Nx. We thus choose p1 = Nx vectors in the intermediary basis used to reduce the
transient operator, because this will not have a large impact on the CPU time in this case.
The SPOD method, therefore, scales like Nx, as do POD-Galerkin projection and balanced
truncation, and there is no scaling benefit gained by using an intermediary basis, so we set
it to the identity in this example. Despite this spatially extensive forcing, all three ROMs
maintain a significant advantage over the FOM due to the latter being dense, resulting from
the pseudo-spectral discretization.

Figure 3.4 illustrates various features of the mode energies. The top panel shows the
SPOD mode energies λ as a function of ω. Each curve is a particular mode number as a
function of frequency. The decision to retain Nωr total modes in the ROM selects an energy
threshold below which modes are not retained (indicated by the dashed line in the figure).
After ordering the energies of all mode numbers at all frequencies, the threshold is given
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Figure 3.3: Ginzburg-Landau state and forcing trajectories: (a) the state resulting from the
white forcing in (c); (b) the state resulting from the Gaussian forcing in (d). Both forcings
have the same spatial correlation, but the short temporal correlation in the white forcing
leads to more jagged structures in the corresponding state. Both trajectories consist of waves
traveling in the positive x-direction that are amplified in a region near x = 0.
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Figure 3.4: SPOD mode energies: (a-b, left axis) energy λ of the retained and unretained
modes. The top red curve is the energy of the first SPOD mode as a function of frequency ω.
The lower red and blue curves are the energies of the lower mode numbers, as functions of
frequency. The retained modes (red) are the overall highest-energy modes, and the threshold
(dashed) is determined as the energy of the Nωr = 10240-th most energetic mode; (a-b, right
axis) number of modes that clear the threshold as a function of frequency. (c-d): the fraction
of excluded energy (see (3.5.4)) as a function of r, the average number of modes per frequency.
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by the Nωr-th energy λ̃Nωr. At frequencies where a given mode number is above (red) the
energy threshold (dashed), it is retained. Where it is below (blue) the energy threshold, it is
truncated. The green curve shows the number of modes that meet or exceed this threshold
as a function of ω. For example, at the dominant frequency in the white noise case, 22
modes are retained, whereas at the highest and lowest frequencies, only 3 are retained. The
bottom panel shows the fraction of energy that is excluded depending on the number of
modes retained, as given by the formula

∑Nω−1
k=0

∑Nx
j=rk+1 λkj∑Nω−1

k=0
∑Nx

j=1 λkj

. (3.5.4)

This quantity represents the fraction of the energy in the training data that is not repre-
sentable by the retained modes. It depends on r, the average number of modes retained per
frequency, and as r is increased the excluded energy decreases as the SPOD basis at each
frequency is enriched. For the Gaussian forcing case, the excluded energy fraction drops
more quickly initially, indicating that the state is more accurately represented with a given
number of SPOD modes in the Gaussian case relative to the white case.

The test data comprise 173 trajectories, again with ∆t = 0.2 and with each trajectory of
length 1024 time steps. These test trajectories are generated as sub-trajectories from a long
run, and the initial conditions and forcings used are not present in the training data. For each
ROM, we calculate the error at the 1024 points for each trajectory as the square norm of the
difference with the FOM solution. Throughout this section, we compare the performance of
the proposed SSOP method to that of POD-Galerkin projection and an enhanced version of
balanced truncation. The reader is referred to Ref. [112] for a description of POD-Galerkin
projection. We use the MATLAB function balreal to generate the reduced system matrices
and basis for balanced truncation, which is based on Ref. [86, 70]. In its usual form, balanced
truncation does not make use of (i.e., does not require) data or knowledge of the statistics
of the problem it is applied to. It may be improved with this information by ‘whitening’
the forcing, i.e., transforming the system to one where the forcing is spatially white before
performing the usual balanced truncation algorithm. In this application, where the forcing
is far from spatially white, we observe that this variant of balanced truncation substantially
outperforms the standard version, so we use it as a benchmark along with POD-Galerkin
projection. We solve the reduced equations with the MATLAB function ode45 for both
methods, and run both the FOM and all ROMs using six cores of an Intel Xeon 6128
processor. The cost of building the ROM (with r = 10) was 0.7% of the cost of generating
the FOM data.

Figure 3.5 shows the three ROM approximations of a trajectory, along with the errors in
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these approximations. All ROMs here use r = 2 modes, and the error field shown here is the
absolute value of the difference between the FOM and ROM trajectories, i.e., |q̃(x, t)−q(x, t)|
where q̃(x, t) is the ROM result. The enhanced balanced truncation produces a better result
than POD-Galerkin projection, but the error of the SSOP method is much lower than both
benchmarks.

Hereafter, we compute the error as a function of time as the square norm of the difference
of the ROM and FOM solutions, averaged over the test trajectories and normalized by the
mean square norm of the FOM solution, i.e.,

e(t) =
∑Ntest

i=1 ∥q̃i(t)− qi(t)∥2
x

1
T

∑Ntest
i=1

∫ T
0 ∥qi(t′)∥2

x dt′
. (3.5.5)

We also report the mean of this quantity over time.
Figure 3.6 shows the error, defined in (3.5.5), for the various ROMs. For the POD-

Galerkin and enhanced balanced truncation models, 10 spatial modes are used for each of the
1024 time steps. For the SSOP method, the 10× 1024 = 10240 most energetic SPOD modes
are used, and are distributed over the frequencies as shown in Figure 3.4. Most notably, the
error is nearly two orders of magnitude smaller for the SSOP method than it is for the other
two methods. Given the analysis in the previous sections, this is not surprising: the SPOD
modes are (nearly) optimal in that the representation error with some number of SPOD
modes is smaller than (nearly) every other space-time basis. Again, this representation is
recovered by the SSOP method up to the errors introduced from approximating the operators
and the non-periodicity of the forcing on the temporal interval. The error from all methods
is larger in the white-noise forcing case. This is to be expected because the resulting behavior
of the state is higher rank in this case relative to the Gaussian forcing. The error of the SSOP
method decreases by more in the Gaussian forcing case because it takes explicit advantage
of the additional spatiotemporal coherence relative to the white forcing case.

The higher error at the ends of the interval in Figure 3.6 is due to the fact that the SPOD
encoding/decoding process acts as a discrete convolution of the true solution with a time-
periodic kernel, as shown in (3.2.13). At a time t away from the ends of the interval, data
from nearby times is used to reconstruct the solution at t. At the one end of the interval,
however, the kernel wraps around and uses data from the other end. Since this data is
unrelated to the solution at the first end, the inclusion of it worsens the reconstruction.

Next, we investigate the dependence of the error on the number of modes retained. Fig-
ure 3.7 shows, as one might expect, that the error in all methods decreases with the number
of modes retained. The gulf between the SSOP method and the two space-only ROMs is
roughly maintained over the range of modes shown for both the white and Gaussian forcing
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Figure 3.6: Error with r = 10 modes relative to the FOM for the Ginzburg-Landau system,
averaged over 173 trajectories. The large difference in accuracy is due, in large part, to the
ability of the SPOD modes to represent trajectories more accurately than space-only modes.
This difference is larger in the Gaussian forcing case.

cases. The dashed lines are the projection of the full-order solution onto each respective set
of modes, which we refer to as the representation error. For example, the dashed green line
is the SPOD mode representation error, i.e., the error of the FOM solution projected into
the span of the SPOD modes. We emphasize that the motivation for this work is the fact
that the SPOD representation error is substantially below the POD representation error.
The SSOP solution error and representation error are nearly identical before the accuracy of
the former is limited by the full-order frequency domain error at around 16 modes and 10−6

error. Until this point, the SSOP method indeed achieves the lowest error possible using
SPOD modes, which is nearly the lowest error with any set of space-time modes. The SSOP
solution error is not only lower than the POD-Galerkin and enhanced balanced truncation
solution errors, but also the respective representation errors of these bases. The POD repre-
sentation error is a lower bound for the error for any time-domain Petrov-Galerkin method,
such as balanced truncation or least-squares Petrov-Galerkin [16], because this is precisely
the quantity that POD modes minimize. Indeed, the balanced truncation error is within
this bound. We view the fact that the SSOP solution error is significantly below the POD
representation error as one of the major achievements of this work.

In Figure 3.8, we show the CPU time as a function of the number of modes retained.
All values are reported as a fraction of the FOM time of 3543 seconds in total for the 173
runs. The SSOP CPU time scales linearly with the number of modes retained, but here,

74



0 5 10 15 20
r (# modes)

10-6

10-4

10-2

100
E
rr

or
White forcing(a)

POD-G
BT (whitened)
SSOP

0 5 10 15 20
r (# modes)

Gaussian forcing(b)

POD-G
BT (whitened)
SSOP

Figure 3.7: Error as a function of the number of modes for the Ginzburg-Landau system.
The values reported here are the time averages of the error defined in (3.5.5).

0 5 10 15 20
r (# modes)

0

0.005

0.01

0.015

0.02

C
P
U
T
im

e
(f
ra
ct
io
n
o
f
F
O
M
)

White forcing(a)

POD-G
BT (whitened)
SSOP

0 5 10 15 20
r (# modes)

Gaussian forcing(b)

POD-G
BT (whitened)
SSOP

Figure 3.8: Average CPU time as a function of the number modes for the Ginzburg-Landau
system. The values are normalized by the CPU time of the FOM.

75



there are too few modes to see this scaling. Nonetheless, the SSOP method is substantially
faster than the two benchmarks and runs in roughly two thousandths of the FOM time. This
time includes the time to take the Fourier transform of the forcing and the inverse Fourier
transform of the response. The times for the white forcing cases and Gaussian forcings are
comparable for the SSOP method, but the FOM takes substantially longer with the white
forcing.

Thus far, we have tested the method on a system with the same statistics as the system
on which the model was trained. In many applications, this assumption is too generous;
a model trained on one system may be used to predict the behavior of a different system.
We test the robustness of the method by training it on the Ginzburg-Landau system where
the bifurcation parameter is µ0 = 0.229, then testing it on a range of Ginzburg-Landau
systems with µ0 ∈ [0.079, 0.379] with increments of 0.03. Physically, this range corresponds
to shifting from modal behavior at the lower end to strongly non-modal behavior at the
upper end [5]. The training system (µ0 = 0.229) is the center of this range, but its behavior
is more similar to systems at the lower end than the higher end; one metric for this is the
optimal transient growth [132, 116], which is just above 1 for µ0 = 0.079, approximately 5 for
µ0 = 0.229, and nearly 200 for µ0 = 0.379. We compare the performance of the SSOP model
on the out-of-sample data to that of the POD-Galerkin model. For both, using training data
from one system consists of simulating that system and obtaining the SPOD or POD modes
from the data. To build the model on the test system, the ROM operators are computed
with the modes from the training system and the A and B operators from the test system.
We also compare results to the enhanced balanced truncation, which does not use data but
does use the statistics of the forcing.

Before considering out-of-sample conditions, in Figure 3.9(a), we first show the perfor-
mance where the ROMs are trained and tested on the same system, i.e., µ0 is the same. The
error is computed with r = 10 for all models and is shown for the range of µ0. The dashed
lines once again denote the projection of the FOM solution onto the respective modes; they
are a lower bound for the respective methods. SSOP maintains its substantial accuracy
superiority relative to the two baseline methods and to the POD projection over the range
of µ0. Both the balanced truncation and SSOP models take advantage of the lower rank
behavior at the high µ0 values, while the POD-Galerkin model is slightly less accurate due
to the strong non-normality of A at high µ0.

Figure 3.9(b) shows the results for the same range of test systems, but where the POD-
Galerkin and SSOP models use modes from µ0 = 0.229. The enhanced balanced truncation
is the same between (a) and (b) because it only uses the statistics of the forcing, not the
state, which are the same between the systems. Most notably, the SSOP model delivers low
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Figure 3.9: Data-driven ROM performance across a range of Ginzburg-Landau systems
parameterized by µ0: (a) Models are trained and tested on the same system for a range of
µ0; (b) Models are trained on a system with µ0 = 0.229 and tested on a range of µ0. All
models use r = 10. The enhanced version of balanced truncation in this figure does not use
data to obtain its test and trial bases, so the BT results are the same in (a) and (b). It is
included among the data-driven results because it uses the forcing statistics to whiten the
system. All values of µ0 shown are smaller than the critical value of µ0 = 0.397.

error over the range of test systems when it is trained on µ0 = 0.229. Even at high µ0, where
the system is dominated by non-modal mechanisms that are far less prevalent in the training
system [5], the SSOP method is remarkably accurate. Indeed, somewhat surprisingly, the
method is more accurate at the high µ0 values, likely because non-modal mechanisms cause
the system to be lower ran here. The SSOP method trained on the ‘wrong’ data ((b), solid
green) is, in fact, more accurate than the projection of the POD modes from the ‘right’
data ((a), dashed brown). That the system at, e.g., µ0 = 0.379 is substantially different
from the one at µ0 = 0.229 may be seen by comparing the projection errors (dashed) for
the POD and SPOD modes in (a) and (b) at µ0 = 0.379. For example, the error in the
projection of the µ0 = 0.379 system onto the µ0 = 0.379 POD modes ((a), dashed brown)
is an order of magnitude lower than the error in the projection of the µ0 = 0.379 system
onto the µ0 = 0.229 POD modes ((b), dashed brown). The same can be said of the SPOD
projection error between the two. The difference in the systems may also be seen in the
fact that the POD-Galerkin model built from the µ0 = 0.229 POD modes is unstable at
µ0 = 0.379 ((b), solid brown).

Next, we investigate the robustness of the model to out-of-sample forcings using the
following two tests. First, we train the model with r = 5 on the data generated by the white
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forcing and test it on the Gaussian forcing. We compare the statistics of the model output
over 142 blocks, namely the variance as a function of x and the power spectral density as a
function of ω. Second, we use the same white-forcing-trained model to predict trajectories
for four different non-stationary forcings. Unlike the white and Gaussian forcings, which are
active in the entire domain, these non-stationary forcings are only nonzero in the interval
x ∈ [−12, 12]. Within this region, the forcings are given by f(x, t) = T (t)X(x) where X(x)
is a Gaussian bump centered at x = −10. We test four choices of T (t).

Figure 3.10 shows the results of the first test. The FOM variance, i.e., the turbulent
kinetic energy, is shown in panel (a) and the errors in the ROM predictions thereof are
shown in panel (c). Likewise, the FOM power spectral density is shown in panel (b) and the
errors in the ROM PSDs are shown in panel (d). Both the mean energy and the PSD are
normalized such that their peak is 1, and both errors are computed as the absolute value
of the difference between the FOM and ROM statistics. For both quantities, the proposed
method produces more accurate statistics for the out-of sample forcings than does either
POD-Galerkin projection or balanced truncation. We also note that the error in the SSOP
prediction of the state for this test is 84 and 20 times lower than the POD-Galerkin and
balanced truncation predictions, respectively.

Figure 3.11 shows the four non-stationary forcings, along with the error in the ROM
predictions of the state for each. In each case, the errors are normalized by the mean square
energy of the solution over the interval. The SSOP error is lower than that of the other two
methods for all tests, but the difference is smaller than in previous tests. This likely may
be attributed to the fact that the support of the forcing is quite different from that in the
training data for the model. Nevertheless, the method gives relatively accurate predictions
for this out-of-sample forcing.

Figure 3.12 compares the accuracy of the resolvent SSOP model, described in Sec-
tion 3.4.6, to that of non-whitened balanced truncation, both with r = 10. The test is
conducted for the same range of µ0 values as used in 3.9. The non-whitened version of bal-
anced truncation does not transform the system to one where the forcing is spatially white,
and, as such, is data-free. Notably, the resolvent SSOP method, which is also data-free,
outperforms balanced truncation, the current gold-standard for linear model reduction, over
most of the range. The online algorithm for resolvent SSOP is identical to SSOP, so its cost
is also comparable to balanced truncation. We also note resolvent SSOP nearly recovers the
projection of the FOM solution onto the resolvent modes, as can be seen by comparing the
solid and dashed green lines in Figure 3.12.
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Figure 3.10: Error in the prediction of statistics for the Ginzburg-Landau system: (a) the
FOM variance (TKE) as a function of x; (b) the power spectral density (PSD); (c) the ROM
errors in predictions of the TKE; (d) the ROM errors in predictions of the PSD. The ROMs
are built using data from the white-noise forcing.
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Figure 3.14: Error snapshots for the scalar transport problem: (a, c, e) POD-Galerkin ROM
error for 2, 10, and 20 modes; (b, d, f) SSOP ROM error for the same numbers of modes.
The extremes of the color scale are 31% of the maximum absolute value of the FOM solution,
and the maximum in the 2-mode POD-Galerkin error field is 62% of the maximum absolute
value of the FOM solution.
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3.5.2 Scalar transport problem

Next, we demonstrate the proposed algorithm on an advection-diffusion system modeling
the transport of a scalar quantity in a steady fluid flow. The flow profile is the mean of a
lid-driven cavity flow simulation at Re = 30, 000. This problem differs from the Ginzburg-
Landau example in three important ways: it is substantially larger (Nx = 9604 as opposed
to 220 in the Ginzburg-Landau case), the matrix A is sparse, and the forcing occupies only a
subset of the domain. The former means that the model is too large to compute the matrix
operations without the approximations we described earlier. With this large Nx, computing
the Gramians in balanced truncation is too costly as well, so we do not compare to it here,
though we do note that there are effective data-driven approximations of it as well [137, 110].
A balanced truncation model must have greater error than the POD representation error,
which we do report, and can be expected to share the CPU time of a POD-Galerkin model.
That the forcing does not occupy the entire domain means that there is a CPU time savings
in using the intermediary basis described in Section 3.4.4.2.

The continuous governing equations for the scalar transport case may be written in the
same form as (3.5.1), where A is now defined as

A = −u(x) · ∇+ η∇2, (3.5.6)

and where u(x) is the mean flow in the lid-driven cavity. We take η = 0.001 and the velocity
of the lid to be Gaussian in x (as opposed to a constant) to avoid discontinuities at the upper
corners. The problem is nondimensionalized such that the maximum speed, occurring in the
center of the lid, is 1. We prescribe a forcing that is stochastic with Gaussian spatial and
temporal autocorrelation in a region of Gaussian support centered at x = [0.75, 0.25]T ; its
statistics are given by

Cff (x1x2, t1, t2) = exp
− ( |x1 − x|2 + |x2 − x|2

l2
+ |x2 − x1|2

ξ2 + (t2 − t1)2

τ 2

), (3.5.7)

where | · | is Euclidean distance. Here, l = 0.1 is the spatial width of the support of
the forcing, ξ = 0.07 is the spatial correlation length, and τ = 1 is the temporal correlation
length. We use a second-order finite difference discretization with 98 points in both directions
and Dirichlet boundary conditions so as to mimic a heat bath. The FOM is solved using
MATLAB’s ode45. The vorticity of the underlying velocity field and a snapshot of the
transported scalar are shown in Figure 3.13. The red dashed circle in the latter indicates
the region in which the equations are substantially forced – it is the radius at which the
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autocorrelation of the forcing defined by (3.5.7) drops by a factor of e from its peak value.
For this example, we gather 50, 000 time steps of FOM data spaced ∆t = 0.5 apart from

which to calculate SPOD modes and approximate operators. Time is nondimensionalized
such that it takes one time unit for the lid to cross the cavity. In this example, the time
step used in the FOM integration was much smaller – more than an order of magnitude
for most times – due to the stiffness of the system. The data was then segmented into 648
overlapping blocks, each 256 time steps in length, so Nω = 256, and T = 128. The test
data is 128 trajectories of the system, and error is defined in the same way as before – as
the square norm of the difference of the ROM and FOM solutions averaged over all test
trajectories and normalized by the mean square norm of the solution itself. Both the ROMs
and the FOM use 56 cores on a pair of Intel Xeon 6242R processors. The cost of building
the 10-mode ROM, including 168 seconds to compute the SPOD modes, was 30% of the cost
of generating the FOM data. The additional offline time for the POD-Galerkin ROM was
trivial in comparison to the cost of running the FOM to generate data from which to obtain
the POD modes. Finally, we use p1 = 50 for the intermediary basis.

Figure 3.14 shows error field snapshots for the two ROMs for 2, 10, and 20 modes. The
error field for the POD-Galerkin model with 20 modes is larger than that for the proposed
model with 2 modes.

Figure 3.15 shows the accuracy over a range of mode numbers. Once again, the proposed
method produces error two orders of magnitude lower than that of the POD-Galerkin model.
The dashed lines are again the representation error. The error of the POD projection is a
lower bound for the POD-Galerkin error, as well as any spatial Petrov-Galerkin method,
such as balanced truncation. We see that in this problem, like in the Ginzburg-Landau
problem, the SSOP model far outperforms even this bound and is indeed fairly close to its
own error bound. Figure 3.16 shows the CPU time required to solve the scalar transport
problem. The SSOP model is slightly faster in this case than the POD-Galerkin one. Too
few modes are used to see the asymptotic linear scaling with the number of modes.

3.6 Chapter summary

This chapter develops the spectral solution operator projection (SSOP) method for linear
problems. In terms of the two steps that define a space-time ROM, the method is as follows:

(i) Trajectories are encoded using SPOD modes. The SPOD basis at a given frequency is
tailored to represent the spatial structures at that frequency, and this is used to encode
trajectories by representing each frequency in the corresponding basis of SPOD modes,
then taking an inverse DFT. These modes provide an ideal encoding for space-time
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Figure 3.15: Accuracy of the proposed method compared to that of a POD-Galerkin model
applied to the scalar transport problem. The dashed lines are the error of the full-order
solution projected on the respective bases and are lower bounds for the error of the methods.
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Figure 3.16: Average CPU time to solve the scalar transport problem as a function of the
number of space-time modes used as a fraction of the FOM CPU time.

model reduction; as we show theoretically in Chapter 2 and demonstrate numerically
in Section 3.2, this encoding is nearly optimal in that the SPOD modes converge to
space-time POD modes for large T for statistically stationary data. They also provide
an accurate encoding for non-stationary data, as is shown in our numerical results.
Moreover, the analytic time-dependence of the SPOD modes allows for the derivation

85



of the transfer functions that are used in the method.

(ii) The encoding is obtained online by applying a space-time projection of the analytical
solution to the governing equations onto the SPOD modes. This results in transfer
functions that map the initial condition and forcing inputs to the SPOD coefficients
that result. So long as these transfer functions are approximated accurately offline,
there is minimal error in obtaining the encoding online. In addition, the approach
overcomes the requirement that the solution be periodic in time, which led to large
errors in previous methods based on SPOD modes.

The method is tested on a linearized Ginzburg-Landau system and a scalar transport prob-
lem. In both cases, the method produces error that is roughly two orders of magnitude lower
than that of POD-Galerkin and balanced truncation as similar computational cost.
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CHAPTER 4

Generalizing SSOP to Nonlinear Systems

The goal of this chapter is to generalize SSOP to nonlinear systems. Three new aspects
must be addressed. First, the operator must be adjusted to account for the nonlinearity.
To do this, we treat the nonlinear term as an additional forcing on the system and use the
fundamental solution to the linear system with this additional forcing. This is consistent
with an increasingly popular perspective in the fluid dynamics community on the role of
nonlinearity [82, 81]. Crucially, this additional forcing depends on the solution itself, and
this results in a system of nonlinear equations that must be solved for the SPOD coefficients.
Second, the influence of nonlinearity at each frequency must be approximated as a function
of the retained SPOD coefficients. We use two approaches, depending on the nature of the
nonlinearity. The first is a DEIM-based hyper-reduction approximation of the nonlinearity,
and the second, which is only applicable for quadratic nonlinearities, uses a subset of the
triadic interactions between the SPOD modes. Third, the system of nonlinear equations
that results from the addition of nonlinearity must be efficiently solved. We use a simple
fixed-point iteration and find that for most cases, this converges in ∼ 10 iterations. For cases
where this does not converge, we use a pseudo-time-stepping method, which is somewhat
slower but more stable.

We test the method on two Ginzburg-Landau systems, one with the standard cubic non-
linearity and the other with a Burgers’-type (quadratic) nonlinearity used to test the triadic-
interaction handling of the nonlinearity. We demonstrate good results for both: at similar
cost to POD-G, SSOP results in orders-of-magnitude lower error than POD-G and even
the lower bound for space-only methods given by the projection of the solution onto the
POD modes. We test the method both on statistically stationary forcings, where the SPOD
modes provide the asymptotically optimal encoding, and on non-stochastic forcings, observ-
ing similar results for both. We also test the ability of the method to handle affine parameter
dependence — we use SPOD modes from one Ginzburg-Landau system to build the ROM,
then test it on a parameter sweep of Ginzburg-Landau systems.
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4.1 Nonlinear spectral solution operator projection

We now consider systems of the form

q̇ = Aq + Bf + n(q), (4.1.1)

where n : CNx → CNx is some nonlinear function of the state. The parameter dependence in
the linear operator A is temporarily suppressed, and we assume the nonlinear operator is not
parameter-dependent. We again assume that the system has been transformed such that the
solution has zero mean. An additional transformation may be useful if the linear operator
has unstable eigenvalues. The transformation is A→ A− αI, n(q)→ n(q) + αq, where α
is to the right of the spectrum of A, i.e., α > maxℜ(λ(A)). Without this transformation,
the terms related to the linear operator may dominate the solution.

Our aim is to generalize SSOP to nonlinear systems of the form (4.1.1). This is accom-
plished by treating the nonlinear term as an additional forcing on the system, but one that
depends on the trajectory. The linear ROM (3.4.25) is amended by adding a term corre-
sponding to the nonlinearity at frequency ωk that results from the SPOD coefficients at all
frequencies. As we show in Section 4.1.1, this results in a system that must be solved for all
the SPOD coefficients at once. We then discuss two methods for approximating the effect of
nonlinearity in Section 4.1.2. Affine parameter dependence is discussed in Section 4.1.3. We
present a method for solving the nonlinear system of equations in Section 4.1.4, and discuss
scaling in Section 4.1.6.

The method is shown schematically in Figure 4.1, and the details of the components
therein will be discussed in the remainder of Section 4.1. We note here that in the bottom-
right box in the figure, an inner product is equated to a vector, and the second argument of
the inner product is a matrix. In this shorthand notation, the m-th element of the vector is
the inner product of the first argument with the m-th column of the matrix.

4.1.1 Formulation

To handle nonlinearity within the framework described above, we begin with the implicit
equation

qj = L [q0,Bf(t) + n(q(t)); tj] , (4.1.2)

where L is the solution operator given in (3.4.4). This formulation treats the nonlinearity
as an additional forcing on the linear part of the system, but, crucially, one that depends on
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Project and iterate

ai+1
k = 〈L

[
q0,Bf(t′) + n(ai

K, t′); tJ
]
,ΨkeiωktJ 〉x,tL [q0, g(t′); t] = eAtq0 +

∫ t

0
eA(t−t′)g(t′) dt′

Linear solution operator

q̇ = Aq + Bf + n(q)

Governing equations
q(tj) =

∑Nω−1
k=0 Ψkakeiωktj

Spectral POD basis

Spectral Solution Operator Projection 

Figure 4.1: Spectral Solution Operator Projection: A system of nonlinear algebraic equations
is obtained by performing a space-time projection of a linear solution operator onto the set of
SPOD modes used to encode trajectories. The linear solution operator returns the solution
to the linear system given the initial condition and forcing. Nonlinearities are handled in
this framework as a state-dependent forcing. The system is solved via a fixed-point iteration,
which may be viewed as a perturbation series around the linear solution.

the state. The m-th SPOD coefficient at the k-th frequency is now

akm = ⟨L [q0,Bf(t) + n(q(t)); tJ ] ,ψkme
iωktJ ⟩x,t. (4.1.3)

In order to arrive at a closed system of equations, n(q(t)) must be approximated using the
SPOD coefficients, and we return to this closure in Section 4.1.2. First, as in the linear
case, we evaluate the space-time inner product by taking a temporal DFT of the solution
operator, followed by a spatial inner product:

q̂k =
Nω−1∑
j=0

(
eAj∆tq0 +

∫ tj

0
eA(tj−t′) (Bf(t′) + n(q(t′))) dt′

)
e−iωktj . (4.1.4a)

ak = Ψ∗
kWq̂k. (4.1.4b)

At this point, the only difference relative to the linear case is the presence of the nonlinear
term within the integral, and this term can be handled by following the same approach used
for the forcing term in Section 3.4.2. In particular, with the two assumptions from Section
3.4.2, as well as the additional assumption (iii) that the nonlinearity can be written in the
form n(q(t)) = ∑Nω−1

l=0 n̂le
iωlt where n̂l ∈ CNx , the k-th frequency of the solution is given by

q̂k =Rk

(
Bf̂k + n̂q

k(q̂K)
)

+
(
I− e(A−iωkI)∆t

)−1 (
I− eAT

)(
q0 −

1
Nω

Nω−1∑
l=0

Rl

(
Bf̂l + n̂q

l (qK)
))

.
(4.1.5)
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Here, n̂q
k : CNxNω → CNx returns the nonlinearity at frequency ωk that results from q̂K,

the concatenation of all frequencies of the trajectory. The superscript is used to distinguish
this function from a similar one introduced in the next subsection. One way to compute n̂q

k

is to first take the inverse DFT of q̂K, giving the trajectory in the time domain qJ . The
k-th frequency of the nonlinearity n̂q

k is given by then computing n(qJ ) and taking the k-th
component of the DFT of the result. Similar to the assumption of the form of the forcing,
assumption (iii) will likely not hold in practice, but we have found that the error introduced
is minimal.

Inserting (4.1.5) into (4.1.4b), we have

ãk =Ψ∗
kWRk

(
Bf̂k + n̂k(ãK)

)
+Ψ∗

kW
(
I− e(A−iωk)∆t

)−1 (
I− eAT

)(
q0 −

1
Nω

Nω−1∑
l=0

Rl

(
Bf̂l + n̂l(ãK)

))
.

(4.1.6)

Here, ãK is the (ROM approximation of the) vector of retained SPOD coefficients at all
frequencies concatenated together. With the reduction, the nonlinearity at each frequency
must be computed as a function of the vector ãK, not q̂, i.e., n̂k : CrNω → CNx . Two different
methods for approximating the nonlinearity at each frequency, given the SPOD coefficients,
are described in the following subsection.

The operators in (4.1.6) must be approximated if the system is large. With the same
approximations used in the linear case, we have,

ãk = Ekf̂k + Ψ∗
kWRkn̂k(ãK) + Hk

(
Φ∗q0 −

Nω−1∑
l=0

Jlf̂l + Φ∗WRkn̂k(ãK)
)

. (4.1.7)

In this chapter, like in Chapter 3, we assume that the system as written in (4.1.1) has
already been transformed such that q has zero mean. This is especially useful in the nonlinear
case because it maximizes the contribution of the linear term, which is handled analytically,
to the right-hand side.

4.1.2 Constructing the nonlinearity

To close the reduced-order model equations (4.1.7), we must compute the k-th frequency of
the nonlinearity n̂k that results from the SPOD coefficients. With no approximation, the
nonlinearity is given in terms of the k-th frequency of the nonlinear function acting on the
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decoding of the coefficients

n̂k(ãK) = DFTk

[
n(dx,t

J (ãK))
]

= DFTk

[
n

(
Nω−1∑

l=0
Ψlãle

iωltJ

)]
. (4.1.8)

However, computing the nonlinearity this way is expensive since it involves expanding to
the Nx-dimensional space. The problem of obtaining n̂k without doing computations in this
space is entirely analogous to approximating the nonlinearity at a given time step given
the POD coefficients at that time step. Accordingly, we use hyper-reduction, specifically,
the discrete empirical interpolation method [21] (DEIM) in the case that the nonlinearity
is not a quadratic form. If the nonlinearity is a quadratic form, we use (sparsified) triadic
interactions. We note that it may be appropriate to apply a dealiasing technique [91] in
computing the nonlinearity, such as truncating the sum in (4.1.8). The details and effective-
ness of dealiasing depend on the nature of the nonlinearity. We therefore ignore this issue in
dealing with general nonlinearities, but implicitly employ a standard 2/3-rule dealiasing for
the quadratic nonlinearity. We note here that the function n(ãK, t) in Figure 4.1 is n̂K(ãK)
transformed to the time domain.

4.1.2.1 Hyper-reduction

Here, we describe a DEIM-based approximation of n̂k(ãK). We assume that the nonlinearity
is a local function of the state, i.e., each component of the nonlinearity is a function of only
the same component of the state ni(q) = n(qi). The approach can trivially be extended
to cases where the nonlinearity is a local function of the state and some number of linear
operations on it, such as ni(q) = n(qi, (D1q)i), where D1 is a differentiation matrix.

We build the matrices Un ∈ CNx×p2 and PnT ∈ Rp2×Nx following the standard DEIM
algorithm using snapshots of the nonlinearity and p2 sample points. The matrix Un is the
POD modes for the nonlinearity and the matrix Pn = [es1 , . . . ,esp2

]T is the sampling matrix,
where ej is the j-th canonical unit vector and si is the i-th sample point given by DEIM.
The standard DEIM approximation of the nonlinearity at time t given the sampled state is
n(q) ≈ Un(PnT Un)−1n(PnTq), where n(PnTq) ∈ Cp2 .

We adapt this methodology to approximating n̂k as follows. The nonlinearity at each time
tj is approximated using DEIM and the state at tj that is implied by the SPOD coefficients.
Then, n̂k is obtained using the DFT of the nonlinearity at all times as

n̂k(ãK) ≈ DFTk

[
Un(PnT Un)−1PnTn

(
Nω−1∑

l=0
Ψlãle

iωltJ

)]
. (4.1.9)
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The right-hand side of (4.1.9) is expensive to evaluate as written. However, leveraging the
locality of the nonlinearity, the sampling operator PnT may be applied directly to the SPOD
modes, and the matrix Un(PnT Un)−1 may be moved outside the DFT, as it is independent
of time. Then, we have

DFTk

[
Un(PnT Un)−1PnTn

(
Nω−1∑

l=0
Ψlãle

iωltJ

)]

=Un(PnT Un)−1DFTk

[
n

(
Nω−1∑

l=0
PnT Ψlãle

iωltJ

)]
.

(4.1.10)

With the appropriate precomputed operators, evaluating the expression on the right does
not scale with Nx, as desired. Three operators must be precomputed. First, the sampling
matrix applied to the SPOD modes, Sk = PnT Ψk, must be precomputed for each frequency.
Next, the matrix Ψ∗

kWRkUn(PnT Un)−1 must be both precomputed and approximated for
each frequency. Using the approximation Rk ≈ Q̂kG+

k established in Section 3.4.4.1, we
have

Nk = Ψ∗
kWQ̂kG+

k Un(PnT Un)−1 ≈ Ψ∗
kWRkUn(PnT Un)−1 ∈ Crk×p2 . (4.1.11)

Similarly, the matrix Φ∗WRkUn(PnT Un)−1 must be precomputed and approximated at
each frequency. Using the same approximation of the action of the resolvent, we have

Mk = Φ∗WQ̂kG+
k Un(PnT Un)−1 ≈ Φ∗WRkUn(PnT Un)−1 ∈ Cp1×p2 . (4.1.12)

With these approximations in place, the nonlinear system with the DEIM approximation
of the nonlinearity is

ãk = Ekf̂k + Nkn̂
s
k(ãK) + Hk

(
Φ∗q0 −

Nω−1∑
l=0

Jlf̂l + Mln̂
s
l (ãK)

)
, (4.1.13)

where the sampled nonlinearity n̂s
k ∈ Cp2 is calculated as n̂s

k = DFTk

[
n
(∑Nω−1

l=0 Slãle
iωltJ

)]
.

4.1.2.2 Sparse triadic interactions

Many systems of interest have quadratic nonlinearities, i.e., ones of the form n(q) = b(q, q),
where b : CNx × CNx → CNx is a bilinear function. In these systems, n̂k(ãK) can be
computed exactly in the reduced space by summing over triadic interactions. These sums
can be costly, so we discuss a strategy for discarding many of these triadic interactions. The
resulting approximation of n̂k(ãK) is likely to be more accurate in many applications than
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the DEIM-based approximation described above.
Expressing (4.1.8) in terms of b gives

n̂k(ãK) = DFTk

[
b

(
Nω−1∑

l=0
Ψlãle

iωltJ ,
Nω−1∑

i=0
Ψiãie

iωitJ

)]
. (4.1.14)

After leveraging the bilinearity, we have

n̂k(ãK) = DFTk

[
Nω−1∑

l=0

Nω−1∑
i=0

ei(ωl+ωi)tJ b (Ψlãl,Ψiãi)
]

. (4.1.15)

DFTk[·] only depends on pairs of frequencies where l + i ≡ k (mod Nω), however some of
these terms are generated by aliasing. After expanding the SPOD mode sums, making use
of the bilinearity, and dropping the aliasing terms, the nonlinear term becomes

n̂k(ãK) =
∑

ωl+ωi=ωk

rl∑
m=1

ri∑
n=1

almainb (ψlm,ψin) . (4.1.16)

The terms involving n̂k(ãK) in the spatially reduced equation for the SPOD coefficients
(4.1.7) are Ψ∗

kWRkn̂k(ãK) and Φ∗WRkn̂k(ãK). To evaluate these terms quickly online, we
precompute the vectors

nklmn = Ψ∗
kWQ̂kG+

k b (ψlm,ψin) ∈ Crk , (4.1.17a)

mklmn = Φ∗WQ̂kG+
k b (ψlm,ψin) ∈ Cp1 , (4.1.17b)

where Q̂kG+
k is the approximation of Rk used elsewhere in the paper. In (4.1.17), we omit

an ‘i’ subscript because the frequency ωi is determined by ωk and ωl.
In many physical systems, the great majority of the triadic interactions are of negligible

magnitude [118]. Accordingly, many of the terms in the sum in (4.1.16) may have little impact
on n̂k(ãK), due to either |almain| or ∥b (ψlm,ψin) ∥x being small. In order to accelerate the
computation of n̂k, it is useful to ignore these irrelevant terms in the online stage of the
method. We set a threshold ϵ and only retain terms for which

∥nklmn∥2
xλlmλin > ϵ. (4.1.18)

The quantity ∥nklmn∥2
xλlmλin is an easy-to-evaluate proxy for E[∥nklmnalmain∥2

x], and the
two are equivalent in the case that E[|almain|2] = E[|alm|2]E[|ain|2]. We denote the set of
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tuples (l,m, n) that meet the criterion (4.1.18) by

Nk = {(l,m, n) : ∥nklmn∥2
xλlmλin > ϵ}. (4.1.19)

The nonlinear system with the nonlinearity approximated using sparse triadic interactions
is

ãk = Ekf̂k +
∑

(l,m,n)∈Nk

nklmnalmain + Hk

Φ∗q0 −
Nω−1∑

l=0
Jlf̂l +

∑
(p,m,n)∈Nl

mlpmnalmain

 ,

(4.1.20)
where the index ‘i’ is implied by l via ωi = ωk − ωl.

A practical matter bears mentioning: the nonlinear term in a quadratically nonlinear
full-order model will likely not be written in quadratic form. That is, the function n(q)
will be available, but not the function b(q1, q2). In fact, the latter is not uniquely defined.
Defining b to also be symmetric, i.e., b(q1, q2) = b(q2, q1) ∀q1, q2, makes it both unique and
easy to calculate from n. The unique symmetric bilinear function with b(q, q) = n(q) is

b(q1, q2) = 1
2 [n(q1 + q2)− n(q1)− n(q2)] . (4.1.21)

4.1.3 Affine parametric dependence

Until now, we have suppressed the dependence of A on the parameter vector µ ∈ RNµ . Here,
we show that by precomputing certain operators, the matrices in the ROM can quickly be
computed given a new parameter vector. We assume this parameter dependence is affine,
i.e., A(µ) can be expressed as a linear combination of Mµ matrices as

A(µ) =
Mµ∑
j=1

ζj(µ)Aj, (4.1.22)

with scalar coefficients ζj that depend on µ. The components of the ROM that inherit this
parameter dependence are Ek, Jk, Nk, Mk, nklmn, mklmn, Hk, and Ãk. The parameter
dependence of all but the latter two is through the matrix G+

k .
We define the matrices

Gkj = (δ1jiωkI−Aj) Q̂k, (4.1.23)

for j ∈ {1, . . . ,Mµ}, where δ is the Kronecker delta. The weighted sum of these matrices
is Gk, i.e., ∑Mµ

j=1 ζj(µ)Gkj = Gk, and they are elements of CNx×Nd . We then define the
following quantities,
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GG
kij = G∗

kiWGkj ∈ CNd×Nd , (4.1.24a)

BG
kj = G∗

kjWB ∈ CNd×Nf , (4.1.24b)

UG
kj = G∗

kjWUn ∈ CNd×p2 , (4.1.24c)

bG
kjlmin = G∗

kjWb(ψlm,ψin) ∈ CNd , (4.1.24d)

Ãkj = Ψ∗
kWAjΨk. (4.1.24e)

Here, the superscript ‘G’ and subscript ‘kj′ are reminders that the quantity comes from
taking inner products with the columns of G∗

kj. With these quantities precomputed, the
ROM components may be computed quickly online given a parameter vector µ using the
formulae

Ek = Ψ∗
kWQ̂k (G∗

kWGk)−1
Mµ∑
j=1

ζj(µ)BG
kj, (4.1.25a)

Jk = Φ∗WQ̂k (G∗
kWGk)−1

Mµ∑
j=1

ζj(µ)BG
kj, (4.1.25b)

Nk = Ψ∗
kWQ̂k (G∗

kWGk)−1

Mµ∑
j=1

ζj(µ)UG
kj

(PnT Un
)−1

, (4.1.25c)

Mk = Φ∗WQ̂k (G∗
kWGk)−1

Mµ∑
j=1

ζj(µ)UG
kj

(PnT Un
)−1

, (4.1.25d)

nklmn = Ψ∗
kWQ̂k (G∗

kWGk)−1
Mµ∑
j=1

ζj(µ)bG
kjlmin, (4.1.25e)

mklmn = Φ∗WQ̂k (G∗
kWGk)−1

Mµ∑
j=1

ζj(µ)bG
kjlmin, (4.1.25f)

Ãk =
Mµ∑
j=1

ζj(µ)Ãkj, (4.1.25g)
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where (G∗
kWGk)−1 ∈ CNd×Nd is computed quickly using

(G∗
kWGk)−1 =

Mµ∑
j=1

Mµ∑
l=1

ζj(µ)ζl(µ)GG
kjl

−1

. (4.1.26)

Note that though Hk depends on µ, this dependence is only through Ãk, so after Ãk is
computed with a given parameter, Hk can be computed quickly using the expression below
(3.4.25). With the formulae given in (4.1.25), all ROM components may be computed given
a parameter µ without performing operations that scale with Nx, as desired.

4.1.4 Solving the nonlinear system

Equations (4.1.13) and (4.1.20), pertaining to the DEIM-based and triadic interaction-based
approximations of the nonlinearity, respectively, are both systems of rNω nonlinear equations
in rNω unknowns. The online phase of the proposed reduced-order model consists of solving
these equations for the coefficients ãK. For the method to be viable, these equations must be
solved as quickly as possible, and to this end, we propose a fixed-point iteration technique.
In the majority of our tests, the fixed-point iteration converged in a few (∼ 10) iterations.
We also describe a slower but more stable pseudo-time-stepping method that we used in the
few cases where the fixed-point iteration did not converge. We analyze the convergence of
both in Section 4.1.5.

Both systems (4.1.13) and (4.1.20) may be written abstractly as

ãK = cK +wK(ãK), (4.1.27)

where cK ∈ CrNω is the grouping of terms in the system (either (4.1.13) or (4.1.20)) that do
not depend on ãK, and where wK : CrNω → CrNω is the grouping of terms that do depend
on ãK. The fixed-point iteration is simply

a0
K = 0,
ai+1

K = cK +wK(ai
K).

(4.1.28)

With the initial guess of 0, the first iterate is a1
K = cK, the solution to the system without

the presence of the nonlinearity. The solution ãK to (4.1.27) is a fixed point of the iteration
above.

A necessary condition for convergence to this fixed point is that the eigenvalues of the
Jacobian about it must be within the unit circle. In our numerical examples, we have found
that this condition is usually met, and the iteration converges. The exceptions have been in
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cases where the nonlinearity is strong, and the solution to the system with no nonlinearity
bears little resemblance to that with the nonlinearity. In Section 4.1.5, we present some
analysis of the fixed point iteration that is consistent with this observation. We also note
that Anderson acceleration [1, 135] may be used to accelerate the convergence and possibly
make it more robust.

In cases where the fixed point iteration does not converge, a slower but more stable
alternative is the following pseudo-time-stepping method used by Ref. [46] to solve similar
problems,

aK(0) = cK,
d
dτ aK(τ) = cK +wK(aK(τ))− aK(τ).

(4.1.29)

The stability of this method also depends on the eigenvalues of the same Jacobian. In this
case, however, the stability condition is that the real part of the eigenvalues must be less than
1 (with an infinitesimal time step), so the pseudo-time-stepping method is more stable than
the fixed point iteration. In our numerical examples, this method never failed to converge.
Note that the pseudo-time-stepping method is equivalent to the fixed point iteration if an
explicit Euler integrator is used with a time step of 1.

4.1.5 Analysis of the solution procedure

Here, we analyze two limiting cases of the fixed-point iteration used to find the solution of
the nonlinear system of equations. While we do not have practical necessary and sufficient
conditions for the convergence of the iteration, these limiting cases are consistent with our
observation that the cases where the iteration did not converge were ones in which the
nonlinearity was strong compared to the other terms.

The nonlinear system of equations to be solved is given in (4.1.27), and, in order to avoid
the notational burden in this section, we rewrite it as

x = c+ f(x), (4.1.30)

where c ∈ CN is a known constant vector, f : CN → CN is a known nonlinear function, and
x ∈ CN is the unknown vector to be obtained.

4.1.5.1 Small nonlinearity

Here, we analyze the case where the nonlinear term is small, and show a correspondence
between the i-th fixed-point iterate and the i-th term of a perturbation series about c. We
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require that the nonlinear term be analytic, so the equations to solve are written

x = c+ ϵ
∞∑

k=2
fk

k arguments︷ ︸︸ ︷
(x, . . . ,x) , (4.1.31)

where ϵ ∈ R, and fk is linear in each of its k arguments. We have excluded the k = 0 and
k = 1 terms of the Taylor series for the nonlinearity since we have assumed that constant
and linear terms of the right-hand side in the governing equations are accounted for by c,
though the following holds if these terms are included in the sum as well.

Perturbation series

If ϵ = 0, then x = c. We use the regular perturbation ansatz x = x0 + ϵx1 + ϵ2x2 + . . . to
search for solutions near c when ϵ is small. To find a recurrence relation for xi, we insert
this perturbation ansatz into (4.1.31), giving

∞∑
i=0

ϵixi = c+ ϵ
∑
k=2
fk

 ∞∑
i1=0

ϵi1xi1 , . . . ,
∞∑

ik=0
ϵikxik

 . (4.1.32)

Using the multilinearity of fk and grouping powers of ϵ, this may be rewritten as

∞∑
i=0

ϵixi = c+
∞∑

i=1
ϵi

∞∑
k=2

∑
i1+···+ik=i−1

f(xi1 , . . . ,xik
). (4.1.33)

Here, the indices in the inner sum are non-negative integers. Finally, equating like powers
of ϵ on the right and left, we have the following recurrence relation

x0 = c, (4.1.34a)

xi =
∞∑

k=2

∑
i1+···+ik=i−1

fk(xi1 , . . . ,xik
). (4.1.34b)

(4.1.34b) is a recurrence relation since the highest order term on the right is xi−1.

Fixed-point iteration

The fixed-point iteration with the analytic right-hand side is

x0 = c (4.1.35a)

xi+1 = c+ ϵ
∞∑

k=2
fk(xi, . . . ,xi). (4.1.35b)
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Relation between the two

Proposition. The i-th fixed point iterate is equal to the perturbation series truncated at the
i-th order to O(ϵi). That is,

xi =
i∑

j=0
ϵjxj + ϵi+1ri for i ∈ {0, 1, . . . }, (4.1.36)

where ri is an error term, and the prefactor of ϵi+1 indicates that this error term is of order
ϵi+1 or higher.

Proof. We prove (4.1.36) inductively. The base case is trivial: the zeroth iterate is exactly
equal to the zeroth term in the perturbation series, since both are equal to c (see (4.1.34a)
and (4.1.35a)). We assume the statement is true for i = n, and show that this implies it for
i = n+ 1. Namely, we assume

xn =
n∑

j=0
ϵjxj + ϵn+1rn. (4.1.37)

With this assumption, the n+ 1-st fixed point iterate is

xn+1 = c+ ϵ
∞∑

k=2
fk

 n∑
i1=0

ϵi1xi1 + ϵn+1rn, . . . ,
n∑

ik=0
ϵikxik

+ ϵn+1rn

 . (4.1.38)

All terms involving rn are of order ϵn+2 or higher, so they may be grouped into the n+ 1-th
error term. By grouping terms at the same order in ϵ, and combining all terms of order
higher than ϵn+1 into the error term, (4.1.38) may be rewritten as

xn+1 = c+
n+1∑
j=1

ϵj
∞∑

k=2

∑
i1+···+ik=j−1

fk (xi1 , . . . ,xik
) + ϵn+2rn+1. (4.1.39)

Since x0 = c and since the inner two sums are xj by (4.1.34b), the above equation may be
rewritten as

xn+1 =
n+1∑
j=0

ϵjxj + ϵn+2rn+1. (4.1.40)

This completes the proof.

4.1.5.2 Bilinear right-hand side

Here we analyze the iteration in the case where c = 0 and where f(x) = b(x,x) where
b : CN × CN → CN is bilinear. This case is relevant where the nonlinear term is quadratic
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and dominant, and this case is sometimes discussed in the context of resolvent analysis (see
Fig. 1 of Ref. [81], a review of the subject). We show that neither the fixed-point iteration
nor the pseudo-time-stepping method can converge to nonzero fixed points due to a linear
instability about these points. We first analyze the fixed-point iteration

xi+1 = b(xi,xi) (4.1.41)

near a solution x satisfying x = b(x,x). Writing xi = x + ϵyi and inserting this into the
iteration, we have

yi+1 = ϵ
(
b(x,yi) + b(yi,x)

)
+ ϵ2b(yi,yi). (4.1.42)

Sufficiently close to the fixed point (i.e., with ϵ sufficiently small), the dynamics are then
given by

yi+1 = Lyi, (4.1.43)

where Lyi = b(x,yi)+b(yi,x) is the Jacobian about the fixed point x. If all the eigenvalues
of L are within the unit circle, ∥y∥ decays as the iteration proceeds, and the fixed point x
is stable; otherwise, it is unstable.

If x = 0, then the fixed point is stable since L is the zero matrix. However, if x ̸= 0, the
fixed point is unstable because there is an eigenvalue of 2 associated with the eigenvector
y = x. This is true because Lx = b(x,x)+b(x,x) = 2x. This argument can be generalized
to the case when the constant is zero and the nonlinearity is any k-linear function. In this
case, the origin is again always a stable fixed point (for k > 1), and the linear operator about
any other fixed point admits an eigenvalue of k associated with the eigenvector x.

The above analysis implies that the pseudo-time-stepping method also cannot converge
to non-zero fixed points in the case of c = 0 and a k-linear right-hand side since the stability
in that case requires that the eigenvalues of the same Jacobian have a real part less than 1.

4.1.6 Algorithms and computational complexity

4.1.6.1 Algorithms

The offline phase of the method is given in Algorithm 1. The first step in the online phase of
the method is computing the constant term using Algorithm 2. Then, either the fixed point
iteration or the pseudo-time-stepping method where the nonlinear termwK(aK) is calculated
using either Algorithm 3 or Algorithm 4, depending on the nature of the nonlinearity. For
readability, we have written Algorithm 4 with for loops, but we note that in our numerical
implementation, we used sparse matrices, which will run faster on most systems.
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Algorithm 1 SSOP (offline)
1: Φ = POD(Qt, W, p1) ▷ Intermediary basis
2: Q̂K = WelchBlocks(Qt, Nω) ▷ Obtain data matrices of each frequency from snapshot matrix
3: if n is non-quadratic then
4: [Un, PnT ] = DEIM(n(Qt), p2) ▷ Obtain sample points and basis for nonlinearity
5: end if
6:
[
ΨNd

k , ΛNd
k , Ψk, Λk

]
= SPOD(Q̂K, r) ▷ Get SPOD modes and energies

7: for k ∈ K do
8: Lk ← (iωkI−A)
9: G+

k ← (LkQ̂k)+ ▷ Weighted pseudoinverse of Gk used for approximating resolvent
10: Ek ← Ψ∗

kWQ̂kG+
k B ▷ Output variable

11: Jk ← Φ∗WQ̂kG+
k B ▷ Output variable

12: Ãk ← ΨNd∗
k WAΨNd

k ▷ Used for calculating Hk

13: Pk ←
[
Irk×rk

0rk×(Nd−rk)
]

▷ Used for calculating Hk

14: Hk ← Pk

(
I− exp

[(
Ã− iωkI

)
∆t
])−1 (

I− exp
[
ÃT

]) (
ΨNd∗

k WΦ
)

▷ Output variable
15: if n is non-quadratic then
16: Nk ← Ψ∗

kWQ̂kG+
k Un(PnT Un)−1 ▷ Output variable

17: Mk ← Φ∗WQ̂kG+
k Un(PnT Un)−1 ▷ Output variable

18: Sk ← PnT Ψk ▷ Output variable
19: else
20: b(q1, q2) := 1

2 [n(q1 + q2)− n(q1)− n(q2)] ▷ Symmetric bilinear form
21: Nk ← {}
22: for (l, i) such that ωl + ωi = ωk do ▷ Looping over triadic interactions
23: for m ∈ {1, . . . , rl} do
24: for n ∈ {1, . . . , ri} do
25: ñ← Ψ∗

kWQ̂kG+
k b(ψlm,ψin)

26: if ∥ñ∥2xλlmλin > ϵ then ▷ Checking if interaction meets threshold
27: nklmn ← ñ ▷ Output variable
28: mklmn ← Φ∗WQ̂kG+

k b(ψlm,ψin) ▷ Output variable
29: Nk ← Nk ∪ (l, m, n) ▷ Updating list of interactions
30: end if
31: end for
32: end for
33: end for
34: end if
35: end for
Inputs: Qt, time series data; ∆t, time step used in data; Nω, number of time steps desired
for solution blocks; n, nonlinear function; p1, number of modes to use in intermediary basis;
p2 (if DEIM is used), number of sample points to use in DEIM approximation; r, average
number of modes per frequency for ROM; A, B, system matrices; W, weight matrix; ϵ (if
triadic interactions are used), tolerance for inclusion.
Outputs: Φ, intermediary basis; JK, J operators at all frequencies; EK, E operators
at all frequencies ; HK, H operators at all frequencies. If using DEIM, SK, the sampling
operators at all frequencies; NK, the first set of hyper-reduction matrices; MK the second
set of hyper-reduction matrices. Otherwise, NK, the set N at all frequencies; nklmn for all
k ∈ K, (l,m, n) ∈ Nk; mklmn for all k ∈ K, (l,m, n) ∈ Nk.
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Algorithm 2 SSOP (online, constant term)
1: f̂K = FFTK[fJ ] ▷ FFT of forcing
2: qΦ

0 ← Φ∗Wq0 ▷ The initial condition in the intermediary basis
3: q̃Φ

0 ← 0p1×1 ▷ Initializing the forcing sum term
4: for k ∈ K do
5: q̃Φ

0 ← q̃Φ
0 + 1

Nω
Jkf̂k ▷ Influence of each frequency on forcing sum

6: end for
7: for k ∈ K do
8: ck ← Ekf̂k + Hk

(
qΦ

0 − q̃Φ
0
)

▷ Constructing each frequency of the constant term
9: end for

Inputs: q0, the initial condition; Φ, intermediary basis (POD modes); W , weight matrix;
fJ , the forcing on the temporal grid; JK, J operators at all frequencies (defined below 3.4.25);
EK, E operators at all frequencies (defined in (3.4.21)); HK, H operators at all frequencies
(defined below 3.4.25).
Outputs: cK, all frequency components of the constant term.

Algorithm 3 SSOP (online, non-quadratic nonlinear term)
1: for k ∈ K do
2: q̃s

k ← Skãk ▷ Getting sample points in frequency domain
3: end for
4: qs

J = IFFT[q̃s
K] ▷ Sample points in time domain

5: ns
J = n(qs

J ) ▷ Nonlinearity at sample points in time domain
6: n̂s

K = FFT[ns
J ] ▷ Nonlinearity at sample points in frequency domain

7: q̃Φ
0 ← 0p1×1

8: for k ∈ K do
9: q̃Φ

0 ← q̃Φ
0 + 1

Nω
Mkn̂

s
k

10: wk ← Nkn̂
s
k

11: end for
12: for k ∈ K do
13: wk ← wk −Hkq̃

Φ
0

14: end for

Inputs: aK, the SPOD coefficients at the current iteration; SK, the sampling operators
at all frequencies; n, the nonlinear function; NK, the first set of matrices hyper-reduction
matrices (see (4.1.11)); MK the second set of hyper-reduction matrices (see (4.1.12)); HK,
the set of matrices (defined under (3.4.25)).
Output: wK, the approximate nonlinear term formed by concatenating w at all frequencies.
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Algorithm 4 SSOP (online, quadratic nonlinear term)
1: wΦ ← 0p1×1
2: for k ∈ K do
3: wk ← 0rk×1
4: for (l, m, n) ∈ Nk do
5: wk ← wk + nklmnãlmãin

6: wΦ ← wΦ +mklmnãlmãin

7: end for
8: end for
9: for k ∈ K do

10: wk ← wk −Hkw
Φ

11: end for

Inputs: aK, the SPOD coefficients at the current iteration; NK, the set N at all frequencies
(see (4.1.19)); nklmn for all k ∈ K, (l,m, n) ∈ Nk (see (4.1.17a)); mklmn for all k ∈ K,
(l,m, n) ∈ Nk (see (4.1.17b)); HK, the set of matrices (defined under (3.4.25)).
Output: wK, the approximate nonlinear term formed by concatenating w at all frequencies.

4.1.6.2 Computational complexity

Here we give the scalings for both, depending on the handling of the nonlinearity. With either
DEIM or the sparse triadic interactions, the dominant online cost comes from calculating
the nonlinear term wK at each iteration. In totaling the online scaling of the method in this
subsection and timing the method in Section 4.2, we count all operations beginning from the
initial condition and forcing and ending at the SPOD coefficients.

The online phase of the method consists of repeating the iteration (4.1.28) until the SPOD
coefficients are converged. The constant cK is computed once at the beginning; computing
this constant is equivalent to solving for the SPOD coefficients with no nonlinearity present.
The nonlinear term is computed for each iteration, and, in practice, it is the dominant cost
of the method.

CPU cost due to the constant term scales as

O(Nω(Nf logNω + p1Nf + rNf + rp1) + p1Nx). (4.1.44)

The first term is due to the fast Fourier transform (FFT) of the forcing; the second to
calculating the effect of the forcing in the intermediary basis; the third to calculating the
effect of the forcing directly on each SPOD coefficient; and the fourth to calculating the effect
of each coefficient in the intermediary basis on each SPOD coefficient. The last term, which
does not scale with the number of frequencies, comes from calculating the initial condition
in the intermediary basis.
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The cost of the nonlinear term at each iteration, i.e., each evaluation of wK(ãK), depends
on the handling of the nonlinearity. If DEIM is used, each iteration scales as

O (Nω(rp2 + p2 logNω + p1p2 + rp1)) . (4.1.45)

The first term is due to sampling the trajectory at the p2 sample points at every frequency;
the second to taking the inverse FFT (IFFT) of this sampling, computing the nonlinearty,
then taking the FFT; the third to computing the effect of the nonlinearity at p2 sample points
in the intermediary basis; and the fourth to calculating the effect of the each coefficient in
the intermediary basis on each SPOD coefficient.

If, instead, sparse triadic interactions are used, the scaling of each iteration is

O

Nωp1r +
∑
k∈K
|Nk|(rk + p1)

 . (4.1.46)

The first term accounts for the effect of each coefficient of the intermediary basis on each
SPOD coefficient. The sum accounts for the number of nonlinear terms that are retained at
each frequency.

The total online cost, therefore, scales as

O (Nω (Nf logNω + p1Nf + rNf +Niter (rp2 + p2 logNω + p1p2 + rp1)) + p1Nx) (4.1.47)

if DEIM is used and

O

Nω (Nf logNω + p1Nf + rNf ) +Niter

rp1Nω +
∑
k∈K
|Nk|(rk + p1)

+ p1Nx

 (4.1.48)

if the sparse triadic interactions are used.
In practice, in the DEIM case, r, p1, and p2 will likely be of similar magnitudes, and the

dominant cost will come from the iteration to solve the system. The scaling will then be

O
(
NωNiterr

2
)

. (4.1.49)

If the sparse triadic interactions are used, the dominant cost will likely come from evaluating
the nonlinear term at every iteration. A rough estimate of the scaling in this case is

O(NiterNintr), (4.1.50)

where Nint = ∑
k∈K |Nk|. In practice, we have observed the fixed-point iteration to converge
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in ∼ 10 iterations or fewer. If the pseudo-time-stepping method is used, Niter is the number
of time steps needed for convergence, and in the cases where we used this method, Niter

was a few hundred using an adaptive time-stepping method (though we made no attempt to
optimize this).

Assuming the governing equations are sparse, i.e., computing the action A and n both
scale asO(Nx), the offline scalings are as follows. Obtaining the SPOD modes and computing
the operators necessary for the constant term scale as

O(NωN
2
dNx). (4.1.51)

Constructing the operators needed for the nonlinearity in the DEIM case scales as

O((r + p1 + p2)NdNxNω). (4.1.52)

In the case of sparse triadic interactions, constructing the necessary vectors scales as

O

∑
k∈K

∑
l∈K

rlrirkNx

 . (4.1.53)

So long as the offline cost is feasible, the online cost is the salient quantity. In practice,
computing the effect of the nonlinearity for each iteration ((4.1.45) or (4.1.46)) dominates the
online cost. In our numerical examples, we find that DEIM is faster (at the same accuracy)
than the sparsified triadic interactions, though we do not expect this to hold in general.

4.2 Results

We use the 1-dimensional Ginzburg-Landau equations to test the method. We use the stan-
dard form of these equations for testing the DEIM-based handling of nonlinearity and a mod-
ified Ginzburg-Landau system with a quadratic nonlinearity to test the triadic-interaction-
based treatment of the nonlinearity. For both systems, we compare the relative error and
online CPU time of SSOP to those of POD-G. The results are encouraging: for the same
number of modes, SSOP gives two orders of magnitude lower error than does POD-G. For
the DEIM-based treatment of the nonlinearity, this accuracy improvement comes at slightly
lower CPU time than POD-G, whereas the triadic-interaction-based ROM is slower than
POD-G. We also test the accuracy of the method on out-of-sample data and find that the
method trained on one GL system generalizes well to a new GL system.
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4.2.1 Standard Ginzburg-Landau system

The complex Ginzburg-Landau equation is a common test case for model reduction methods
[56, 14, 23, 93]. It is

q̇(x, t) =
[
− ν ∂

∂x
+ γ

∂2

∂x2 + µ0 − c2
µ + µ2

2 x
2
]
q(x, t)− αq(x, t)|q(x, t)|2 + f(x, t), (4.2.1)

where f(x, t) is a forcing and where we set ν = 2 + 0.4i, γ = 1 − i, cµ = 0.2, µ2 = −0.01,
and α = 1, which are standard values [5, 131]. In most of our tests, we set µ0, a bifurcation
parameter in the system, to µ0 = 0.229 [5, 131]. The terms in the system generate advection,
diffusion, and local growth or decay depending on the sign of µ0− c2

µ + µ2
2 x

2. For µ0 = 0.229,
µ0 − c2

µ + µ2
2 x

2 > 0 for x ∈ [−6.15, 6.15], so solutions grow in this region. For this value of
µ0, the system is linearly stable, i.e., the eigenvalues of the linear operator about the steady
solution q(x) = 0 are all in the stable half-plane. There is a bifurcation at µ0 = 0.397;
above this value, the system is linearly unstable, and the dynamics are characterized by
a competition between the amplifying effect of the linear terms and the damping effect
of the nonlinear term. While most of our tests use µ0 = 0.229, we also test the range
µ0 ∈ [0.079, 0.499], which envelopes the bifurcation. We refer to (4.2.1) as the ‘standard’
Ginzburg-Landau system to distinguish it from the modified system introduced in the next
subsection.

The full-order model consists of a pseudo-spectral Hermite discretization [5, 22] of (4.2.1)
with Nx = 220 collocation points [131] that we integrate with ode45 in MATLAB. To
generate data, we integrate for 3000 time steps with ∆t = 0.8. We use the method described
in Ref. [131] to obtain the modes from the single long trajectory by forming 44 trajectories
of length Nω = 256, each overlapping 75% with the next. The forcing generating this data
is spread over the range x ∈ [−12,−8] and is strongest at x = −10. It is stochastic with a
spatial correlation length of 1, a temporal correlation length of 3.33, and a Gaussian support.
The spatiotemporal correlation is given by

E[f(x1, t1)f ∗(x2, t2)] ∝ exp
[
−
(
(x1 − x)2 + (x2 − x)2 + (x2 − x1)2 + (0.3(t2 − t1))2

)]
,

(4.2.2)
and we take it to be zero outside x ∈ [−12,−8].

Figure 4.2 shows a space-time diagram of a trajectory of the Ginzburg-Landau system
with µ0 = 0.229. The advective behavior of the system is evident in the diagonally oriented
streaks, with the upward inclination indicating advection in the positive direction. There
are spatial correlations here, but, crucially, there are strong spatiotemporal correlations as
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Figure 4.2: A trajectory of the (standard) Ginzburg-Landau system with µ0 = 0.229. The
green lines demarcate the location of the forcing. The spatiotemporal structure enables
space-time modes, like SPOD modes, to represent the trajectory far more efficiently than
space-only modes.

well. These spatiotemporal correlations — the fact that there is structure in this space-time
diagram beyond the spatial structure — are what allow space-time modes to encode the
trajectory substantially more efficiently than POD modes.

Figure 4.3 shows the energy of the modes. Specifically, Figure 4.3 (a) shows the fraction
of energy that is excluded as a function of r, which is computed by summing the energies
of the modes that are not among the rNω most energetic, normalized by the sum of all of
the energies. This is equivalent to the average relative SPOD reconstruction error over the
training data. This gives a lower bound of the relative error of the method applied to the
training data — the error of the SSOP ROM cannot be lower than the SPOD reconstruction
error. Figure 4.3 (b) shows the SPOD energies of the modes as a function of frequency for
r = 5. The top curve is λK,1, the first SPOD mode as a function of frequency, and the lower
curves are higher mode numbers. The red and blue curves represent retained and truncated
modes, respectively. The threshold is determined by r as λ̃(rNω) and is shown in orange. The
number of modes at each frequency that meet the threshold and are thus retained is shown
in green on the right axis. For the least energetic frequencies, as few as 3 modes are retained,
whereas for the most energetic frequencies, as many as 8 are retained. The average value is
r = 5, by definition.

Throughout the remainder of this section, the (relative) errors are defined as follows. The
error at time tj is the square norm of the difference between the ROM and FOM solutions
normalized by the mean square norm of the FOM solution averaged over time and over test
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Figure 4.3: SPOD energies. (a) The energy not captured by the first rNω modes, calculated
as the ratio of the sum of the energies of the excluded modes to the sum of the energies of
all the modes. The dashed line corresponds to the r value used to determine the cutoff in
(b). (b) The energy of the included (red) and excluded (blue) modes as a function of ω for
r = 5. Inclusion of a given mode ψkm is determined by whether the associated energy is
among the rNω largest energies over all frequencies i.e., whether λkm ≥ λ̃(rNω) (see (3.2.10)).
The cutoff energy λ̃(rNω) is shown in orange. The number of modes at each frequency r(ω)
is shown in green on the right axis; the mean is r = 5.
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trajectories. This may be written as

ej = ∥q̃j − qj∥2
x

1
NωNtest

∑Ntest
i=1 ∥qi

J ∥2
x,t

, (4.2.3)

where q is the FOM solution, q̃ is the ROM approximation thereof, and qi
J is the i-th

trajectory in the test data. This error averaged over time is

e =
∥q̃J − qJ ∥2

x,t

1
Ntest

∑Ntest
i=1 ∥qi

J ∥2
x,t

. (4.2.4)

For the most part, we report these quantities averaged over the test trajectories below.
We first test the method on 30 new trajectories, i.e., trajectories not included in the

training data. The forcing is stochastic in each case and is drawn from the same distribution
as the stochastic forcing used to generate the training data (but the realizations are different).
The 30 initial conditions in the test data are taken from a single long run of the system and are
also not in the data used to compute the SPOD modes, but come from the same statistical
distribution as the states in the training data. These conditions together mean that the
SPOD modes from the training data are good at representing the trajectories in the test
data.

In Figure 4.4, we show the relative error of the proposed method with r = 5 modes along
with that of POD-G, also with 5 modes. The dashed curves are the projection errors of
the respective bases. In other words, they represent the discrepancy between the full-order
solution and the projection thereof onto the POD and SPOD bases. The projection error is a
lower bound for the model error; if the model recovers the exact coefficients, then it achieves
the projection error. All errors are calculated as the mean over the 30 realizations on which
we test the method, and the shaded regions represent data within one standard deviation
of the mean. Most notably, SSOP outperforms POD-G by nearly three orders of magnitude
for most of the interval. It also significantly outperforms the projection of the FOM solution
onto the POD modes (dashed brown). Since POD modes are the optimal linear encoder,
the POD projection error is a lower bound for any method based on a space-only linear
encoding, such as a space-only Petrov-Galerkin method or operator inference. That SSOP
and the SPOD projection (solid and dashed green, respectively) nearly overlap indicates that
SSOP solves nearly exactly for the SPOD coefficients. A notable feature of Figure 4.4 is that
the error is largest at the ends of the interval, and it bears mentioning that this feature is
not due to Gibbs phenomena — indeed, it is too small. Instead, it is due to a cyclic property
of the SPOD encoder/decoder pair, and as more modes are included, the effect diminishes.

Figure 4.5 shows the relative error, averaged over time, as a function of the number of
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Figure 4.4: Error as a function of time for the proposed method and for POD-G, both
with r = 5. The curves represent the mean error over the 30 test trajectories, and the
shaded regions indicate the standard deviation of these errors. The dashed curves show the
respective projection errors, which serve as lower bounds for the two methods.

modes retained. For all the values shown, SSOP again gives multiple orders of magnitude
lower error than POD-G. The dashed curves are again the projection error. Another notable
feature of the method is that it nearly achieves the SPOD mode projection error for relatively
few modes. The error asymptote is likely due to the fact that the forcing and nonlinearity
are not exactly represented by a finite Fourier series, as was assumed in deriving the method.

Figure 4.6 shows the CPU time of the proposed method in comparison to that of POD-G.
The substantial error reduction shown does not come at an increase in computational cost;
indeed, the method is faster for most of the range considered. In what follows, we use r = 5
for all tests.

Next, we investigate how the method performs for non-stationary forcings. We again use
the SPOD modes from data generated by a stochastic, statistically stationary forcing, but
test the resulting model on a variety of non-stationary forcings. The forcing is active in the
same spatial region as before, and is given in this region by

f(x, t) = f(t)
√

exp[−(x− x)2], (4.2.5)

The forcing is again strongest at x = −10. We test four choices of the function f(t): a
periodic function, a pulse function, a quasiperiodic function, and a series of pulses, steps,
and quasiperiodic functions. The initial condition is zero in each case.
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Figure 4.5: Error, averaged over time, for SSOP and for POD-G as a function of r, the
number of modes used in the ROMs. The dashed curves again represent the projection error
onto the POD and SPOD modes.
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Figure 4.6: CPU time for SSOP in comparison to that of POD-G as a function of the number
of modes used in the ROMs.

These functions, the relative errors of SSOP and POD-G, and the respective projection
errors are shown in Figure 4.7. The salient takeaways are the same as in the stochastic
forcing case: SSOP achieves substantially lower error than POD-G and than the POD pro-
jection error, and nearly achieves the SPOD projection error. With the periodic (a) and
quasiperiodic (c) forcings, the solution at the beginning of the interval is different than the
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Figure 4.7: The error as a function of time for a variety of non-stochastic forcings for both
SSOP and POD-G with r = 5 modes, along with the respective projection errors (dashed).
The SSOP performance is robust for these out-of-sample forcings.

solution at the end of the interval, so the SPOD projection error, and thus SSOP, is high
at the beginning and end of the interval. Conversely, because the pulse (b) and series (d)
forcing are both zero for long enough at the end of the interval for the solution to decay, the
error of the SPOD projection and SSOP remains low at the beginning and end of the inter-
val. Note that because the error is normalized by the average square norm of the solution
over the interval, the pulse error is substantially higher than the others. We also note that
none of the forcings here (or in the stochastic forcing case) meet assumption (ii), but this
has little effect on the accuracy of the method.

Finally, we test the method on a range of Ginzburg-Landau systems by varying µ0 over
the range µ0 ∈ [0.079, 0.499] in increments of 0.03. The behavior of the Ginzburg-Landau
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Figure 4.8: The methods tested on a range of Ginzburg-Landau systems parameterized by
µ0 with r = 5. In (a), the model is trained using data from the same GL system. In (b),
the models are trained using data from µ∗

0 = 0.229. The dashed curves correspond to the
projection error for the modes from the training system.

system changes significantly over this range. At the lower end, the system is linearly stable,
i.e., all of the eigenvalues of A are in the stable half plane, and the behavior is entirely
modal, i.e., the eigenvectors are nearly orthogonal. At µ0 = 0.229, the value we have used
in the tests so far, the system is slightly non-modal — one measure of this is the optimal
transient growth [133, 116], which is nearly 5. At µ0 = 0.379, the system is linearly stable
but is strongly non-modal, with an optimal transient growth of nearly 200. At µ0 > 0.397,
the system is linearly unstable, and the dynamics feature a competition between the growth
caused by the linear instability and the damping of the nonlinear term.

We perform two tests over this range of µ0. First, we build an SSOP model with SPOD
modes from training data at each µ0 with the stochastic forcing (4.2.2), then test the model
at the same µ0 with different realizations from the same distribution of forcings. This
test verifies that the method can perform well across a range of Ginzburg-Landau systems.
Second, we take SPOD modes from µ∗

0 = 0.229, then use them to build an SSOP model for
each µ0. This second test is designed to see if the method can be used to take data from one
system and use it to predict behavior of a different one.

Figure 4.8(a) shows the results of the first test using r = 5 modes — the average relative
error over both time and the 30 trajectories is shown as a function of µ0. Again, SSOP
substantially outperforms POD-G and the projection error of the POD basis, and nearly
achieves its own projection error. The SSOP error is remarkably uniform over the range of
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parameters, in contrast to the POD-G error. The SSOP performance past the bifurcation
at µ0 = 0.397 shows the efficacy of the strategy described in Section 4.1.1 of diverting some
of the linear term to the nonlinear term.

Figure 4.8(b) shows the second test with r = 5 modes. Again, the relative error averaged
over time and trajectories is shown, but, in contrast to (a), the model is built using modes
educed using data from a system with µ∗

0 = 0.229. The projection errors (dashed) are also
computed using the modes from µ∗

0. That the projection error is substantially lower near
µ∗

0 than at other values indicates that the SPOD modes change significantly as µ0 changes.
Despite this, the model error results (solid) show SSOP can generate accurate predictions for
new systems. In fact, the SSOP model built using data from a different Ginzburg-Landau
system ((b), solid green) produces lower error in this example than the projection error onto
the POD modes of the test system ((a), dashed brown). We view this as a strong result
showcasing the robustness of the proposed method.

4.2.2 Quadratic Ginzburg-Landau system

Here, we test the method described in Subsection 4.1.2.2 for handling quadratic nonlineari-
ties. We do this by replacing the standard nonlinear term with a Burgers’-type (quadratic)
nonlinearity and find that most of the triadic interactions have a negligible impact. We ex-
clude roughly 99% of the interactions, which leads to substantial speedup with no meaningful
increase in the error relative to retaining all of them. Even with excluding these interactions,
however, the method is slower than using DEIM on the same problem. Our outlook is that
using the triadic-interaction-sum method of handling nonlinearities will be more effective
than DEIM for more complex problems based on the findings in Ref. [125].

The quadratically nonlinear Ginzburg-Landau equation is

∂

∂t
q(x, t) =

[
− ν ∂

∂x
+ γ

∂2

∂x2 + µ0 − c2
µ + µ2

2 x
2
]
q(x, t) + κq(x, t) ∂

∂x
q(x, t). (4.2.6)

We set κ = 5 and otherwise use the same parameters from before (including µ0 = 0.229).
We generate data following the same procedure as before — using the stochastic forcing

(4.2.2) to generate 3000 time steps of training data with ∆t = 0.8, forming this data into 44
overlapping blocks of length Nω = 256, and computing the SPOD modes and operators. We
then again use different realizations from the same forcing distribution to generate the data
used for testing.

The criterion (described in Section 4.1.2.2) for including the triadic interaction between
mode m at ωl and mode n at frequency ωi = ωk−ωl is ∥nklmn∥2

xλlmλin ≥ ϵ for a user-defined
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Figure 4.9: The impact of ωl on ωk as defined by (4.2.7) via triadic interaction with ωi =
ωk−ωl. (a) shows Tkl, a proxy for the strength of all interactions between the SPOD modes
at ωl with those at ωi. (b) shows how many of these interactions are needed to account for
98% of Tkl.

value of ϵ. We define the matrix T ∈ RNω×Nω as

Tkl =
rl∑

m=1

ri∑
n=1
∥nklmn∥2

xλlmλin. (4.2.7)

Tkl is a proxy for the total impact of ωl on ωk via triadic interactions. We plot Tkl for all
pairs of frequencies in Figure 4.9(a). In Figure 4.9(b), we show the number of interactions
at a given frequency pair ωk, ωl that is required to account for 98% of Tkl. We see that for
many of the frequency pairs, the total impact at a frequency pair is dominated by just a few
mode pairs within the two frequencies. Noting the overlap in the high-value region of (a) and
the low-value region of (b), we see that this is particularly true at the more energetic mode
pairs. The implication of (a) and (b) together is that the great majority of frequencies may
be discarded without having a meaningful effect on the approximation of the nonlinearity.

Figure 4.10(a) shows the number of interactions at each frequency pair with r = 5.
These values are only a function of rK — the number at (ωk, ωl) is rlri, where ωi = ωk − ωl.
Figure 4.10(b) shows the number at each pair that are retained when the threshold in (4.1.18)
is set to ϵ = 10−1.8 (we show this one because it leads to a good balance between accuracy
and speed in the results). With this choice of ϵ, 1.7% of the interactions are retained.

We test the accuracy and speed of the method on the 30 trajectories as a function of
the number of interactions included. In Figure 4.11(a), we plot the relative error averaged
over time and trajectories against the percentage of the total (1384103) interactions. As one
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Figure 4.10: (a) The total number of interactions between SPOD modes at ωl and ωk − ωl

with r = 5. (b) The number of these interactions that are retained when ϵ = 10−1.8. Only
1.7% of the interactions in (a) are retained with this threshold.

would expect, increasing the number of retained interactions causes the error to decrease
and the CPU time to increase. Figure 4.11(b) shows that the CPU increase is linear in the
number of interactions retained, as is predicted by the scaling analysis in Section 4.1.6. The
error quickly reaches a plateau as the newly retained interactions become less energetic (the
plateau is above the SPOD projection error, though it is quite close).

The red ticks in Figure 4.11 indicate the error and timing results using the DEIM-based
approximation of the nonlinearity. For this problem, DEIM is able to achieve lower error
at lower CPU time than the triadic-interaction-based approximation, but we do not expect
that this is true in general.

4.3 Chapter summary

This chapter extends the SSOP method to nonlinear problems. Three aspects are addressed
to handle nonlinearity.

(i) The linear SSOP formulation is based on the analytic solution to linear systems, how-
ever, there is no analogous analytical solution to nonlinear systems. We incorporate
nonlinearity into the method by treating it as an additional forcing on the LTI system.
This amounts to projecting the following implicit equation for q(t) onto the SPOD
modes,

q(t) = eAtq0 +
∫ t

0
eA(t−t′) (f(t′) + n(q(t′))) dt′. (4.3.1)
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Figure 4.11: The relative error (a) and CPU time (b) for the method with r = 5 using the
sparse-triadic-interaction approximation of the nonlinearity as a function of the number of
triadic interactions retained. The x-axis shows the percentage of the total triadic interactions
used. The red ticks indicate results using the DEIM approximation of the nonlinearity.

(ii) After projection, the nonlinear term must be modeled as a function of the SPOD
coefficients to arrive at a closed system for these coefficients. In the case of quadratic
nonlinearities, this is done by summing over a subset of the triadic interactions between
SPOD modes. In our numerical tests, we find that this set can be vastly smaller (∼ 1%)
than the total number of interactions without a major impact on the error. In the case
of more general nonlinearities, we use DEIM to approximate the nonlinear term.

(iii) The result of the above two steps is a system of nonlinear equations that must be
solved simultaneously for the SPOD coefficients at all frequencies. We use a fixed-
point iteration to solve this system, which we find converges in ∼ 10 iterations or fewer
for most of the cases we tested. With this solution procedure, the nonlinearity can be
thought of as an iterative correction on the linear equations.

The nonlinear version of SSOP is then tested on two Ginzburg-Landau systems, one with
the standard nonlinearity and the other with a quadratic nonlinearity. The performance is
similar to the linear case: for the same number of modes, SSOP gives roughly two orders
of magnitude lower error than POD-Galerkin projection at similar cost. The method also
nearly recovers the SPOD encoding.
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CHAPTER 5

Preliminary Work on Application to the Navier-Stokes
Equations

This chapter describes preliminary work on applying SSOP to the incompressible Navier-
Stokes equations (INS). The implementation of the method is not yet complete, but we
describe our approach to two issues that arise in the application to this system. The first is
that the INS, with the divergence-free constraint, are not naturally in the form of a dynamical
system, where there is an equation that gives the time-derivative of the state as a function of
itself and time. We instead work with a Leray-projection form of the equations and derive the
forms of the linear, nonlinear and forcing terms. Second, we found that the ROM operator
approximations described in Chapters 3 and 4 did not give sufficient accuracy. We instead
develop time-stepping approximations of these operators, which give more accuracy at the
cost of offline time.

The implementation uses the code Nek5000 [95], which is based on the spectral element
method [94], as the underlying full-order model. The offline phase of the method is carried
out within the Nek5000 environment. To obtain POD and SPOD modes, Nek5000 is used
to generate time-series data, Fourier transforms are performed using the FORTRAN library
FFTW [36], and a Nek5000-defined inner product is then used to obtain the modes. These
modes are used within Nek5000 in subsequent steps: as initial conditions for the linear runs
used to construct the transient operator, as described in Section 5.2.2, as forcing for the
adjoint runs used to approximate the action of the resolvent, as described in Section 5.2.3,
and as inputs to the bilinear operator for the triadic interaction terms. The Nek5000 routines
for applying the differential operators and linear solves described in Section 5.1 are used to
compute the action of the bilinear operator. The output from the offline phase is a set of
matrices and tensors that can then be used in a separate scripting environment for the online
phase of SSOP.
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5.1 Formulation of the incompressible Navier-Stokes equa-
tions

5.1.1 Incompatibility with the standard form

The incompressible Navier-Stokes equations are given by

∇ · u = 0 (5.1.1a)

u̇ = −u · ∇u−∇p+ 1
Re
∇2u+ g(t). (5.1.1b)

The starting point for the SSOP method is a governing equation giving the time derivative
of the state as a function of it, and of time, i.e., q̇ = h(q, t). However, the INS are not in this
form as written in (5.1.1). If the state is the velocity field u, then its time derivative is not
given by a function of u alone, but also depends on pressure p. If, instead, the state is the
vector q = [u, p]T , then (5.1.1) is not of the right form since there is no evolution equation
for p.

This issue is present in space-only projection-based methods, like POD-Galerkin projec-
tion, but the remedy for those cases is not directly applicable here. Space-only projection-
based methods are formulated in terms of inner products between spatial modes ϕ and the
governing equations. The pressure contribution to the inner product between (5.1.1b) and a
mode satisfying ∇·ϕ = 0 either is equal to zero or a constant that can be evaluated without
retaining pressure as a dynamic variable [51, 109]. SSOP, however, does not involve inner
products between modes and the governing equations, so we approach the issue differently.

5.1.2 Leray projection form

We instead work with the following form of the INS,

u̇ = P
[
−u · ∇u+ 1

Re
∇2u+ g(t)

]
(5.1.2)

where P is the Leray projection operator [72, 31], which returns the solenoidal component
of its argument. The INS in this formulation are clearly in the form to which the SSOP
method may be applied – the state is the velocity field u, and its time derivative is given
straightforwardly in (5.1.2).

A familiar method to apply the Leray projection to a field w is to solve a Poisson equation
with the divergence of w as the source term, then subtract the gradient of the result from
w. This can be written as P = (I −∇∆−1∇·), where ∆−1 applied to a scalar field f returns
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the solution p to the Poisson equation ∇2p = f . An alternative expression for the Leray
projection is P = −(∇ × ∆−1∇×), where the Poisson solve is applied to each component
separately. We use this latter formulation due to implementational convenience in Nek5000.

Before separating the terms in (5.1.2) into linear and nonlinear parts, as is required to
apply SSOP, we first decompose the velocity field into a time-independent baseflow and a
fluctuation u = U + u′, in order to maximize the portion of the right-hand side given by
the linear and constant terms. With this decomposition, (5.1.2) becomes

u̇′ = P
[
−(U + u′) · ∇(U + u′) + 1

Re
∇2(U + u′) + g(t)

]
. (5.1.3)

This results in the following linear, nonlinear, and forcing terms,

A(u′) = P
[
−U · ∇u′ − u′ · ∇U + 1

Re
∇2u′

]
, (5.1.4a)

N (u′) = P [−u′ · ∇u′] , (5.1.4b)

f(t) = P
[
−U · ∇U + 1

Re
∇2U + g(t)

]
. (5.1.4c)

These operators are defined for continuous fields, and the full-order model components in
(4.1.1) that form the starting point for SSOP are given by discretizations of their continuous
analogs above. In particular, the discretized state q in the FOM is a discretization of
the fluctuating part of the velocity field with respect to the mean flow; the matrix A is
a discretization of the linearized Navier-Stokes operator A defined about the mean flow;
the nonlinear term n(q) is a bilinear operator and may be written n(q) = b(q, q), and
it represents the fluctuating part of the velocity field convecting itself; and the forcing f(t)
includes time-independent component that arises from the mean flow not satisfying the time-
independent Navier-Stokes equations (and any constant body forces) and a time-dependent
component representing any time-dependent forcing in the system.

5.2 Time-stepping approximation of ROM operators

Initial attempts at applying SSOP to the Navier-Stokes equations have shown that the
methods for approximating the ROM operators described in Chapters 3 and 4 do not result
in accurate operators for this more challenging case. In this section, we describe more
sophisticated methods, based on time stepping the linearized system and using the results
to compute approximations of the operators. These are expected to lead to more accurate
operators. The drawbacks of these approximations relative to those given in the previous
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chapters are 1) that these approximations require access to a linearized FOM, 2) that they
require additional simulations to be run, and 3) that they cannot be modified quickly to new
parameters in the case of affine parameter dependence.

The intuitive reason that time stepping may be an effective approach for obtaining the
operators that arise in the SSOP method is that each element of these operators comes from
a space-time inner product between an SPOD mode and a trajectory to the linearized system
with a particular initial condition or forcing.

5.2.1 Test case

We show preliminary results for both approximations on two-dimensional flow past a cylinder
at Reynolds number Re = 100. The mesh contains 1472 elements, each with 36 points,
resulting in a state dimension of Nx = 105984. The system is integrated forward through
200 vortex-shedding oscillations, which occurs over a time interval of roughly 1200 time units.
Time is nondimensionalized by the cylinder diameter and free-stream velocity. SPOD modes
are constructed using this data with a window length of 59.6 time units, corresponding to
10 shedding periods, and a 50% overlap between windows.

5.2.2 Transient operator

5.2.2.1 Formulation

In Chapters 3 and 4, we approximated the operator

Zk = Ψ∗
kW

(
I− e(A−iωkI)∆t

)−1 (
I− eAT

)
Φ ∈ Crk×p1 (5.2.1)

by using the SPOD modes to form a Galerkin-type approximation of A. Here, we detail a
means of forming this operator exactly (up to FOM errors) by performing p1 runs of length
T of the linearized FOM.

Equation (3.4.8) implies

(
I− e(A−iωkI)∆t

)−1 (
I− eAT

)
v0 = DFTk

[
eAtJ v0

]
. (5.2.2)

That is, the effect of the operator on the left-hand side above applied to a vector v0 ∈ CNx is
to take the k-th frequency of the DFT of the time series generated by using v0 as the initial
condition to the linear system v̇ = Av.

Using this equivalence, the l-th column of Zk is Ψ∗
kWϕ̂l

k, where ϕ̂l
k = DFTk[eAtJϕl] is

the k-th component of the DFT of the time series created by using the l-th column of Φ as

121



t

0 10 20 30 40 50 60

a
P

O
D
(t

)

-3

-2

-1

0

1

2

3 Transient operator

Nonlinear simulation
Mode 1

Mode 3

Figure 5.1: Comparison of a nonlinear trajectory and the linear SSOP prediction using the
transient operator. The trajectory is projected onto the first and third POD modes. Results
for the second mode are qualitatively similar to those for the first.

an initial condition to the unforced linear system. Thus, by initializing this linear system
with each column of Φ, and taking the DFT of each result, Zk can be computed for all k
up to the time-stepping errors in integrating the linear system. Each of the p1 linear runs
required is of length T , so the cost of this approach is the same as integrating the system
for a duration of p1T .

5.2.2.2 Preliminary results

It is difficult to test the accuracy of this approximation directly, though since the only source
of error is the error involved in integrating the linear system, we expect the approximation
to be accurate. Instead, we test its ability to serve as a model for the fully nonlinear system.
We take an initial condition q0 from the cylinder flow case described above, and compute
SPOD coefficients using only the transient term as

ak = ZkΦ∗Wq0. (5.2.3)

Doing so ignores the effect of the nonlinear term, as well as the (weak) effect of the steady
forcing that results from the mean flow as given in (5.1.4c), the latter of which is quite
weak. The resulting SPOD coefficients are not expected to give a quantitatively accurate
model, and comparing the decoded trajectory from these coefficients to the FOM tests the
importance of nonlinearity to the dynamics.

Figure 5.1, shows this comparison, projecting the results onto the first and third POD
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mode for visualization (mode 2 is very similar to mode 1). The trajectory chosen is unforced
and is on the attractor, and is thus periodic. Notably, the two are qualitatively fairly similar,
especially for the first mode. This indicates that, while important for smaller structures,
nonlinearity has only a minor influence on the large-scale dynamics of the flow. Nevertheless,
there are important differences between the two trajectories. First, the first mode grows over
the interval in the linear case, indicating that A is slightly unstable. Nonlinearity therefore
must remove energy from this oscillation. Second, the frequency in the linear dynamics is
slightly lower than that of the fully nonlinear dynamics. Finally, the third mode in the
nonlinear trajectory oscillates with roughly twice the frequency relative to linear prediction
and to the first mode. This is due to triadic interactions, which are not accounted for in the
linear model.

It is expected that adding nonlinearity to the model will account for these differences. To
do so, the triadic interactions must be multiplied by the resolvent operator, and we discuss
a computational approach for this next.

5.2.3 Resolvent operator

In Chapters 3 and 4, we approximated the action of the matrix Ψ∗
kWRk on a vector b by

computing the action of the inverse of the resolvent on the data matrix used to construct the
SPOD modes. This resulting approximation of the action of the resolvent was exact when
applied to a certain subspace. Here, we detail a means of obtaining Ψ∗

kWRk on a vector b
based on Ref. [28].

In the precomputations for SSOP, this matrix is applied to the columns of the forcing
matrix B and to the triadic interactions that couple to frequency ωk. The m-th element of
the resulting vector is given by the inner product

(Ψ∗
kWRkb)m = ⟨Rkb,ψkm⟩x. (5.2.4)

By definition, the right-hand side of the above equation can be written with the adjoint of
the resolvent as

⟨Rkb,ψkm⟩x = ⟨b,R†
kψkm⟩x. (5.2.5)

In practice, it is likely that the number of vectors b for which this inner product must be
computed is greater than rk, the number of SPOD modes at the k-th frequency. Therefore,
to obtain the necessary inner products, and thus the action of Ψ∗

kWRk on the necessary
vectors, it is more efficient to compute R†

kψkm for each m and then compute the inner
products with the various vectors b than to compute the action of the resolvent on each b.
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The adjoint of the resolvent is given by R†
k =

(
−iωkI−A†

)−1
. The basic idea behind the

time-stepping approximation is that the steady-state response at frequency ωk to the system

q̇ = A†q +ψe−iωkt (5.2.6)

is given by R†
kψ [28].

This holds only for stable systems, i.e., ones for which the eigenvalues of A all have
negative real part. This potential issue can usually be overcome; the linearized Navier-
Stokes equations are marginally stable for many flows [126], and for these marginally stable
systems, a small multiple of the identity can be subtracted from A without having a large
impact on the modes [60, 139]. We assume that this stabilization has already been applied.

A naive approach would involve running an adjoint simulation for each SPOD at all
frequencies separately, a total of Nωr runs. Since the system is linear, however, all frequencies
can be superimposed in a singe run, and with this strategy, only maxk rk runs are required.
The run used to obtain R†

kψkm for all k for a given m is

qm(0) = 0, (5.2.7a)

q̇m = A†qm +
∑

k

ψkme
−iωkt1{rk≥m}. (5.2.7b)

This system is integrated for as many periods as are required for the transient to decay,
which can be determined a priori based on the eigenvalue of A with the largest real part.
After this decay, the DFT of the result is taken, and we define

χkm = DFTk[qm
J ], (5.2.8)

where qm
J is the Nω-time-step-long trajectory from t ∈ [sT, (s+ 1)T ) for some integer s such

that the transient has decayed by time sT . The vectors χkm are the desired approximations
of R†

kψkm. These vectors χkm ∈ CNx are the time-stepping approximations of R†
kψkm, and

the desired inner products are given by

⟨Rkb,ψkm⟩x = ⟨b,χkm⟩x. (5.2.9)

5.2.3.1 Preliminary results

The result of this approximation can be tested more directly than those of the transient
operator approximation: in this case, we can compute a residual. The vector χkm is an
approximate solution to the linear system L†

kx = ψkm, where L†
k = −iωkI −A†. The error
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Figure 5.2: Residual for the time-stepping approximation of the resolvent adjoint applied to
the first SPOD mode, as a function of frequency. The spike at the vortex-shedding frequency
goes to a value of roughly 80.

is given by ekm = χkm −R†
kψkm, and the residual is given by

rkm = L†
kχkm −ψkm. (5.2.10)

While computing the error involves computing the action of the operator we are attempting
to approximate, computing the residual is feasible — it only involves computing the action
of A†, which can be obtained by taking a few time steps of the adjoint system and using a
finite difference approximation of the time derivative. This residual can serve as a proxy for
the error, and the two are related by rkm = L†

kekm.
In Figure 5.2, we show the residual for the same cylinder flow test case described in Section

5.2.2. This figure plots the square norm of this residual for the resolvent adjoint applied to
the first SPOD mode as a function of frequency. For most frequencies, the residual is fairly
low with a spike at the peak frequency.

It is difficult to draw conclusions about the error from this plot alone — the error bound
based on the condition number of L†

k is both hard to estimate and likely far too pessimistic.
We conducted a similar test for the Ginzburg-Landau system described in Chapter 3, and
found that the residual from the time-stepping approximation of the resolvent also spiked at
the fundamental frequency for that problem. In that case, which is small enough to compute
the error directly, we found that the error was nearly constant across frequencies. Moreover,
this error was comparable (and slightly smaller) to the residual at the low-gain frequencies.
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If these observations hold for the Navier-Stokes case, it would indicate that the square norm
of the error is smaller than 0.05 for all frequencies.

5.3 Steps remaining for a complete model

The Nek5000 implementation of the model currently computes SPOD modes and the opera-
tor approximations described above. The computation of the triadic interactions of the form
b(ψkm,ψln) have also been implemented. However, including these results in the model, by
using the inner products with the resolvent adjoint applied to the SPOD modes, as described
in Section 5.2.3, does not yet give accurate results.

There are two candidate explanations for this. The first is that the action of the resolvent
operator is still insufficiently accurate. While the spike in the residual at the vortex-shedding
frequency shown in Figure 5.2 is not necessarily indicative of large error, as argued above,
large error at this frequency is certainly possible. It is also possible that a value of 0.05 for
the square norm of the residual is too large at all frequencies. Errors in computing the action
of the resolvent have a direct impact on the way that nonlinearity is handled in the model,
since terms representing nonlinearity in the model come from inner products of SPOD modes
and the action of the resolvent on triadic interactions. A second possibility is that the triadic
interactions are not being handled correctly, either in the offline calculations or in the online
phase. The bookkeeping involved in computing the correct interactions in the offline phase,
and using the correct ones in the online phase, is nontrivial, and errors are hard to detect
directly.

We do not expect that resolving the issues described above will require fundamental
changes to the methods or an overhaul of the implementation. The time stepping approxi-
mation of the resolvent has been used successfully in much more challenging contexts [28],
and any issues in the implementation of the triadic interactions will likely only require minor
tweaks to the code. Once the fully nonlinear model is working, the natural next step is to
test it against POD-Galerkin projection on cylinder flow, which is already implemented.
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CHAPTER 6

Conclusion

This brief chapter summarizes the thesis and outlines a few interesting directions for
future research.

6.1 Summary

The through line of this thesis is space-time methods for model reduction, and this is explored
from two angles. The first is an investigation into the connection between space-time POD
and the singular value decomposition of the Hankel matrix that is used in many time-
delay embedding methods. The second, which is the main contribution of the thesis, is the
development of a new space-time model reduction method based on SPOD modes.

Chapter 2 demonstrates that the singular modes of the Hankel matrix are a discrete ap-
proximation of the continuous space-time POD modes. This connection is made by recogniz-
ing that the Hankel matrix multiplied by its conjugate transpose produces an approximation
of a space-time correlation matrix, and the eigendecomposition of this matrix gives discrete
space-time POD modes. We are able to gain useful insights into the Hankel modes by ana-
lyzing this correlation matrix rather than the Hankel matrix itself. This analysis makes clear
the sense in which the modes are optimal: they are optimal if the weight matrix is uniform,
which is often not desirable due to a variety of reasons including grid non-uniformity, the
need to weight certain flow variables differently, or preference for certain regions in space.
We derive a formula for the case of a non-uniform weight. The analysis of the correlation
matrix also allows us to distinguish between the meaning of the time step along rows vs.
along columns: the time step along columns corresponds to the temporal discretization of the
space-time integral eigenvalue problem (2.3.6), while the time step along rows corresponds
to the time between successive flow realizations used to approximate the correlation matrix.
Viewed in this way, it is clear that these time steps need not be the same. We leverage this
insight to ease computation, omitting many of the columns of the Hankel matrix then taking
the SVD of this new data matrix with uncorrelated columns. This produces modes with the
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same meaning at lower cost. We also show that two popular versions of POD, space-only
POD and spectral POD, are recovered in the limits that the columns of the Hankel matrix
represent short and long times, respectively. Finally, we improve the Hankel modes by fully
exploiting the assumption of ergodicity to form a more accurate correlation matrix with the
same data. This correlation matrix has Toeplitz structure owing to the fact that temporal
correlations should only depend on the time separation, not on the times explicitly. We show
that, especially if data is limited, the modes obtained as the eigenvectors of this Toeplitz
matrix can be substantially more accurate than the Hankel modes.

In Chapters 3 and 4, we develop a novel space-time ROM, called spectral solution operator
projection, based on spectral POD modes. One important motivation for the approach is that
space-time encodings allow for a substantially more accurate representation of a trajectory
than do space-only encodings, and that among space-time encodings, SPOD modes are near
optimal. The objective of the method, therefore, is to solve for the SPOD encoding quickly
and accurately.

The conceptual starting point of the method in the linear case is the familiar fundamental
solution to an LTI system. This is viewed as a solution operator acting on the initial
condition and forcing that returns the corresponding trajectory. The method obtains the
SPOD coefficients by taking space-time inner products between this solution operator and
the SPOD modes, which is equivalent to projecting the operator onto the SPOD modes. The
benefit of this approach is that if these inner products are done exactly, there is no error
in obtaining the SPOD coefficients, meaning the only error in the method is representation
error. While computing the inner products exactly would result in poor online scaling, we
show that with certain approximations and precomputations, the inner products can be
evaluated both quickly and accurately.

Nonlinearity is accommodated within this solution operator projection framework by
treating the nonlinearity as an additional forcing on the linear system. Crucially, though,
this forcing depends on the solution itself. This results in a system of nonlinear equations
to be solved simultaneously for the space-time encoding. In the majority of cases, we solve
this system using a fixed-point iteration method. This solution procedure may be viewed
as an iterative correction to the linear solution: the first iteration is the linear solution, and
at each subsequent iteration, the forcing to the linear system is computed by evaluating the
nonlinear term using the solution from the previous iteration. To evaluate the nonlinear
term, we use a hyper-reduction technique for non-quadratic nonlinearities, and use a greatly
sparsified set of triadic interactions in the case of quadratic nonlinearities.

In the linear case, we demonstrated the method on a linearized Ginzburg-Landau system,
and a two-dimensional advection diffusion problem for a cavity flow. For the nonlinear
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case, we demonstrated the method on two Ginzburg-Landau systems, one with the standard
cubic nonlinearity, and one with a quadratic nonlinearity. The method, in all cases, delivered
much lower error than the benchmarks at similar cost. Specifically, the method was able to
recover the space-time encoding, i.e., the SPOD coefficients, with high accuracy. Since this
encoding affords a much more accurate representation of the trajectory than any space-only
encoding, the method was able to achieve two orders of magnitude lower error than even
the projection onto POD modes, which serves as a loose lower bound for the error for space-
only methods (based on linear encodings). We also found that the method generalized well
to out-of-sample conditions; it was tested on forcings that were qualitatively different from
those in the training data, as well as Ginzburg-Landau systems with different parameters.
In all cases, the method achieved substantially (two-orders of magnitude) lower error than
the benchmarks.

In Chapter 5, we describe preliminary work toward applying the method to the incom-
pressible Navier-Stokes equation within Nek5000. Specifically, we address two challenges
with the application to this system. The first is that the incompressible Navier-Stokes, in
their standard form, are a differential-algebraic system. We instead work with a Leray pro-
jection formulation of the equations, and derive the discrete full-order model operators for
this formulation. Second, we describe time-stepping approximations for the transient and
steady-state operators in the ROM. While these approximations are more time-consuming
offline, they are expected to provide better accuracy for large-scale problems than the approx-
imations given in Chapters 3 and 4. We close Chapter 5 with a discussion of the remaining
steps to an implementation of the model within Nek5000.

A number of drawbacks of SSOP, and the solution operator projection approach more
broadly, bear mentioning. First, the initial step in the method is to take the Fourier trans-
form of the forcing, meaning that if the forcing is not known on the entire interval before
commencing the online stage, the method cannot be applied. Second, the method is bound
to the time interval [0, T ], which is set by the block length used in calculating the SPOD
modes. If longer-term forecasts are desired, the method may be repeated using the final (or
near the final, as the error increases at the end of the interval) state as the new initial con-
dition. This is somewhat cumbersome in comparison to space-only methods, which preserve
the Markovian property of the governing equations. Perhaps the most serious drawback for
the application to complex problems is that the method requires careful precomputation of
the operators that define it, as discussed in Chapter 5.

However, the extra precomputation cost leads to a key benefit of the method. The
operators that define SSOP are, in a sense, ‘doing more’ than the operators that define a
space-only ROM: they contain information about the dynamics that result from the linearized
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right-hand side, whereas the analogous space-only operators contain information merely
about the right-hand side itself. Therefore, it is natural that the precomputation steps in
SSOP are more costly than those in most space-only ROMs. The benefit of containing this
information within the precomputed operators is that, as we show in the results, it enables
accurate recovery of the SPOD encoding coefficients. Indeed, the two key aspects of the
method, as we view them, are:

(i) Achieving an efficient trajectory encoding using SPOD modes, which is optimal among
all linear space-time encodings in the limit T →∞.

(ii) Solving accurately for the encoding using the solution operator projection approach.

6.2 Future work

Here we outline four interesting directions for future work, the first and third of which are
currently underway.

• The most immediate direction for future work is to continue the development, described
in Chapter 5, on the application of the SSOP method to the Navier-Stokes equations
in Nek5000. Preliminary results on the time-stepping approximations suggest that the
challenges encountered so far related to the operator approximations are surmount-
able. A working implementation within Nek5000 could also be made available to the
community, which may be useful for both practitioners of Nek5000 and researchers in
model reduction.

• With a working implementation in Nek5000, a natural next step is to apply the method
to more complex problems. An interesting first test beyond the cylinder case described
in Chapter 5 is the laminar flow past an airfoil. This is more challenging, and has served
as a benchmark for control studies [139, 62], making it well suited for testing SSOP as
a model for control design. More investigation is needed to determine how the method
will perform on complex problems such as turbulent flows. While we do not foresee
any fundamental barriers to obtaining sufficiently accurate operator approximation via
time-stepping, the turbulent case may require closure modeling to account for the effect
of the truncated modes.

• The SSOP method may be viewed as a special case of a more general solution operator
projection framework: with a chosen space-time basis, one can construct a ROM by
projecting the same solution operator onto the elements of the basis. Nonlinearity can
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be handled in the same way, as an additional forcing on the system that depends on
the solution, and the fixed-point iteration solution procedure can also be used to solve
the system that results. While unlike the SPOD case, it is not possible in general to
derive analytic expressions for the ROM operators that result from the projection onto
a chosen space-time basis, time stepping approximations of the operators remove the
requirement for analytic expressions. Using the solution operator projection framework
with a different space-time basis may be useful for shorter intervals, cyclostationary
systems, or for non-statistically stationary systems more broadly.

• The SSOP method makes use of a decomposition of the right-hand side of the governing
equations into a linear part and a nonlinear part, and the response of the linear part is
obtained with the analytic solution to linear systems, with the nonlinearity treated as
an iterative correction. One would expect this to work best when the linear solution
closely resembles the fully nonlinear one, both in that the nonlinear system would then
be easier to solve, and in that the solution to the nonlinear system would be closer
to the true SPOD coefficients. The decomposition into linear and nonlinear parts is
not unique, with the only requirement being that their sum is the full right-hand side
of the governing equations. In fact the linear operator can be modified to any Â so
long as the nonlinear part is modified to n + (A − Â). This raises the question of
how to choose the operator such that the linear dynamics most closely resemble the
fully nonlinear ones. One clear approach is to obtain Â from data, e.g., using dynamic
mode decomposition or a similar regression method. Another benefit of this approach
is that it is a step towards a non-intrusive version of SSOP.
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[2] H. Arbabi and I. Mezić. Ergodic theory, dynamic mode decomposition, and compu-
tation of spectral properties of the koopman operator. SIAM J. Appl. Dyn. Syst.,
16(4):2096–2126, 2017.

[3] N. Aubry. On the hidden beauty of the proper orthogonal decomposition. Theor.
Comput. Fluid Dyn., 2(5-6):339–352, Aug. 1991.

[4] N. Aubry, P. Holmes, J. L. Lumley, and E. Stone. The dynamics of coherent structures
in the wall region of a turbulent boundary layer. J. Fluid Mech., 192:115–173, July
1988.

[5] S. Bagheri, D. S. Henningson, J. Hœpffner, and P. J. Schmid. Input-output analysis
and control design applied to a linear model of spatially developing flows. Appl. Mech.
Rev., 62(2), Feb. 2009.

[6] J. Barnett and C. Farhat. Quadratic approximation manifold for mitigating the kol-
mogorov barrier in nonlinear projection-based model order reduction. J. Comput.
Phys., 464:111348, Sept. 2022.

[7] S. Beneddine, D. Sipp, A. Arnault, J. Dandois, and L. Lesshafft. Conditions for validity
of mean flow stability analysis. J. Fluid Mech., 798:485–504, June 2016.

[8] P. Benner, S. Gugercin, and K. Willcox. A survey of projection-based model reduction
methods for parametric dynamical systems. SIAM Rev., 57(4):483–531, Jan. 2015.

[9] M. Bergmann, C.-H. Bruneau, and A. Iollo. Enablers for robust pod models. J.
Comput. Phys., 228(2):516–538, Feb. 2009.

[10] H. Bijl, D. Lucor, S. Mishra, and C. Schwab. Uncertainty Quantification in Computa-
tional Fluid Dynamics. Springer International Publishing, 2013.

[11] E. Bozzo, R. Carniel, and D. Fasino. Relationship between singular spectrum analysis
and fourier analysis: Theory and application to the monitoring of volcanic activity.
Comput. Math. Appl., 60(3):812–820, 2010.

[12] D. Broomhead and G. P. King. Extracting qualitative dynamics from experimental
data. Phys. D, 20(2):217–236, 1986.

[13] S. Brunton, B. Brunton, J. Proctor, E. Kaiser, and J. Kutz. Chaos as an intermittently
forced linear system. Nat. Commun., 8, 08 2016.

[14] S. L. Brunton, J. H. Tu, I. Bright, and J. N. Kutz. Compressive sensing and low-rank

132



libraries for classification of bifurcation regimes in nonlinear dynamical systems. SIAM
J. Appl. Dyn. Syst., 13(4):1716–1732, Jan. 2014.

[15] K. Carlberg, M. Barone, and H. Antil. Galerkin v. least-squares petrov–galerkin pro-
jection in nonlinear model reduction. J. Comput. Phys., 330:693–734, Feb. 2017.

[16] K. Carlberg, C. Bou-Mosleh, and C. Farhat. Efficient non-linear model reduction via a
least-squares Petrov–Galerkin projection and compressive tensor approximations. Int.
J. Numer. Methods Eng., 86(2):155–181, Oct. 2010.

[17] K. Carlberg, C. Farhat, J. Cortial, and D. Amsallem. The GNAT method for nonlinear
model reduction: Effective implementation and application to computational fluid
dynamics and turbulent flows. J. Comput. Phys., 242:623–647, June 2013.

[18] A. V. G. Cavalieri, P. Jordan, and L. Lesshafft. Wave-Packet Models for Jet Dynamics
and Sound Radiation. Appl. Mech. Rev., 71(2), 03 2019. 020802.

[19] W. Cazemier, R. W. C. P. Verstappen, and A. E. P. Veldman. Proper orthogo-
nal decomposition and low-dimensional models for driven cavity flows. Phys. Fluids,
10(7):1685–1699, 1998.
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