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Abstract

We present a formulation for the linear stability of the miscible Rayleigh–Taylor instability,
retaining viscosity, Fickian mass diffusion, and non-Boussinesq effects. Rather than adopting
the ad hoc diffusive corrections of Duff et al. (1962) or relying on the viscous eigenvalue problem
of Chandrasekhar (1961), the present formulation is derived directly from the incompressible
variable-density governing equations. Both approaches are recovered as limiting cases, and the
resulting framework can therefore be regarded as a formal extension of Morgan et al. (2016).
The governing equations admit a time-evolving self-similar diffusive base state in which an
error-function density profile is accompanied by a nonzero vertical base velocity required by
the non-solenoidal constraint. Linearization about this base state yields a reduced coupled
formulation for the vertical velocity and density perturbations, suitable for both theoretical
analysis and computation. Within the quasi-steady-state approximation, we show that the
formulation reduces, in the infinite-Schmidt-number limit, to the classical viscous immiscible
theory and recovers the Chandrasekhar eigenvalue problem. At finite Schmidt number, diffusion
alters the growth-rate spectrum and its high-wavenumber structure. Beyond the spectral cutoff,
we formally establish the scaling ωr ∼ −λmk2, where λm is determined by the competition
between the locally stratified kinematic viscosity and the reference diffusive scale. By isolating
the effect of diffusion, we show that its stabilizing influence weakens with increasing density
stratification. Buoyancy production becomes bimodal and shifts toward the lighter-fluid side,
while pressure production grows to rival buoyancy and acts as an energy source on the heavier
side of stratification. Comparison with the corresponding initial-value problem shows that the
quasi-steady prediction remains accurate over much of the parameter space considered but can
fail qualitatively when the base state evolves too rapidly. Together, these results clarify when
classical diffusive corrections remain applicable and when diffusion and non-Boussinesq coupling
must be retained.

1 Introduction

The Rayleigh–Taylor instability (RTI) arises when two superposed fluids of distinct densities
are subjected to an acceleration directed against their density stratification. First investigated
by Rayleigh (1882) and later extended by Taylor (1950), it has since been recognized as a funda-
mental mechanism in a broad range of natural processes and engineering applications. In inertial
confinement fusion, RTI represents a primary source of performance degradation (Lindl, 1995); in
astrophysics, it is a fundamental mechanism in core-collapse supernovae (Müller, 2020); and in
oceanography, it drives overturning at stratified interfaces (Turner, 1973). The RTI is commonly
analyzed using linear stability theory (LST), in which infinitesimal perturbations to a prescribed
base state are examined to determine whether they grow or decay in time, thereby classifying the
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flow as linearly stable or unstable. A comprehensive account of linear RTI theory and related
developments is reported in the work of Zhou and co-workers (Zhou, 2017a,b; Zhou et al., 2021).
However, when diffusion is incorporated into RTI, linear stability analysis is not strictly applicable
because of the time-dependent nature of the base state. Specifically, LST assumes the existence
of a fixed point of the full nonlinear system about which linearization is performed, leading to a
linear operator that is inherently time independent. This limitation was already recognized by Duff
et al. (1962), who effectively circumvented it by treating the evolving base state as instantaneously
frozen and subsequently validating the computed growth rates against experimental measurements.
Although not stated explicitly, this assumption falls within the class of quasi-steady-state approx-
imations described by Tan and Homsy (1986), in which the time scale associated with base-state
evolution is much larger than that of perturbation growth, so that the diffusive base state may be
treated as fixed.

In their seminal contribution, Duff et al. (1962) identified two distinct mechanisms through
which diffusion influences RTI evolution. The first, termed dynamic diffusion, acts on the instability
via a base state whose interface broadens over time. The second, termed static diffusion, enters as
a viscosity-like damping mechanism that preferentially attenuates short-wavelength perturbations.
They analyzed the dynamic diffusion by extending the inviscid problem of Chandrasekhar (1961),
arguing that a finite interface thickness enters as a correction to the inviscid growth rate. In this
formulation, the growth rate is modified through a function ψ ≥ 1, yielding

ωr =

√
At g k

ψ(k, δ,At)
, (1)

where

At =
ρ2 − ρ1
ρ2 + ρ1

(2)

denotes the density Atwood number, ρ1 and ρ2 are the constant densities of the two fluids, δ is
the thickness of the diffusive layer, k is the magnitude of the in-plane wavenumber, and g is the
gravitational acceleration. Within the same work, they incorporated viscous effects through an
approximate treatment that omits the cross terms associated with the combined action of viscosity
and dynamic diffusion, leading to

ωr =

(
At g k

ψ(k, δ,At)
+ ν2 k4

)1/2

− ν k2, (3)

where ν represents the kinematic viscosity. This expression, originally proposed more than sixty
years ago, was only recently re-examined by Morgan et al. (2016). To account for the complete
coupling between viscous effects and dynamic diffusion, they solved the viscous eigenvalue problem
of Chandrasekhar (1961) by prescribing a frozen density profile of thickness δ, rather than intro-
ducing a correction to the inviscid growth rate. This analysis revealed a large-wavenumber scaling
ωr ∝ k−2, which (3) does not reproduce, and showed that, although the expression remains reason-
ably accurate for low-wavenumber modes, it does not accurately predict the growth rate associated
with the most unstable wavenumber.

On the other hand, Duff et al. (1962) analyzed the static effect by observing that, if gravity were
hypothetically removed at any stage of the instability, perturbations would no longer grow but would
instead decay through diffusive spreading. Motivated by this physical argument, static diffusion was
modeled as an additional viscosity-like contribution to the dispersion relation, ultimately leading
to the well-known expression

ωr =

(
At g k

ψ(k, δ,At)
+ ν2 k4

)1/2

− (ν +D) k2, (4)
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where D denotes the mass diffusivity. By contrast, diffusion-dominated configurations were ex-
cluded from the analysis of Morgan et al. (2016). Within linear stability analysis, the static effect
of diffusion has received limited attention beyond the predictions of Duff et al. (1962). The influence
of diffusion in miscible compressible flows was examined by Lafay et al. (2007) and Gauthier and
Le Creurer (2010), who reported an attenuation of the growth rate and the emergence of a spectral
cutoff beyond which the configuration becomes marginally stable. The origin of this marginal sta-
bility was not clarified, since the diffusion correction of Duff et al. (1962) predicts negative growth
rates beyond the cutoff.

Although the effect of mixing has been extensively investigated in nonlinear and turbulent
regimes through direct numerical simulations and experiments (Cook and Dimotakis, 2001; Mueschke
and Schilling, 2009; Mueschke et al., 2009; Banerjee and Mutnuri, 2012), its role in setting linear
growth rates remains less clearly understood. In particular, existing reduced descriptions often rely
on corrections to the inviscid dispersion relation, as discussed above, while the range of validity of
such corrections remains unclear. This leaves open the question of how diffusion enters the linear
stability problem when the governing transport equations are retained, and whether additional
effects arise when viscosity and density stratification are treated simultaneously. It is within this
research context that the present work is developed.

We examine the linear stability of the miscible Rayleigh–Taylor problem within the incompress-
ible variable-density equations (Sandoval, 1995), retaining both mass diffusion and non-Boussinesq
effects. We first derive the laminar self-similar base-state solutions for incompressible variable-
density flow. Building on this structure, we show that the linearized problem admits a reduced
coupled density–vertical-velocity formulation, from which the complete initial-value problem is de-
rived. To investigate the linear stability of the system, we then adopt the quasi-steady-state approx-
imation. Within this hypothesis, we identify a large-wavenumber scaling of the dispersion relation,
ωr ∼ −λmk2, thereby placing the static-diffusion argument of Duff et al. (1962) on firmer theoreti-
cal footing and showing that the Duff scaling is recovered only under suitable conditions; otherwise,
the large-wavenumber damping depends on the local stratification of density and dynamic viscosity.
We also show that diffusion cannot be characterized as a purely stabilizing correction because of
the non-solenoidal nature of the flow.

Although the limitations of the quasi-steady-state approximation, particularly during the early
stages of instability evolution, are well known (Tan and Homsy, 1986; Riaz et al., 2006; Trevelyan
et al., 2011), it remains the natural starting point for the present analysis. In related diffusive
instability problems, approaches based on adjoint optimization and non-modal stability theory have
successfully moved beyond this approximation (Rapaka et al., 2008; Daniel et al., 2013; Prathama
and Pantano, 2021), but only after a thorough quasi-steady-state analysis had established a clear
picture of the instability mechanism and identified where the approximation breaks down. To the
authors’ knowledge, no such foundation exists for the miscible RTI problem when diffusion and
strong non-Boussinesq effects are both retained, and the present work represents a first attempt
to build it. Rather than relying on ad hoc corrections, the theoretical framework developed here
proceeds directly from the governing equations, and the quasi-steady-state approximation serves as
its natural entry point, with its predictions subsequently assessed against those of the full initial-
value problem.

The remainder of this paper is organized as follows. In §2, we examine the governing equations,
adopting the incompressible variable-density formulation (Sandoval, 1995), whose linear-stability
properties have received little attention despite extensive studies of the nonlinear and turbulent
regimes (Livescu and Ristorcelli, 2007; Livescu et al., 2010; Wei and Livescu, 2012; Livescu, 2013;
Baltzer and Livescu, 2020). In §2.1, we derive a laminar self-similar base state and discuss the
quasi-steady-state approximation used to obtain a frozen, tractable linearized system. In §2.2, we
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show that the linearized governing equations admit a density–vertical-velocity formulation. The
numerical solver developed for both the initial-value problem and the corresponding quasi-steady
eigenvalue problem is described in §3. The main stability results are presented in §4, beginning
with the maximum growth rate ωmax

r , the wavenumber kmax at which this maximum occurs, and
the spectral cutoff wavenumber kc. This characterization is followed by the derivation of a large-
wavenumber scaling in §4.2 and by an inviscid diffusive-limit analysis that isolates the effect of
diffusion on the unstable spectrum in §4.3. In §5, we compare the quasi-steady-state predictions
with the corresponding initial-value problem. Finally, conclusions are drawn in §6.

2 Governing equations

We consider the flow of two miscible fluids with different reference densities ρ1 and ρ2, at low
Mach number, so that acoustic waves are suppressed and the energy equation decouples from the
problem. The conservation equations for mass and momentum in dimensional form read

∂tρ+∇ · (ρu) = 0, (5a)

ρ ∂tu+ ρ (u · ∇)u = −∇p+∇ · τ − ρgez, (5b)

where ρ(x, t) is the mixture density, u(x, t) is the velocity field, p(x, t) is the pressure, and ez
points opposite to gravity. The viscous stress tensor τ is given by

τ = 2µS − 2

3
µ (∇ · u)I , 2S = ∇u+ (∇u)⊤, (6)

where µ is the dynamic viscosity, S is the strain-rate tensor, and I is the identity tensor. To describe
the mixing of the two fluids, we introduce the mass fractions Y1(x, t) and Y2(x, t), defined as the
local mass of each species divided by the local total mass, such that Y1 + Y2 = 1. For a binary
mixture in which each pure fluid is individually incompressible it can be assumed that (Livescu,
2020),

1

ρ
=
Y1
ρ1

+
Y2
ρ2
. (7)

The transport of each species is governed by Fick’s law, with a binary diffusion coefficient D assumed
constant throughout the domain and independent of mass fraction. For species α, this reads

∂t(ρYα) +∇ · (ρYαu) = ∇ · (ρD∇Yα) , α = 1, 2. (8)

Substituting the mixing law (7) into the species equation (8) and making use of (5a), the species
transport equation can be equivalently rewritten as an evolution equation for the density,

∂t (log ρ) + u · ∇ (log ρ) = D∇2 (log ρ) . (9)

Comparing (9) with (5a), it follows that the velocity field satisfies the divergence constraint

∇ · u = −D∇2 log ρ, (10)

leading to a set of equations in which each of the two fluids is individually incompressible, yet
the flow is not divergence-free (Livescu, 2013). To render the governing equations dimensionless,
we introduce reference quantities for density ρr, length Lr, velocity Ur, dynamic viscosity µr,
gravitational acceleration g, and mass diffusivity D. The Reynolds, Froude, and Schmidt numbers
follow as

Re =
ρrLrUr

µr
, Fr =

Ur√
gLr

, Sc =
µr/ρr
D

. (11)
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Since the present problem is not characterized by externally imposed length or velocity scales, it is
convenient to adopt the classical viscous-gravitational reference scales introduced by Chandrasekhar
(1961). With this choice, the Reynolds and Froude numbers are set to unity, corresponding to

Ur = (νrg)
1/3, Tr =

(
νr
g2

)1/3

, Lr =

(
ν2r
g

)1/3

, (12)

where νr = µr/ρr denotes the reference kinematic viscosity. For the reference density and dynamic
viscosity, we take

ρr =
ρ1 + ρ2

2
, µr =

µ1 + µ2
2

, (13)

and introduce the density Atwood number and a corresponding viscosity Atwood number,

At =
ρ2 − ρ1
ρ2 + ρ1

, Aµ =
µ2 − µ1
µ2 + µ1

. (14)

Referring to the nondimensional variables with the same notation as their dimensional counterparts,
the governing system reads

∂tρ+∇ · (ρu) = 0, (15a)

ρ ∂tu+ ρ (u · ∇)u = −∇p+∇ · τ − ρ ez, (15b)

∇ · u = −Sc−1∇2 log ρ. (15c)

Introducing the state vector Q(x, t) = [u, v, w, p, ρ], the nonlinear system (15) can be written
compactly as

M ∂tQ = N (Q) , (16)

where M is the identity matrix with the entry corresponding to p set to zero, since the pressure is
not dynamically evolved but instead enforces the divergence constraint. We consider the asymptotic
expansion

Q(x, t) = Q0(x, t) + ϵQ′(x, t) +O(ϵ2), 0 < ϵ≪ 1. (17)

Here, Q0(x, t) is a solution of the nonlinear equation, while Q′(x, t) denotes the perturbation field.
Equating terms at successive orders in ϵ yields

M ∂tQ0 = N (Q0) , (18a)

M ∂tQ
′ =

δN
δQ

∣∣∣∣
Q0

Q′. (18b)

The linearization of the equations follows the classical LST procedure, and the full operator is
reported in Appendix A. Since viscosity and density are both determined by the local composition,
a mixing model is required to close the system. In the present work, we adopt the linear mixing
law of Morgan et al. (2016)

µ

ρ
=

1−Aµ

1−At
Y1 +

1 +Aµ

1 + At
Y2. (19)

The choice of mixing law is, to some extent, arbitrary. A detailed justification for the adopted
model, together with a sensitivity analysis of the effect of the viscosity-law closure on the growth
rates, is provided in Appendix B.
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2.1 Zeroth-order equations: self-similar evolution of the base state

In this work the base state is not a steady fixed point but a time-dependent solution of the nonlinear
governing equations upon which a quasi-steady-state approximation is imposed. To clarify the
precise meaning and implications of this approximation, it is necessary to examine the equations
governing the base state itself. Expanding the compact form of (18a) yields the zeroth-order system

∂tρ0 +∇ · (ρ0U0) = 0, (20a)

ρ0 ∂tU0 + ρ0 (U0 · ∇)U0 = −∇p0 +∇ · τ0 − ρ0 ez, (20b)

∇ ·U0 = −Sc−1∇2 log(ρ0). (20c)

Since no intrinsic length or time scale is imposed on the system, the base-state evolution is assumed
to depend only on the vertical coordinate and time (Prathama and Pantano, 2021),

U0 =
(
u0(z, t), v0(z, t), w0(z, t)

)
, ρ0 = ρ0(z, t). (21)

Equations (20a) and (20c) then reduce to

∂tρ0 + ∂z(ρ0w0) = 0, (22a)

∂zw0 + Sc−1 ∂zz log(ρ0) = 0. (22b)

Defining the similarity variable

η = z

√
Sc

t
=

2z

δ
, δ(t) = 2

√
t

Sc
, (23)

a self-similar solution of (22) is obtained,

ρ0(η) = 1 + At erf
(η
2

)
, (24a)

w0(η) = − t−1/2 At√
π Sc

e−η2/4

1 + At erf(η/2)
. (24b)

It is worth emphasizing that the error-function form of the base-state density profile in the IVD
framework is not imposed as an initial condition but instead arises directly from the governing
equations. Although diffusive base states are common in miscible interfaces, the presence of a
non-zero base-state vertical velocity is less frequently addressed in RTI analyses. This result is not
surprising, since the divergence constraint directly requires the existence of a transverse velocity
whenever density gradients are present (Bretonnet et al., 2007). Equation (24b) shows that this
velocity vanishes in the Boussinesq limit, recovering the classical assumption of a quiescent base
state. For large density contrasts, however, its magnitude becomes non-negligible and asymmetric
with respect to the mid-plane, as illustrated in figure 1(a).

The in-plane velocity components are not fixed by the vertical problem alone, and a self-similar
solution must therefore be sought independently to complete the derivation of the admissible base
state used in the stability analysis. We anticipate that the only solution consistent with far-field
decay is the trivial one, u0 = v0 = 0, as established by the following argument. Consider the
base-state x-momentum equation, since the y-component is identical,

ρ0 ∂tu0 + ρ0w0 ∂zu0 = ∂z (µ0 ∂zu0) . (25)

6



−5 −2.5 0 2.5 5
−1.5

−1.1

−0.7

−0.3

0.1

(a)

z/δ

S
c
w

0
(z
)

At = 0.10

At = 0.25

At = 0.50

At = 0.80

−30 −15 0 15 30
−0.75

−0.44

−0.13

0.19

0.5

(b)

η

U
(η
)

At = 0.0, Aµ = 0.0

At = 0.0, Aµ = 0.8

At = 0.5, Aµ = 0.0

At = 0.5, Aµ = 0.8

Hermite (m = 0)

Figure 1: Base-state velocity profiles from the self-similar derivation. (a) Scaled vertical velocity
Scw0 for different Atwood numbers. (b) Horizontal velocity U(η) from the Sturm–Liouville eigen-
value problem at Sc = 20.

Motivated by (24b), we seek a self-similar solution of the form

u0(z, t) = tαU(η), (26)

which leads to the Sturm–Liouville eigenvalue problem

a(η)Uηη + b(η)Uη = αU, (27a)

a(η) = Sc
µ0(η)

ρ0(η)
, (27b)

b(η) =
η

2
+

ρ0,η
ρ0(η)

+ Sc
µ0,η
ρ0(η)

, (27c)

lim
|η|→∞

U = lim
|η|→∞

Uη = 0. (27d)

For the case α = 0, a closed-form solution exists,

U(η) = C2 + C1

∫ η

exp

(
−
∫ r b(s)

a(s)
ds

)
dr. (28)

For large |η| this behaves as

U(η) ∼ C2 + C1

∫ η

exp

(
− r2

4 Sc

1±At

1±Aµ

)
dr, (29)

which does not decay to zero at infinity, suggesting that the only admissible solution is the trivial
one, C1 = C2 = 0. For α ̸= 0, the eigenvalues of the Sturm–Liouville problem (27) are negative
and closed-form solutions are generally unavailable; numerical results are reported in figure 1(b).
In the limiting case Aµ = At → 0, the problem reduces to

ScUηη +
η

2
Uη = αU, (30)
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where, introducing η = 2
√
Scx and writing

U(η(x)) = ψ(x) = e−x2
H(x), (31)

yields the Hermite-type problem

H ′′(x)− 2xH ′(x)− (4α+ 2)H(x) = 0. (32)

This equation admits polynomial eigenfunctions when

α = −m+ 1

2
, m = 0, 1, 2, . . . , (33)

giving
ψm(x) = e−x2

Hm(x). (34)

These solutions possess a nontrivial Hermite–Gaussian vertical structure and are mathematically
admissible within the IVD formulation; however, their inconsistency with the quiescent base state
recovered in the standard Boussinesq RTI limit leads us to argue that the physically relevant base
state is the one with identically zero in-plane velocity.

Although a detailed investigation of these solutions lies beyond the scope of the present work,
they may prove relevant to related stability problems within the IVD framework. Notably, the
fundamental mode coincides with the Gaussian vertical envelope commonly assumed in linear-
stability models of interior stratified jets (Harris et al., 2022), and the analysis reported here
can therefore provide a useful starting point for density-stratified problems in which strong non-
Boussinesq effects play a role.

2.2 First-order equations and reduction to the velocity–density formulation

In the linearized equations, primes are omitted from perturbation variables for clarity and are
instead used exclusively to denote derivatives with respect to the vertical coordinate. The linearized
divergence constraint is

∇ · u = Lρ ρ, Lρ = −Sc−1∇2

(
⋆

ρ0

)
, (35)

where ⋆ denotes the argument on which the operator acts. The linearized continuity equation can
be written in compact form as

∂tρ = Aρw w + Aρρ ρ, (36a)

Aρw = − ∂zρ0, (36b)

Aρρ = −
(
w0 ∂z + w′

0

)
− ρ0 Lρ. (36c)

Concerning the momentum equation, the key observation is that the linearized divergence constraint
depends only on the density perturbation. The horizontal velocity components can therefore be
eliminated, yielding a closed system for the vertical velocity and density perturbations. The details
of the reduction are given in Appendix A.

Before introducing the reduced momentum equation, two additional definitions are required.
Since the density field is determined by the composition through (7), the viscosity perturbation
follows directly from the density perturbation. From (19) and (24a), the base-state viscosity is

µ0 = 1 +Aµ erf(z/δ) , (37)
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and the viscosity perturbation is linearly coupled to the density perturbation through

µ = Cµρ ρ, Cµρ =
dµ

dρ

∣∣∣∣
ρ0

=
Aµ

At
. (38)

We further define the time-differentiated operator

L̇ρ(⋆) = Sc−1∇2

(
ρ̇0
ρ20
⋆

)
, (39)

where overdots denote derivatives with respect to time, and ∇2
xy = ∂xx + ∂yy is the horizontal

Laplacian. With these definitions in hand, the reduced momentum equation reads

Bww ∂tw + Bwρ ∂tρ = (Aw0ρ + Awρ) ρ+ (Aw0w + Aww)w, (40)

where the operators are defined as

Bww = −
(
ρ′0 ∂z + ρ0∇2

)
, (41a)

Bwρ =
(
ρ′0 + ρ0 ∂z

)
Lρ, (41b)

Aww = −µ0∇4 − 2µ′0 ∂z ∇2 + µ′′0 ∇2 − 2µ′′0 ∂zz, (41c)

Aw0w =
(
ρ0w

′
0 + ρ0w0 ∂z

)
∇2 + w0 ρ

′
0 ∂zz, (41d)

Awρ =
(
µ0 ∂z ∇2 + 2µ′0∇2 + µ′′0 ∂z

)
Lρ − 2 ∂z

(
w′
0Cµρ∇2

xy⋆
)
+∇2

xy, (41e)

Aw0ρ = −
(
(ρ0w0)

′ ∂z + ρ0w0 ∂zz

)
Lρ +

(
ẇ0 + w0w

′
0

)
∇2

xy −
(
ρ′0 + ρ0 ∂z

)
L̇ρ. (41f)

Together with (36), these relations define the full initial-value problem for a time-dependent base
state. In compact form,(

Bww Bwρ

0 1

)(
∂tw

∂t ρ

)
=

(
Aw0w + Aww Aw0ρ + Awρ

Aρw Aρρ

)(
w

ρ

)
. (42)

The boundary conditions enforce vanishing vertical velocity and its vertical gradient at the domain
boundaries and require the density perturbation to vanish in the far field so that the base-state
stratification remains undisturbed away from the diffusive layer,

w(±Lz) = 0,
∂w

∂z

∣∣∣∣
±Lz

= 0, ρ(±Lz) = 0. (43)

To perform a stability analysis, the quasi-steady-state approximation is introduced by freezing the
base state at a prescribed diffusive layer width δ0 and neglecting its temporal derivatives (Ke et al.,
2019). Since the self-similar base state satisfies

t0 =
Scδ20
4

, (44)

fixing δ0 while varying Sc implies that each case is evaluated at a different physical time t0. Com-
parisons at fixed δ0 therefore correspond not to the same physical time, but to different instants
at which the diffusive layer has the prescribed width. This choice follows earlier studies in which
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diffusive effects were characterized by fixing the layer width. For each Sc, the system is allowed to
evolve until the layer reaches δ0, although the time required to reach this state depends on Sc.

The validity of the quasi-steady-state approximation relies on a separation of time scales,
whereby the characteristic time over which perturbations grow is assumed to be short compared
with the diffusive time scale over which the base state evolves. Since the diffusive layer width is
fixed, the temporal derivatives of the base-state quantities scale as

∂tw0 ∼
At

Sc2
δ−3
0 , ∂tρ0 ∼

At

Sc
δ−2
0 . (45)

The quasi-steady-state approximation is therefore not uniformly valid across all Schmidt and At-
wood numbers for a fixed δ0. The magnitude of the neglected temporal derivatives increases with At

and decreases with Sc, so that for sufficiently small Sc or sufficiently large At the base state evolves
on a time scale comparable to that of the perturbation growth and the frozen-profile assumption
breaks down. In the present work, cases down to Sc = 0.75 and up to At = 0.75 are nevertheless
considered, for which the separation of time scales may not be fully respected. Accordingly, results
in that regime should be interpreted as indicative of the trends predicted by the quasi-steady-state
approximation, rather than as outcomes supported by a clear asymptotic separation of scales.

Upon freezing the base state, the temporal derivatives of the base-state quantities are set to
zero in (41). The resulting frozen operator system is then discretized and used to compute the
growth rates. For the state vectors, we use bold italic symbols for vectors of continuous functions
and bold roman symbols for spatially discretized vectors. The state vector associated with the
reduced perturbation field is

q(x, t) =

[
w(x, t)
ρ(x, t)

]
. (46)

Assuming homogeneity in the in-plane directions (x, y), the perturbation fields are decomposed
into Fourier modes. The linearized operators in (41) depend only on k2 = k2x + k2y, where kx and
ky are the wavenumbers in the x and y directions, respectively, and the state vector can therefore
be expressed as

q̂k(z, t) =

[
ŵ(z, k, t)
ρ̂(z, k, t)

]
, (47)

where the subscript k denotes the Fourier coefficient at wavenumber k. Evaluating the two compo-
nents at the Nz vertical collocation points and stacking their values gives the spatially discretized
state q̂k(t) ∈ C2Nz . This leads to the semi-discrete system

Bk
dq̂k

dt
= Ak q̂k, (48)

where the block matrices Ak and Bk follow from the discretization of (42), and the growth rates
are obtained by solving the generalized eigenvalue problem

Ak q̂k = ω(k)Bk q̂k, (49)

where ω(k) is the complex eigenvalue and its real part defines the temporal growth rate, ωr(k)

3 Numerical implementation

Following the derivation of the governing equations, a solver employing a Chebyshev spectral
method is developed using the MATLAB differentiation suite of Weideman and Reddy (2000).
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Figure 2: Growth-rate comparison for Aµ = 0.0 and At = 0.5. ( ) denotes results based on the
present analysis. (a) Diffusion-free limit, Sc → ∞; ( ) denotes the viscous growth rates reported
by Morgan et al. (2016). (b) Sc = 1; ( ) denotes Duff et al. (1962) prediction.

To resolve the sharp gradient of the initial profile, a coordinate transformation that concentrates
collocation points within the diffusive layer is introduced. For a physical domain [a, b] = [−Lz, Lz],
the mapping is

z(ξ) =
a+ b

2
+
b− a

2

sinh
(
β ξ
)

sinh(β)
, ξ ∈ [−1, 1], z ∈ [a, b], (50)

where the free parameter β controls the clustering, and for β ≫ 1 most points fall near z = 0. The
inverse mapping, required to construct the spectral matrices, follows from

dz

dξ
=
b− a

2

β cosh
(
β ξ
)

sinh(β)
,

dξ

dz
=

(
dz

dξ

)−1

=
2

b− a

sinh(β)

β cosh
(
β ξ
) . (51)

Hence, the first-derivative matrix in physical space requires only the Chebyshev matrix D(ξ),

df

dz

∣∣∣∣
zi

≈
N∑
j=1

(
dz
dξ

)−1

ξi︸ ︷︷ ︸
wi

D
(ξ)
ij fj , D(z) = diag(wi)D

(ξ). (52)

For the second derivative,

d2f

dz2
=

(
dξ

dz

)2 d2f

dξ2
+
d2ξ

dz2
df

dξ
,

d2ξ

dz2
= − d2z

dξ2

(
dz

dξ

)−3

, (53)

so that (
D(z,2)f

)
i
≈ w2

i

(
D(ξ,2)f

)
i
+ ui

(
D(ξ,1)f

)
i
, wi =

dξ

dz

∣∣∣∣
zi

, ui =
d2ξ

dz2

∣∣∣∣
zi

, (54)

which yields
D(z,2) = diag

(
w2
i

)
D(ξ,2) + diag

(
ui
)
D(ξ,1). (55)

A detailed verification of the solver is reported in Appendix D. An additional remark is needed
regarding the computation of growth rates in the limit k → 0, for which the unbounded-domain
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limit Lz → ∞ is formally required. In practice, the computational domain is taken sufficiently
large, while the clustering parameter β associated with the nonlinear coordinate transformation is
chosen so as to ensure that at least 0.25Nz grid points lie within |z| ≤ 4δ0.

4 Results and Discussion

Before examining the instability mechanisms we note that the non-diffusive viscous theory of Chan-
drasekhar (1961) is recovered in the limit Sc → ∞. In this limit mass diffusion vanishes, and the
linearized IVD system reduces exactly to the equations of Chandrasekhar (1961), as discussed in
Appendix C and shown in figure 2(a). On this basis, we suggest that the formulation presented
here may be viewed as an extension of Chandrasekhar’s eigenvalue problem and therefore a con-
sistent extension of the result of Morgan et al. (2016). At finite Schmidt number, however, the
effects of mass diffusion can no longer be neglected. At Sc = 1, the dispersion relation acquires
a fundamentally different structure, as shown in figure 2(b). The k−2 decay predicted by Morgan
et al. (2016) is replaced by a cutoff wavenumber beyond which growth rates are negative. The Duff
model reported in figure 2(b) overpredicts the maximum growth rate and, while it does predict a
power-law decay at large wavenumbers, the associated prefactor depends sensitively on the region
of parameter space considered. These discrepancies motivate a systematic analysis, which is carried
out in the remainder of this section.

In §4.1, we analyze the maximum growth rate ωmax
r , which identifies the peak of each sta-

bility curve, while kmax denotes the wavenumber at which this maximum occurs. The spectral
cutoff wavenumber kc, defined as the wavenumber at which the growth rate changes sign, marks
the boundary between linearly unstable and stable disturbances and traces the locus of marginal
stability across parameter space. In §4.2, we then examine the large-wavenumber regime k ≫ kc,
which characterizes the decay of the growth-rate curves beyond the cutoff. Finally, in §4.3, we
isolate the role of diffusion through the inviscid diffusive limit and use the perturbation energy
budget to interpret the trends observed in the spectral diagnostics.

4.1 Growth rate and spectral cutoff characterization

Figure 3 shows the peak growth rate ωmax
r and the corresponding wavenumber kmax as functions of

inverse Schmidt number. The peak growth rate is only weakly affected by the viscosity ratio across
the parameter space examined, as can be seen from figures 3(a,b,c), whose content is only slightly
affected across different values of Aµ. Fixing Aµ, the dependence on diffusion, and hence on the
Schmidt number, varies with the degree of density stratification. For At between approximately 0.1
and 0.5, the peak growth rate decreases monotonically as Sc−1 increases. For At > 0.5, by contrast,
the growth rate first decreases down to Sc ≈ 1 and then increases as Sc−1 is increased further; a
possible explanation of why the growth rate is destabilized as diffusion becomes more important is
offered in §4.3. As Sc−1 increases, the most amplified wavenumber kmax generally shifts to smaller
values, indicating that diffusion moves the dominant instability toward longer wavelengths. This
trend is visible for all viscosity ratios, although the magnitude of the shift depends on both At and
Aµ. Compared with the peak growth rate, kmax is more visibly affected by viscosity stratification;
Aµ > 0 tends to maintain larger values of kmax, whereas Aµ < 0 shifts the wavenumber toward
smaller values. Thus, even when the maximum growth rate itself changes only weakly with Aµ, the
wavelength selected by the instability retains a clearer signature of viscosity stratification.

A comparison with the Duff prediction further clarifies these trends. Over most of the pa-
rameter space, the dashed curves follow the same qualitative dependence on Sc−1 as the present
quasi-steady-state approximation results, indicating that the static-diffusion model captures the
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Figure 3: Peak growth rate ωmax
r (top row a–c) and corresponding wavenumber kmax (bottom row

d–f) as functions of inverse Schmidt number. ( ) denotes the present quasi-steady-state approxima-
tion results, and ( ) denotes Duff et al. (1962) prediction (4). Columns correspond to Aµ = −0.9,
0.0, and 0.9, respectively.
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quasi-steady-state approximation results, and ( ) denotes Duff et al. (1962) prediction (4).

leading variation of ωmax
r and kmax with diffusion. Quantitatively, however, the Duff prediction is

generally slightly larger than the present results for ωmax
r , with the discrepancies remaining modest

across different viscosity and density ratios. For kmax, the discrepancy is more sensitive to the vis-
cosity ratio and becomes increasingly evident as diffusion effects become dominant. Thus, viscosity
stratification does not strongly alter the overall trend of the peak growth rate with Sc−1, but it
introduces a more visible correction to the wavenumber selected by the instability.

A complementary picture is provided by the cutoff wavenumber kc, defined by the neutral-
stability condition ωr(kc) = 0. This quantity represents the largest wavenumber for which pertur-
bations remain unstable, and its variation across the parameter space is summarized in figure 4.
At fixed Atwood number, kc decreases monotonically as Sc−1 increases, so that stronger diffusion
stabilizes progressively larger portions of the spectrum. The cutoff wavenumbers predicted by the
present quasi-steady-state formulation lie systematically above those of the Duff model, indicat-
ing a broader unstable band. The difference in kc is small at low At but increases with density
stratification, becoming particularly pronounced for positive viscosity ratio.

4.2 Scaling law for k ≫ kc

The asymptotic structure of the growth-rate spectrum at large wavenumbers is obtained by rescaling
time according to τ = k2t in (42) and expanding the dependent variables in inverse powers of k2,

ŵ = ŵ(0) + k−2ŵ(1) +O
(
k−4

)
, (56a)

ρ̂ = ρ̂(0) + k−2ρ̂(1) +O
(
k−4

)
. (56b)

Letting k → ∞ yields the leading-order system(
ρ0 Sc−1∂z

0 1

)(
∂τ ŵ

(0)

∂τ ρ̂
(0)

)
=

(
−µ0 −Sc−1 (µ0∂z + 2µ′0)

(
⋆ ρ−1

0

)
0 −Sc−1

)(
ŵ(0)

ρ̂(0)

)
. (57)

Since both matrices are upper triangular, the eigenvalues of this generalized eigenvalue problem
are given by the ratios of their diagonal entries,

λ1(z) = −µ0/ρ0, λ2 = −Sc−1. (58)
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Defining

λm(At,Aµ, Sc, δ) = min
{
min
z

(µ0/ρ0) ,Sc
−1
}
, (59)

the asymptotic growth rate in the limit k ≫ kc is

ωr ∼ −λm(At,Aµ, Sc, δ) k
2. (60)

Figure 5(a) shows a reference case for varying Schmidt number at fixed At = 0.25 and Aµ = 0.0.
The figure highlights that, at large wavenumber, there are regimes in which all curves collapse
onto the same branch, corresponding to λm = minz(µ0/ρ0), and regimes in which the damping is
instead controlled by the diffusive branch λm = Sc−1. This result generalizes and proves from first
principles the scaling proposed by Duff et al. (1962), who argued on heuristic grounds that mass
diffusion acts as an effective additional viscosity at large wavenumber, leading to

ωr ∼ −Sc−1k2. (61)

More generally, equation (59) shows that the large-wavenumber behavior is set by the competition
between the locally stratified kinematic viscosity, which varies across the diffusive layer, and the
reference Schmidt number appearing in the nondimensional equations. The Duff scaling is recovered
in two important cases. First, in the regime Sc ≫ 1, the large-wavenumber behavior becomes
independent of local stratification and depends only on the reference Schmidt number, yielding the
Sc−1 scaling. Second, when Sc > 1, the same scaling is recovered exactly by imposing At = Aµ, in
which case the local Schmidt number is spatially uniform and coincides with the reference value. If
instead At = Aµ and the reference Schmidt number is less than one, Sc < 1, the large-wavenumber
behavior becomes independent of the Schmidt number, with λm = 1.

This particular choice has been widely adopted in direct numerical simulations of the IVD
system; however, as noted by Livescu (2020), it is not the only physically admissible one, and the
effect of a spatially varying local Schmidt number has received little attention in the literature. The
present analysis addresses this point from the LST perspective by deriving the large-wavenumber
scaling directly from the governing equations and extending the Duff argument to the general case
of non-uniform local Schmidt number. For moderate Schmidt numbers, the asymptotic behav-
ior depends explicitly on both At and the viscosity contrast Aµ through the stratified kinematic
viscosity. The theoretical prediction is validated in figure 5(b), where the leading-order coefficient
extracted from the numerically computed growth rates at large wavenumber is compared with (59).
The agreement is excellent across all cases considered, confirming the asymptotic analysis.

4.3 The effect of diffusion for k < kc

We now examine the effect of diffusion on the positive growth rates. To isolate this effect from the
additional complexity introduced by viscosity stratification, we consider the inviscid diffusive limit
(IDL), understood as Re → ∞ with Sc → 0, such that the Péclet number

Pe = ReSc, (62)

remains finite. In this limit, viscous stresses vanish from the governing equations (42), while mass
diffusion remains active. The IDL is introduced here as an idealized mechanism-isolating limit, not
as a quantitatively complete substitute for the full viscous problem. Care must therefore be taken
when interpreting this limit, since referring to the Schmidt number is ill-posed in the absence of
viscous effects. Moreover, the Chandrasekhar scaling introduced in (12) is no longer valid, since
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Figure 5: Large-wavenumber asymptotic behavior of the growth-rate spectrum at Aµ = 0. (a)
Growth rates for different Schmidt numbers at At = 0.25. (b) Comparison across Atwood numbers
between the numerically extracted leading-order coefficient and the theoretical prediction (59).

the Reynolds number is infinite in this regime. Fr = 1 is retained, and the characteristic length
scale is set by the width of the diffusive layer δ, leading to the definition

Peδ =
δ2/D√
δ/g

, (63)

which measures the relative strength of advective to diffusive transport at the scale of the diffusive
layer δ. Thus, Peδ ≫ 1 corresponds to weak diffusion and advection-dominated dynamics, whereas
Peδ ≪ 1 indicates a strong diffusive regime. From an operational standpoint, the governing equa-
tions in this regime admit the same nondimensional form as (42) with µ0 = 0, and the Péclet
number replaces the Schmidt number in the corresponding linear operators. To assess the role of
diffusion, we compare the IDL growth rates with the classical corrected inviscid prediction (1).
Figure 6 reports the corresponding growth rates and correction functions for three density ratios,
namely At = 0.05, representative of the Boussinesq limit, At = 0.40, representative of an interme-
diate regime, and At = 0.75, representative of strong non-Boussinesq conditions. For each case, the
diffusive strength is varied from a weakly diffusive regime at Peδ = 40, through an intermediate
regime at Peδ = 5, to a high diffusive regime at Peδ = 1.

Figure 6 shows that, in the weakly diffusive regime (Peδ = 40), the IDL growth rates and
correction functions are nearly indistinguishable from the classical corrected inviscid prediction
across all Atwood numbers considered. As the diffusive strength increases, however, diffusion
suppresses the growth rates more strongly over the range of wavenumbers considered here. This
is reflected in the correction functions, which progressively depart from the classical prediction
and indicate an increasingly stabilizing influence. At fixed Peδ, this stabilization weakens as At

increases, revealing a nontrivial coupling between diffusion and density contrast. This trend is
particularly evident in figures 6(a,b,c), where the Peδ = 1 curve moves closer to the classical
prediction as At increases, especially for the smaller-wavenumber modes.

We explain these observations by examining the perturbation kinetic-energy budget. Since the
perturbation fields are expressed as normal-mode eigenfunctions, we define the perturbation kinetic
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Figure 8: Pressure production Πp(z) at k = 0.1 in the IDL formulation, showing when pressure
work becomes dynamically important.

energy per unit mass as

Ec =
1

2
û∗i ûi, (64)

where ûi denotes the eigenmode velocity component and the superscript (·)∗ denotes its complex
conjugate. The budget equation for the IDL system is obtained by multiplying the linearized
momentum equation by û∗i , summing this contracted form with its complex conjugate, and dividing
by two. The result is then integrated over the domain, with boundary fluxes assumed to vanish.
In what follows, all eigenfunctions are normalized such that the total perturbation kinetic energy
satisfies

1

2

∫
ρ0 û

∗
i ûi dz = 1, (65)

so that the different production terms can be compared directly across density ratios and diffusive
strengths (Kirthy and Diwan, 2021). The budget equation for the linearized kinetic energy is∫

ρ0
∂Ec

∂t
= −

∫ (
ρ0w

′
0ŵ

∗ŵ + ρ0w0
∂Ec

∂z

)
︸ ︷︷ ︸

energy transfer with the base state

+

∫
Re(p̂∇ · û∗)︸ ︷︷ ︸

Πp

−
∫ (

1 + w0w
′
0

)
Re(ρ̂ŵ∗)︸ ︷︷ ︸

−Πb

, (66)

where Πb(z) denotes the buoyancy production and Πp(z) the pressure production. The energy
transfer with the base state is not discussed because it comprises only 2% of the total budget and
is therefore not relevant to the instability mechanism. The buoyancy production quantifies the
local rate of conversion from potential energy to perturbation kinetic energy. Where Πb > 0, the
perturbation velocity and density fields are correlated such that light fluid moves upward and heavy
fluid moves downward, thereby releasing gravitational potential energy into perturbation kinetic
energy. Where Πb < 0, the perturbation works against gravity and locally consumes kinetic energy.
The pressure production Πp(z) represents the gain or loss of energy through work generated by the
change in specific volume caused by mixing (Livescu and Ristorcelli, 2007).

Figure 7(a) reports the buoyancy production for Peδ = 40, showing that in this regime the
profile is nearly symmetric and that the instability extracts most of its energy from the central
region of the diffusive layer. As expected, increasing the Atwood number increases the magnitude
of this contribution. Figure 7(b) shows the case Peδ = 5, where the buoyancy contribution spreads
over a wider spatial region, consistent with the stabilizing effect of diffusion on the growth rates. For
the larger Atwood numbers considered here, the production term still extracts most of the energy
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from the diffusive layer, although a mild asymmetry about z = 0 begins to appear. Figure 7(c)
shows the case Peδ = 1, where, for the largest Atwood number, the buoyancy production develops
a bimodal spatial distribution with a larger peak on the lighter side of the stratification. This
suggests that when diffusion is important and the Atwood number is large, the lighter fluid, having
lower inertia, experiences a larger acceleration for the same perturbation. Consequently, the light
fluid responds more vigorously to the buoyancy forcing, generates larger velocity perturbations,
and produces more perturbation kinetic energy. This is consistent with findings reported in the
turbulent regime (Livescu and Ristorcelli, 2008; Baltzer and Livescu, 2020), where the most intense
turbulence migrates toward the lighter-fluid side as the density ratio increases. In the present
linear-stability analysis, the same physics are manifested in the eigenmode structure, where the
perturbation amplitude is larger on the light-fluid side, as is the buoyancy production. In the linear
regime, this effect can be attributed directly to the effective buoyancy term be = 1+w0w

′
0 appearing

in the buoyancy production. The non-Boussinesq behavior is therefore caused by the presence of
this additional buoyancy contribution, which is not sign-definite. In particular, it reduces the
buoyancy forcing on the heavier side of the stratification while enhancing it on the lighter side,
particularly in the highly diffusive and strongly stratified regime, where non-Boussinesq effects are
expected to be most significant.

Although these observations support an enhanced stabilizing effect of diffusion relative to Duff
prediction, they do not explain why this stabilization weakens as the Atwood number increases at
fixed diffusive strength. To address this point, we turn our attention to the pressure production
term. Figure 8(a) shows that, in the weakly diffusive regime, pressure production is much smaller
than buoyancy production, suggesting that the instability is governed primarily by buoyancy. The
same conclusion can be drawn from the net production term in figure 9(a). Figure 8(b) shows
that, in the moderately diffusive regime, pressure production, although still smaller than buoyancy
production, already affects the overall energy balance. More specifically, it extracts energy from the
lighter side of the fluid and injects it into the heavier portion of the stratification. Although this
effect is not yet dominant, it is already visible in figure 9(b), where two local maxima appear in the
net production term for the largest Atwood number. Pressure production becomes important in
the strongly diffusive regime, as shown in figure 8(c) and figure 9(c), so that the overall production
is largely affected by the pressure rather than just the classical buoyancy production. We therefore
argue that this shift in the instability mechanism, from one dominated by the classical buoyancy-
production term to one in which pressure production transfers energy from the lighter to the heavier
part of the stratification, may explain why the stabilizing effect of diffusion weakens as the Atwood
number increases. The weakening of the stabilizing effect of diffusion with increasing Atwood
number is most evident for large Atwood number and small Péclet number. This is precisely
the strongly diffusive regime in which the quasi-steady-state approximation no longer predicts
the growth rates accurately because the base state evolves too rapidly. The discussion in this
section should therefore be interpreted as a qualitative description of the coupling introduced by
mass diffusion, rather than as a definitive statement about the fully time-dependent problem.
In particular, the budget analysis suggests that pressure production may play an increasingly
important role in the highly diffusive regime and thereby may play a key role during the instability
evolution.
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Figure 9: Net production Πb(z)+Πp(z) at k = 0.1 in the IDL formulation, showing how the overall
energy input changes with diffusive strength.

5 Initial-value problem comparison with the quasi-steady-state
approximation

The quasi-steady-state approximation provides a local-in-time prediction of the perturbation growth
rate by treating the evolving base state as frozen at each instant. The purpose of the initial-value
problem comparison is to assess this prediction once the full time dependence of the base state is
retained, and to identify where the frozen-base approximation remains accurate and where it fails.
To compare the evolution of the same disturbance in the two settings, the initial-value problem is
initialized with the corresponding eigenvector obtained from the quasi-steady-state approximation.
It must nevertheless be noted that other initial conditions may lead to different transient responses,
since the early-time evolution of unstable diffusive systems is known to depend sensitively on
the imposed disturbance (Tan and Homsy, 1986; Rapaka et al., 2008; Daniel et al., 2013). The
instantaneous growth rate extracted from the initial-value problem is defined as

ω̃r(k, t0(δ0)) =
1

2

d

dt
log
(
∥q̂k∥2

)
. (67)

The wavenumber chosen for the comparison reported in figure 10 is the most unstable wavenumber,
kmax, predicted by the quasi-steady-state approximation at the initial thickness δ0. Discrepancies
between the initial-value problem and quasi-steady-state approximation predictions at early times
are to be expected, particularly in regimes where the base state evolves rapidly during the initial
transient. Figure 10 shows, however, that the two approaches are in close agreement over most
of the parameter space considered. The main exception arises for Sc = 1 at the largest Atwood
number reported in figure 10(a), precisely in the regime where the frozen-base approximation is
expected to be least accurate based on the scaling analysis in (45). In this case, the initial-value
problem predicts an initial decay before the predicted growth is recovered. As the diffusive layer
broadens the initial-value problem growth rate approaches the quasi-steady-state approximation
prediction evaluated along the evolving base state. This observation indicates that a configuration
predicted to be unstable by the frozen-base problem may nevertheless be transiently stable during
the early stage of the evolution when the base state changes rapidly. The comparison also shows
that the breakdown of the quasi-steady-state approximation is not controlled by diffusion alone.
Although a small Schmidt number promotes rapid changes of the base state, the discrepancy
between the initial-value problem and the quasi-steady-state approximation becomes significant
also when diffusion is accompanied by sufficiently large density stratification. This indicates that
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Figure 10: Comparison between the quasi-steady-state approximation growth rates and the growth
rate ω̃r extracted from the initial-value problem at kmax. ( ) denotes the quasi-steady-state ap-
proximation and ( ) the initial-value problem.

the density stratification plays an independent role in reducing the separation between the time
scale of perturbation growth and that of base-state evolution. Thus, even when diffusion is only
moderate, sufficiently strong stratification may still induce rapid variations of the base state and
thereby compromise the validity of the quasi-steady-state approximation.

6 Conclusions

This study presents a linear stability analysis of the miscible Rayleigh–Taylor instability in a con-
figuration in which viscosity and mass diffusion are retained consistently within the incompressible
variable-density (IVD) framework. Because compositional diffusion renders the velocity field non-
solenoidal, the diffusive mixing layer is accompanied by a non-zero vertical base velocity. Rather
than prescribing the base state a priori, a self-similar solution is derived directly from the governing
equations, providing a physically consistent starting point for the stability analysis. The complete
self-similar structure reveals features consistent with the asymmetric flow organization observed
in direct numerical simulations of miscible variable-density Rayleigh–Taylor flows (Livescu et al.,
2010). The existence of nontrivial self-similar solutions for the in-plane velocities, governed by
a Sturm–Liouville eigenvalue problem with Hermite–Gaussian eigenfunctions, is also established,
with detailed investigation left for future work.

Freezing this evolving base state within a quasi-steady approximation yields a tractable eigen-
value problem for the growth of perturbations. A scaling analysis of the neglected temporal deriva-
tives shows that the quasi-steady-state approximation is not uniformly valid across the parameter
space. The magnitude of the frozen terms increases with At and decreases with Sc, so that the
approximation is expected to deteriorate at large density contrasts and low Schmidt numbers.

The linearized IVD system is reduced to a coupled vertical-velocity–density formulation, and in
the limit Sc → ∞, the equations reduce exactly to those of Chandrasekhar (1961), establishing the
present framework as a consistent extension of the classical diffusion-free theory to account for mass
diffusion. When mass diffusion is retained at finite Schmidt number, the structure of the linear
spectrum changes qualitatively. An asymptotic analysis in the large-wavenumber limit establishes a
k2 damping of the growth rate, generalizing the heuristic scaling of Duff et al. (1962) and deriving it
systematically from the governing equations. The damping coefficient is governed by a competition
between the locally stratified kinematic viscosity and the reference Schmidt number, and reduces
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to the classical Duff scaling when the local Schmidt number is spatially uniform.
The analysis of the inviscid diffusive limit, introduced to isolate the relevant mechanism, reveals

that the effect of mass diffusion on the instability is more nuanced than simple stabilization. At low
to moderate density ratios, diffusion acts as a purely stabilizing mechanism. At large density ratios,
however, a nontrivial coupling between diffusion and density stratification emerges. The buoyancy
production develops a bimodal spatial distribution with a pronounced peak on the lighter side of
the stratification, while the pressure production becomes comparable to the buoyancy production
and acts as an energy source on the heavier side. Within the frozen-base framework, this coupling
manifests itself as a weakening of diffusive stabilization rather than as a purely stabilizing correction.
From the comparison with the initial-value problem, the strongly diffusive, strongly stratified regime
should be interpreted as a regime in which diffusion–non-Boussinesq coupling becomes important,
but also as one in which the quasi-steady-state approximation must be used with particular caution.

Capturing the effect of diffusion during the linear stages may improve the modeling of RTI.
Kola et al. (2026) showed that, when the instability is analyzed within a statistical linear frame-
work, the mean can exhibit a transient decay before the onset of unstable growth. The duration of
this delay depends on the imposed initial spectrum and varies non-monotonically with the spectral
content of the interface perturbation, suggesting that the diffusive contribution plays an impor-
tant role in characterizing the subsequent evolution of the instability. Since the initial perturba-
tion spectrum in Rayleigh–Taylor instability is naturally broadband and retains energy at higher
wavenumbers (Mueschke et al., 2006), the ability to characterize both the spectral cutoff and the
large-wavenumber growth rates at large Atwood and Schmidt numbers may be relevant to the later
stages of the instability, where these modes contribute to the self-similar evolution observed in the
nonlinear and turbulent regimes (Dimonte et al., 2004; Dimonte, 2004). Diffusion has also been
shown to play an important role in miscible flows beyond the linear regime. In Roberts and Jacobs
(2016), when small-wavelength perturbations are seeded into the flow, the growth parameter of the
mixing width differs significantly between the miscible and immiscible cases at At = 0.48, despite
being independent of the spectral content of the perturbation. This discrepancy was attributed to
miscibility effects acting during the later stages of the instability. In that study, the representative
mixture Schmidt number is Sc ≈ 1.4 × 104, indicating that the miscible experiments of Roberts
and Jacobs (2016) correspond to a Sc → ∞ regime. The present analysis may therefore provide
a basis for designing dedicated experiments to investigate miscibility effects in regimes where the
Schmidt number is of order unity, potentially offering additional insight into the growth parameter
during the later stages of the instability evolution. Overall, deriving the effect of diffusion from first
principles, together with its coupling to viscosity and density stratification, may improve predictive
models of Rayleigh–Taylor instability in regimes where mass diffusion plays a significant role, such
as plasma applications (Vold et al., 2021; Keenan and Sauppe, 2023).
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A Incompressible variable-density reduced formulation

In this appendix, we discuss the linearized equations reported in compact form in (18b) and briefly
outline the derivation of the reduced vertical-velocity–density formulation used in the linear stability
analysis. The set of linearized equation, using Einstein summation notation is given by

∂ρ

∂t
+
∂(ρ0uj)

∂xj
+
∂(ρu0j)

∂xj
= 0, (68a)

ρ
∂u0i
∂t

+ ρ0
∂ui
∂t

+ ρu0j
∂u0i
∂xj

+ ρ0uj
∂u0i
∂xj

+ ρ0u0j
∂ui
∂xj

= − ∂p

∂xi
− ρδi3 +

∂τ
(1)
ij

∂xj
, (68b)

where the linearized viscous stress τ
(1)
ij is given by

τ
(1)
ij = τ

(1,0)
ij + τ

(0,1)
ij , (69a)

τ
(1,0)
ij = µ

(
2S0ij −

2

3
∇ · u0 δij

)
, (69b)

τ
(0,1)
ij = µ0

(
2Sij −

2

3
∇ · u δij

)
. (69c)

with the linearized divergence constraint given by

∇ · u = −Sc−1∇2

(
ρ

ρ0

)
. (70)

For the base state discussed in §2.1, (68b) can be written as

ρẇ0δi3 + ρ0
∂ui
∂t

+ ρw0w
′
0δi3 + ρ0w

′
0wδi3 + ρ0w0

∂ui
∂z

= − ∂p

∂xi
− ρδi3 +

∂τ
(1)
ij

∂xj
. (71)

The vertical momentum equation follows by setting i = 3 in (71). This gives

(
ẇ0 + w0w

′
0

)
ρ+ ρ0

∂w

∂t
+

(
ρ0w

′
0 + ρ0w0

∂

∂z

)
w = −∂p

∂z
− ρ+

∂τ
(1)
3j

∂xj
. (72)

We first define

S0 = ẇ0 + w0w
′
0, (73a)

C0 = ρ0w
′
0 + ρ0w0

∂

∂z
. (73b)

Taking the Laplacian of (72) and using (73) gives(
S0∇2 + 2S′

0

∂

∂z
+ S′′

0

)
ρ+

(
ρ′′0 + 2ρ′0

∂

∂z
+ ρ0∇2

)
∂w

∂t
+

(
C0∇2 + 2C ′

0

∂

∂z
+ C ′′

0

)
w

= − ∂

∂z

(
∇2p

)
−∇2ρ+∇2

(
∂τ

(1)
3j

∂xj

)
.

(74)

We next define the operators

A0 =

[
(ẇ0)

′ + ẇ0
∂

∂z
+ w0w

′
0

∂

∂z
+
(
w0w

′
0

)′]
, (75a)

B0 =

[(
ρ0w

′
0

)′
+ ρ0w

′
0

∂

∂z
+ (ρ0w0)

′ ∂

∂z

]
. (75b)
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Taking the divergence of (71) and using (75) gives the pressure Poisson equation

A0ρ+ ρ0w0
∂

∂z
(∇ · u) +B0w + ρ′0

∂w

∂t
+ ρ0

∂

∂t
(∇ · u) = −∇2p− ∂ρ

∂z
+

∂2τ
(1)
ij

∂xi∂xj
. (76)

Taking the vertical derivative of (76) gives(
∂A0

∂z
+A0

∂

∂z

)
ρ+

∂

∂z

[
ρ0w0

∂

∂z
(∇ · u)

]
+

(
∂B0

∂z
+B0

∂

∂z

)
w +

∂

∂z

(
ρ′0
∂w

∂t

)
+
∂

∂z

[
ρ0
∂

∂t
(∇ · u)

]
= − ∂

∂z

(
∇2p

)
− ∂2ρ

∂z2
+

∂

∂z

(
∂2τ

(1)
ij

∂xi∂xj

)
.

(77)

Subtracting (74) from (77) eliminates the pressure contribution. We define

Lw0ρ = S0∇2 + 2S′
0

∂

∂z
+ S′′

0 − ∂A0

∂z
−A0

∂

∂z
, (78a)

Lw0w = C ′′
0 + 2C ′

0

∂

∂z
+ C0∇2 − ∂B0

∂z
−B0

∂

∂z
. (78b)

Then the reduced equation obtained from (77) minus (74) is

−
(
ρ′0

∂

∂z
+ ρ0∇2

)
∂w

∂t
+

(
ρ′0 + ρ0

∂

∂z

)
∂

∂t
(∇ · u) = − ∂

∂z

[
ρ0w0

∂

∂z
(∇ · u)

]
+ Lw0ρρ+ Lw0ww +∇2

xyρ+
∂

∂z

(
∂2τ

(1)
ij

∂xi∂xj

)
−∇2

(
∂τ

(1)
3j

∂xj

)
.

(79)

The remaining stress contribution in (79) can be shown to be

∂

∂z

(
∂2τ

(1)
ij

∂xi∂xj

)
−∇2

(
∂τ

(1)
3j

∂xj

)
= µ0

(
∂

∂z

[
∇2 (∇ · u)

]
−∇4w

)
+ µ′0

(
2∇2 (∇ · u)− 2

∂

∂z

(
∇2w

))
+ µ′′0

(
∇2w − 2

∂2w

∂z2
+

∂

∂z
(∇ · u)

)
− 2

∂

∂z

(
w′
0∇2

xyµ
)
.

(80)

Using the definitions in (75) and (73), the operators in (78) reduce to

Lw0ρ =
(
ẇ0 + w0w

′
0

)
∇2

xy, (81a)

Lw0w = ρ′0w0
∂2

∂z2
+

(
ρ0w

′
0 + ρ0w0

∂

∂z

)
∇2. (81b)

The last remaining term to rewrite is the time derivative of the velocity divergence. We use

∂

∂t
(∇ · u) = Lρ

(
∂ρ

∂t

)
+ L̇ρ (ρ) , (82a)

Lρ (⋆) = −Sc−1∇2

(
⋆

ρ0

)
, (82b)

L̇ρ (⋆) = Sc−1∇2

(
ρ̇0
ρ20
⋆

)
. (82c)
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Finally, using
µ = Cµρρ, (83)

together with (80), (81), and (82), the rearrangement of (79) gives (41).
The derivation may be summarized as follows:

• First, we take the Laplacian of (72), obtaining (74).

• Second, we take the divergence of (71), obtaining (76). We then take the vertical derivative
of (76), obtaining (77).

• Third, we subtract (74) from (77), which eliminates the pressure term and gives (79).

• Finally, we use (80), (81), (82), and (83) to rewrite (79) in the final operator form (41).

B Viscosity Mixing Law

In this appendix, we examine the sensitivity of the growth rates to the mixing law used to describe
viscosity. For clarity, the discussion is presented in dimensional form. Here, µ1 and µ2 denote the
dynamic viscosities of the two pure fluids, ρ1 and ρ2 their densities, and µ and ρ the corresponding
viscosity and density of the mixture. Let Wα, Xα, and Yα denote the molar mass, mole fraction,
and mass fraction of species α, respectively. For a binary mixture, the mole fraction is defined by

Xα =
Yα
Wα

 2∑
β=1

Yβ
Wβ

−1

, α = 1, 2. (84)

and for the case we are considering
1

ρ
=
Y1
ρ1

+
Y2
ρ2
. (85)

The kinematic viscosity of the mixture is defined by ν = µ/ρ, and the mass fractions satisfy

Y1 =
ρ1X1

ρ
, Y2 =

ρ2X2

ρ
. (86)

Using (84), the density law (85) can be expressed as

ρ = ρ1X1 + ρ2X2. (87)

In particular, once the base-state density is specified by the self-similar diffusive profile (24a), it
follows that

X1 =
1

2

(
1− erf

(z
δ

))
. (88)

This recovers the mole-fraction profile employed by Morgan et al. (2016), but here it arises di-
rectly from the governing equations rather than as an independent modeling prescription. Two
composition-dependent mixing laws for the dynamic viscosity are considered. The first is the linear
law in mole fraction,

µg = µ1X1 + µ2X2, (89)

as used by Morgan et al. (2016) and equivalent to (19) employed in the present work. Combin-
ing (86) with (89) gives in fact the corresponding kinematic viscosity,

νg = ν1Y1 + ν2Y2. (90)
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Figure 11: Sensitivity of the dispersion relation to the viscosity mixing law for At = 0.5, δ = 5,
and Sc → ∞ for negative viscosity ratios, Aµ < 0. The Aµ = 0 reference is denoted by the dashed
blue line ( ).
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Figure 12: Sensitivity of the dispersion relation to the viscosity mixing law for At = 0.5, δ = 5,
and Sc → ∞ for positive viscosity ratios, Aµ > 0. The Aµ = 0 reference is denoted by the dashed
blue line ( ).

The second, following Baltzer and Livescu (2020), is the harmonic law; proceeding similarly,

1

µh
=
Y1
µ1

+
Y2
µ2

=⇒ 1

νh
=
X1

ν1
+
X2

ν2
. (91)

To isolate the effect of viscosity stratification in the absence of mass diffusion, the limit Sc →
∞ is considered. Figures 11 and 12 show that the sensitivity of the dispersion relation to the
closure depends on Aµ. For Aµ < 0, the harmonic law is consistently the most destabilizing and
produces the largest departure from the reference case. For Aµ > 0, the two models are nearly
indistinguishable up to Aµ = 0.50, whereas at Aµ = 0.90 the harmonic law again yields the largest
growth rates. The choice of mixing law is therefore not innocuous; at large viscosity ratios it can
materially affect the predicted growth rates.

The two closures can be related in the reference case ν1 = ν2. When the kinematic viscosities
of the pure fluids coincide, (90) and (91) show that the harmonic and linear laws are identical, and
both yield a constant kinematic viscosity throughout the domain,

νg = νh = ν1 = ν2. (92)
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The harmonic law is often motivated by the observation of Livescu (2020) that several direct
numerical simulations of IVD flows impose

µ

ρD
= Sc = constant, (93)

thereby enforcing a constant local Schmidt number; under this constraint µ is proportional to ρ,
which leads to the harmonic closure. Equation (92) shows, however, that the linear law recovers the
same constant kinematic viscosity in the reference case; the harmonic closure is thus a sufficient,
but not necessary, route to constant local kinematic viscosity.

At large viscosity ratios the harmonic closure differs substantially from the reference case. We
argue that this behavior originates in the base-state viscosity, since the profile obtained from (91)
is not symmetric about the mid-plane z = 0. This loss of symmetry may underlie the anomalously
large growth rates produced by the harmonic law at large viscosity ratios. Aware of this sensitivity,
in the present work we adopt the linear law (90) since it coincides with the harmonic law in the
reference case (92) and is consistent with the observation that the growth rates are expected to
be weakly dependent on the viscosity. An in depth analysis of how different closures shapes the
growth-rate spectrum is beyond the scope of the presente work and left for future investigations;
see Govindarajan and Sahu (2014) for a related discussion.

C Linearized incompressible variable-density system in the limit
of large Schmidt number

In this appendix, we show that, in the limit Sc → ∞, the incompressible variable-density formula-
tion reduces to the classical non-diffusive Rayleigh–Taylor problem considered by Chandrasekhar
(1961) and later employed by Morgan et al. (2016).

Taking (41) in the limit Sc → ∞, the velocity field becomes divergence-free and the base-state
velocity w0, given by (24b), vanishes identically. The governing equations reduce to

−
(
ρ′0∂z + ρ0∇2

) ∂w
∂t

= −µ0∇4w − 2µ′0∂z∇2w + µ′′0∇2w − 2µ′′0∂
2
zw +∇2

xyρ, (94a)

∂ρ

∂t
= −ρ′0w. (94b)

Since the in-plane directions x and y are homogeneous, we apply a Fourier transform in those
directions. Let kx and ky denote the in-plane wavenumbers, and define k2 = k2x + k2y. Using the
identity

− µ0∇4ŵ − 2µ′0∂z∇2ŵ + µ′′0∇2ŵ − 2µ′′0∂
2
z ŵ =

− ∂z
[
µ′0
(
∂2z + k2

)
+ µ0

(
∂2z − k2

)
∂z
]
ŵ + k2

[
2µ′0∂z + µ0

(
∂2z − k2

)]
ŵ, (95)

equation (94a) can be written as

∂z

{
− ρ0∂z

∂ŵ

∂t
+ µ′0

(
∂2z + k2

)
ŵ + µ0

(
∂2z − k2

)
∂zŵ

}
=

k2

{
− ρ0

∂ŵ

∂t
+ µ0

(
∂2z − k2

)
ŵ − ρ̂+ 2µ′0∂zŵ

}
. (96)
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Applying a Fourier transform in time, or equivalently adopting the normal-mode ansatz ent follow-
ing Chandrasekhar (1961), where n is the growth rate, reduces (94b) to

ρ̂ = −ρ
′
0

n
ŵ. (97)

Substituting (97) into (96) and dividing by n

∂z

{
− ρ0∂zŵ +

µ′0
n

(
∂2z + k2

)
ŵ +

µ0
n

(
∂2z − k2

)
∂zŵ

}
=

k2

{
− ρ0ŵ +

µ0
n

(
∂2z − k2

)
ŵ +

ρ′0
n2
ŵ + 2

µ′0
n
∂zŵ

}
. (98)

Equation (98) is precisely equation (22) of Chandrasekhar (1961), and is also the equation employed
by Morgan et al. (2016). We argue that this result justifies interpreting the present set of equations
as the direct extension of the Rayleigh–Taylor problem to gaseous interfaces, with diffusive effects,
viscosity, and density stratification retained consistently.

A note is required regarding this limit. As Sc → ∞ the interface thickness vanishes, δ → 0,
so the initial density profile reduces to a sharp interface. This is consistent with the formulation
of Chandrasekhar (1961), derived for two fluids of different density and viscosity, for which the
appropriate interfacial boundary conditions can be recovered from the equations proposed here; we
do not report them, and refer the interested reader to Chandrasekhar (1961).

D Numerical verification

In this appendix, we document the numerical verification of the solver and organize the tests ac-
cording to the numerical or physical limit being assessed. Section D.1 first examines sensitivity to
the domain half-height and grid resolution, isolating the discretization choices used in the computa-
tions. Section D.2 then verifies the non-diffusive variable-density formulation against the analytical
sharp-interface results of Chandrasekhar (1961). Section D.3 compares the finite-thickness viscous
predictions with the reference data of Morgan et al. (2016). Finally, Section D.4 assesses the solver
against the finite-layer semi-analytical results of Mikaelian (1996), which include discontinuous
density and viscosity.

D.1 Numerical convergence

Figures 13 and 14 examine the sensitivity of the leading growth rate ωr to the domain half-height
Lz and the grid resolution N over the parameter space At ∈ {0.05, 0.4, 0.75}, Aµ ∈ {−0.9, 0.0, 0.9},
and Sc ∈ {0.05, 5, 40}, at the representative wavenumbers k ∈ {10−2, 10−1, 100}. In the domain
study, Lz is varied from 128 to 512 at fixed N = 256. In the resolution study, N is varied from 64
to 192 at fixed Lz = 128. For each (N,Lz) pair, the sinh-stretching parameter β is recomputed so
as to maintain a fixed fraction of the Chebyshev nodes within the interfacial region.

D.2 Verification against Chandrasekhar for the variable-density solver

We first verify the variable-density solver against the non-diffusive constant-viscosity limit associ-
ated with Chandrasekhar (1961). Starting from the general variable-density equations, this limit
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Figure 13: Sensitivity of the leading growth rate ωr to the domain half-height Lz at fixed N = 256,
showing convergence with respect to domain size across representative parameters. Colors identify
At, as indicated in (a), and line styles ( , , ) identify Aµ ∈ {−0.9, 0, 0.9}, respectively. (a)
k = 10−2, Sc = 0.05. (b) k = 10−2, Sc = 5. (c) k = 10−2, Sc = 40. (d) k = 10−1, Sc = 0.05. (e)
k = 10−1, Sc = 5. (f) k = 10−1, Sc = 40. (g) k = 100, Sc = 0.05. (h) k = 100, Sc = 5. (i) k = 100,
Sc = 40.
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Figure 14: Sensitivity of the leading growth rate ωr to the grid resolution N at fixed Lz = 128,
showing convergence with respect to discretization across representative parameters. Colors identify
At, as indicated in (a), and line styles ( , , ) identify Aµ ∈ {−0.9, 0, 0.9}, respectively. (a)
k = 10−2, Sc = 0.05. (b) k = 10−2, Sc = 5. (c) k = 10−2, Sc = 40. (d) k = 10−1, Sc = 0.05. (e)
k = 10−1, Sc = 5. (f) k = 10−1, Sc = 40. (g) k = 100, Sc = 0.05. (h) k = 100, Sc = 5. (i) k = 100,
Sc = 40.
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Figure 15: Verification of the variable-density solver against the analytical growth rates of Chan-
drasekhar (1961) in the sharp-interface limit. ( ) denotes the analytical solution obtained from
equation (100), and ( ) denotes the numerical results.

is obtained by setting Sc−1 = 0 and neglecting viscosity stratification. In the present notation, the
resulting linear operators are

Bww = −
(
ρ′0 ∂z + ρ0∇2

)
, Bwρ = 0, Aρw = −ρ′0,

Aww = −∇4, Awρ = ∇2
xy, Aρρ = 0.

(99)

In this limit, Chandrasekhar (1961) obtained the growth rate by solving

y4 +
(
1−At

2
)
y3 +

(
3At

2 − 1
)
y2 −

(
1 + 3At

2
)
y +At

2 − At

k3
= 0, (100)

from which the temporal growth rate at wavenumber k is

ωr =
(
y2 − 1

)
k2. (101)

The sharp-interface limit is approximated numerically by setting δ = 0.025. Figure 15 shows that
the numerical growth rates agree very well with the analytical prediction over the full wavenumber
range considered.

D.3 Verification against Morgan et al. (2016)

A further verification is provided by comparison with Morgan et al. (2016). This comparison tests
whether the present formulation reproduces the growth-rate trends associated with variations in
interface thickness and viscosity ratio. Figure 16 shows good agreement with the reported reference
data.

D.4 Verification against Mikaelian (1996)

A final and more general verification is provided by comparison with the semi-analytical results
of Mikaelian (1996), which extend Chandrasekhar’s analysis to finite layers with discontinuous
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Figure 16: Verification against the data reported by Morgan et al. (2016), showing that the present
solver reproduces the trends with interface thickness and viscosity ratio. ( ) denotes the present
solver and ( ) denotes the data of Morgan et al. (2016).(a) corresponds to Aµ = 0, At = 0.5, with
varying δ;(b) corresponds to At = 0.5, δ = 5, with varying Aµ.

density and viscosity. In that configuration,

ρ(z) =

{
ρ1, − t1 ≤ z ≤ 0,

ρ2, 0 ≤ z ≤ t2,
µ(z) =

{
µ1, − t1 ≤ z ≤ 0,

µ2, 0 ≤ z ≤ t2.
(102)

The amplitude coefficients satisfy the linear system

1 1 1 1 −1 −1 −1 −1
k q1 −k −q1 k q2 −k −q2

e−kt1 e−q1t1 ekt1 eq1t1 0 0 0 0
0 0 0 0 e−kt2 e−q2t2 ekt2 eq2t2

ke−kt1 q1e
−q1t1 −kekt1 −q1eq1t1 0 0 0 0

0 0 0 0 −ke−kt2 −q2e−q2t2 kekt2 q2e
q2t2

2k2µ1 Q1µ1 2k2µ1 Q1µ1 −2k2µ2 −Q2µ2 −2k2µ2 −Q2µ2
ρ1 + α+ βk α+ βq1 −ρ1 + α− βk α− βq1 ρ2 0 −ρ2 0





A1

B1

C1

D1

A2

B2

C2

D2


= 0,

(103)
which admits nontrivial solutions when

det
(
M(γ, k)

)
= 0. (104)

The definitions of the quantities entering M are given in Mikaelian (1996). Figures 17–19 compare
the present results with the semi-analytical solutions for three representative Atwood numbers at
fixed viscosity ratio, and show good agreement throughout the tested parameter range.

32



0 2 4
0

0.02

0.04

0.06

0.08

0.1

k

ω
r

At = 0.1

H = 2

H = 4

H = 8

H = 16

0 2 4
0

0.1

0.2

0.3

k
ω
r

At = 0.5

H = 2

H = 4

H = 8

H = 16

0 2 4
0

0.2

0.4

k

ω
r

At = 0.9

H = 2

H = 4

H = 8

H = 16

Figure 17: Verification against the semi-analytical growth rates of Mikaelian (1996) at fixed Aµ =
−0.9. H denotes the domain half-height. ( ) denotes the semi-analytical solution obtained from
equation (104), and ( ) denotes the numerical results.
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Figure 18: Verification against the semi-analytical growth rates of Mikaelian (1996) at fixed Aµ =
0.0. H denotes the domain half-height. ( ) denotes the semi-analytical solution obtained from
equation (104), and ( ) denotes the numerical results.
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Figure 19: Verification against the semi-analytical growth rates of Mikaelian (1996) at fixed Aµ =
0.9. H denotes the domain half-height. ( ) denotes the semi-analytical solution obtained from
equation (104), and ( ) denotes the numerical results.
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