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We present a resolvent-based framework for estimating turbulent velocity fluctuations
in the wake of a spanwise-periodic NACAQO012 airfoil at Mach 0.3, Reynolds number
23000, and an angle of attack of 6°. Building on the methodology of Jung et al. (2025,
J. Fluid Mech. 1016, A41), we extend the approach to the more complex regime of a
turbulent wake, which involves three primary challenges: (i) globally unstable modes in
the linearised Navier—Stokes operator, (ii) multi-scale turbulent structures and (iii) high-
dimensional datasets. To address these challenges, we employ a data-driven approach that
constructs causal resolvent-based estimation kernels from cross-spectral densities obtained
via large-eddy simulations. These kernels are derived using the Wiener—Hopf method,
which optimally enforces causality, thereby enhancing real-time estimation accuracy.
The framework captures the spectral signatures of coherent structures and, through
the empirically determined cross-spectral densities, implicitly accounts for the coloured
statistics of the nonlinear forcing acting on the linear system. To handle the computational
demands of the high-dimensional estimation problem, we utilise parallel algorithms
developed within the same framework. We further investigate sensor placement by
analysing single-sensor estimation error and coherence with target flow quantities. Results
demonstrate accurate causal estimation of streamwise velocity for the spanwise-averaged,
spanwise-Fourier-transformed and mid-span flow using limited shear-stress measurements
on the surface of the airfoil. This study underscores the potential of the resolvent-based
framework for efficient estimation in compressible, turbulent environments.
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1. Introduction

The estimation of turbulent wakes behind airfoils has been a longstanding focus in fluid
mechanics, with decades of experimental and numerical studies revealing their complex
dynamics across a range of conditions (Gartshore 1967; Reynolds 1972; Ghaemi &
Scarano 2011; Shamsoddin & Porté-Agel 2017; Gupta et al. 2023; Schauerte & Schreyer
2024). At moderate Reynolds numbers (e.g. Re~20000) and mid-range angles of
attack (6—10°), a turbulent wake forms downstream of a laminar separation bubble and
exhibits vortex shedding near a characteristic Strouhal number (S7, & 0.2) based on
airfoil thickness (Ducoin, Loiseau & Robinet 2016; Yeh & Taira 2019). In recent years,
non-physics-based, data-driven models — such as neural-network surrogates, black-box
system-identification methods and reduced-order models — have demonstrated that key
wake features (e.g. dominant shedding frequency, lift and drag fluctuations and large-
scale velocity structures) can be predicted directly from experimental measurements
without explicitly incorporating the Navier—Stokes equations (HoCevar et al. 2005; Raissi,
Perdikaris & Karniadakis 2019; Sekar er al. 2019). While these approaches can be
remarkably accurate, they typically provide limited physical interpretability and are
challenging to use for long-term, real-time estimation and control of high-dimensional
turbulent flows. This gap motivates the present work. We seek estimation methods that
remain faithful to the underlying flow physics, offer interpretable connections between
measurements and target flow structures and are sufficiently low cost to be deployed in
real time, while still achieving competitive accuracy relative to state-of-the-art data-driven
models.

Among model-based approaches, resolvent analysis has emerged as a powerful tool for
studying coherent structures in turbulent flows and for developing estimation and control
strategies. By interpreting the linearised Navier—Stokes equations as a forced system,
resolvent analysis identifies the input—output relationships associated with the most
amplified flow responses in the frequency domain (Jovanovi¢ & Bamieh 2005; McKeon &
Sharma 2010; Towne, Schmidt & Colonius 2018). These studies have demonstrated that
resolvent modes provide a useful representation of coherent structures in turbulent flows,
and have motivated subsequent developments in resolvent-based modelling and control.
This framework has also been used to guide both open-loop and closed-loop control
designs. For instance, Yeh & Taira (2019) applied resolvent analysis to identify control
parameters for separation control for a NACA airfoil at Re =23 000, a Mach number
of Ma=0.3 and angles of attack of 6° and 9°. Similarly, Liu et al. (2021) reduced
pressure fluctuations over a cavity using resolvent-informed open-loop control, while
Jin, Illingworth & Sandberg (2022) developed a resolvent-based iterative algorithm for
closed-loop estimation and control in cylinder flow.

Building on these foundations, recent work has focused on resolvent-based estimation
techniques that leverage the close connection between resolvent modes and spectral proper
orthogonal decomposition modes (Towne et al. 2018) to construct data-informed models
of coherent structures (Martini et al. 2020; Towne, Lozano-Durdn & Yang 2020; Amaral
et al. 2021; Amaral & Cavalieri 2023; Ying et al. 2023). While these approaches have
shown strong promise in capturing coherent structures from available measurements, most
existing implementations have predominantly relied on non-causal formulations, which
limits their direct applicability to real-time estimation and control. To address this gap,
our recent work has focused on developing causal resolvent-based estimators using the
Wiener—Hopf formalism (Noble 1958), which enforces causality (Daniele & Lombardi
2007; Martinelli 2009) and yields optimal estimation kernels suited for closed-loop control
(Martini et al. 2022) within the incompressible solver. Extending this approach, Jung,
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Bhagwat & Towne (2025) developed an efficient computational implementation integrated
into the compressible solver, successfully validating causal estimation and control methods
for a laminar wake flow. Within the same framework, Towne et al. (2024) demonstrated
the accuracy of linearised Navier—Stokes operators for various flows, leveraging methods
proposed by Nielsen & Kleb (2006) and Bhagwat (2021).

While resolvent analysis is naturally suited to globally stable flows — where the linearised
operator A has all eigenvalues in the stable half-plane and the resolvent (iwl— A)~!
(with @ the temporal frequency and [ the identity) is well defined over the frequencies
of interest — its extension to globally unstable systems is more challenging. In such cases,
the usual interpretation of the resolvent as mapping a forcing to a bounded, steady time-
periodic response breaks down. As a result, unstable eigenvalues produce unbounded
growth rather than a steady state, and their contribution must therefore be treated or
regularised with additional care (Colonius & Towne 2025). One strategy to mitigate this
involves exponential discounting to shift unstable eigenvalues into the stable region of
the spectrum (Jovanovi¢ & Bamieh 2005; Yeh et al. 2020). Alternatively, data-driven
resolvent formulations have been proposed to bypass the reliance on a globally stable linear
operator (Martini et al. 2022; Jung et al. 2025). These methods maintain the benefits of
resolvent-based estimation, specifically by remaining robust against global flow instability.

Linear stochastic estimation and related techniques have a long history in turbulent
flow estimation (Cole, Glauser & Guezennec 1992; Adrian 1994; Tinney et al. 2006;
Murray & Ukeiley 2007). These methods use second-order statistics to construct a linear
map from measured quantities to an unobserved flow variable. Within the resolvent-based
framework, the data-driven construction of the non-causal estimation kernel (Martini et al.
2020) is mathematically similar to frequency-domain stochastic estimators, in that it also
yields a linear, statistically optimal mapping based on prior data. The present framework
differs from this traditional approach in two key respects. First, we explicitly formulate
a causal estimator that uses both past and current measurements to predict the current
state, yielding a time-resolved input—output operator rather than a purely instantaneous
mapping. Second, we embed the estimation problem within the resolvent formalism, so
that the estimator is directly tied to the linear input—output structure of the Navier—Stokes
equations. This connection provides a physics-based lens through which to understand
the method and its results. In this sense, the non-causal estimator recovers a classical
stochastic-estimation-like mapping from measurements to target quantities, while the
resolvent-based causal formulation represents a systematic extension of these ideas.

Sensor placement is crucial for accurate flow estimation, influencing the fidelity of
sensor-based measurements and subsequent control strategies. While formal optimisation
of sensor placement can significantly enhance estimation accuracy (Manohar et al.
2018; Sashittal & Bodony 2021; Jin et al. 2022), such approaches often face practical
limitations due to physical and operational constraints. Consequently, this study does not
explicitly aim to optimise realistic sensor placement. Instead, effective sensor locations
are determined empirically by assessing coherence between individual sensor—target pairs
and by investigating single-sensor estimation errors, thereby providing practical insights
relevant to realistic experimental scenarios. Within resolvent-based frameworks, spatial
coherence has emerged as a particularly valuable metric for evaluating the suitability
of sensor—target pairs. Recent experimental studies (Maia et al. 2021; Audiffred et al.
2023, 2024) and numerical analyses (Towne et al. 2024; Jung et al. 2025) demonstrate
that coherence-based approaches effectively identify regions that yield accurate estimation
and control. Furthermore, analysing single-sensor estimation errors offers direct guidance
for selecting sensor locations, particularly in high-coherence regions or along predictable
disturbance propagation paths (Jung et al. 2025). Alternatively, streamline visualisations

1033 A22-3


https://doi.org/10.1017/jfm.2026.11444

https://doi.org/10.1017/jfm.2026.11444 Published online by Cambridge University Press

J. Jung and A. Towne

can effectively identify sensor placements dynamically connected to target regions in
convectively dominated flows (Jung 2024).

The objective of the present study is to estimate unsteady turbulent fluctuations in the
wake of a NACAOQ012 airfoil at Re =23 000 using limited measurements on the surface
of the airfoil. Building on our prior work on a laminar wake (Jung et al. 2025), we
employ a causal resolvent-based estimation approach and focus on estimating velocity
fluctuations in the turbulent wake, for which the flow exhibits a broadband, multi-scale
dynamics rather than periodic shedding. Unlike the laminar case, no upstream forcing is
required to induce chaotic fluctuations; instead, we estimate naturally occurring turbulent
fluctuations. The linearised Navier—Stokes operator in this regime is globally unstable,
making traditional resolvent formulations poorly suited. To address this, we adopt a data-
driven approach that constructs transfer functions from nonlinear simulation data, using
empirical cross-spectral densities to approximate the resolvent operator (Martini et al.
2022; Jung et al. 2025). These estimators leverage the statistical structure of coloured-in-
time nonlinear forcing (Zare, Jovanovi¢ & Georgiou 2017; Towne et al. 2020; Morra et al.
2021) and can be constructed without a priori model reduction, maintaining computational
efficiency. Furthermore, we enforce causality through a Wiener—-Hopf-based formalism
(Noble 1958), enabling real-time estimation for control applications (Jung et al. 2020;
Martini et al. 2022). This work demonstrates that resolvent-based methods can provide
accurate, interpretable and scalable estimators for spanwise-periodic turbulent wakes by
exploiting coherent flow structures (Towne et al. 2018).

The remainder of this paper is organised as follows. In §2, we describe the flow
configuration, numerical simulation, validation procedures and the dataset used to
construct data-driven estimation kernels. Based on this single simulation, we consider
three estimation cases that target: (i) the spanwise-averaged flow, (ii) an individual
spanwise-Fourier mode and (iii) the full three-dimensional flow field at the mid-span
plane. In § 3, we briefly outline the resolvent-based estimation framework, including the
theoretical formulation, the derivation of the causal resolvent-based estimation kernels
via the Wiener—-Hopf method and implementation of the resolvent-based estimation tools.
Estimation results for the three cases are discussed in detail in § 4. Finally, concluding
remarks and future research directions are presented in § 5.

2. Problem set-up
2.1. Problem description

We consider the turbulent wake of a NACAO0O012 airfoil at a moderate chord-based
Reynolds number of Re;, =23000 and an angle of attack of o =6°, as studied in
several previous works (Kojima et al. 2013; Munday & Taira 2018; Yeh & Taira 2019;
Towne et al. 2023). The free-stream Mach number is set to Maso = Uy /coo = 0.3, where
U and co denote the free-stream velocity and sound speed, respectively. Shear-stress
sensors are placed on the airfoil surface, while the targets are located downstream in the
turbulent wake (see § 4 for details). In this paper, we present a resolvent-based estimation
of the time-series fluctuations in the streamwise velocity u’. about the time-averaged mean
flow 1.

2.2. Simulation

A large-eddy simulation (LES) utilising the high-fidelity compressible flow solver
CharLES from Cadence Design Systems (Bres et al. 2017, 2018, 2022; Yeh & Taira
2019) is conducted to simulate turbulent airfoil flow. The simulation is conducted
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Figure 1. Computational mesh and simulation: (@) the complete C-shaped grid, with a zoomed-in view of
the mesh near the wall shown in the inset; (b) the mean streamwise velocity u,; and (c) a snapshot of the
instantaneous streamwise velocity u, obtained from the large-eddy simulation.

on Koehr, the U.S. Department of Defense’s supercomputer, an HPE SGI 8600
system with a peak performance of 3.05 PFLOPS. For this study, 50 nodes of the
supercomputer, each equipped with 48 cores, were utilised. A C-shaped mesh, generated
using Pointwise, is depicted in figure 1(a). Figures 1(b) and 1(c) illustrate the mean
and instantaneous streamwise velocity fields, respectively. The airfoil’s leading edge is
positioned at the origin, x/L. =y/L.=0. The computational domain spans x/L. €
[—20, 21], y/L. €[-20, 20] and z/L. € [-0.1, 0.1]. Compared with other studies, we
do not employ adaptive mesh refinement. Instead, to reduce the total number of cells,
we refine the mesh in the transverse and spanwise directions. A characteristic boundary
condition [p, uy, uy, Uz, pl =[poc, Uso, 0, 0, p], Where p is the fluid density, U is the
freestream velocity, and p is the pressure, was applied at the domain edges, with a sponge
layer implemented for x/L. €[11, 21] to mitigate spurious reflections at the outflow.
Previous work has shown that airfoil wakes at moderate Reynolds numbers can be sensitive
to numerous factors, including free-stream disturbances. No incoming perturbations are
imposed in the present simulation. The grid contains approximately 39.5 million cells.
Time integration is performed with a maximum Courant-Friedrichs—Lewy number of
0.84, consistent with previous studies (Yeh & Taira 2019; Towne et al. 2023). To obtain
the dataset used to construct the transfer function, flow-field snapshots are collected at a
constant time step of AtUso /L. =4.32 x 1073,

We validate the LES by comparing the pressure coefficient (C}) and the aerodynamic
force coefficients (Cp and Cp) with previous works in table 1 and figure 2. These are
defined as

- F F
Cp=t—2 cp=7-L— and Cp=7—1— @.1)
EpooUgo EpooUgoA EpooUgoA

where Cp is the drag coefficient, Cy is the lift coefficient, F/p and Fj are the drag
and lift forces, respectively, and A is the reference area. Here, the overbar (-) is used
to indicate a time average. Experimental data are provided by Kim er al. (2009). The
closest analogue to our simulation is that of Yeh & Taira (2019), which entails the same
physical set-up and solver but a different grid. The simulations of Kojima et al. (2013)
and Munday & Taira (2018) differ due to their use of an incompressible flow solver. As
summarised in table 1, the present time-averaged lift and drag coefficients differ from
those of Yeh & Taira (2019) by 4 % and 0.4 %, respectively. These discrepancies lie within
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CD éL
Present study 0.0663 0.5836
Yeh & Taira (2019) 0.066 0.609
Munday & Taira (2018) 0.062 0.637
Kojima et al. (2013) 0.054 0.639

Table 1. Comparison of the time-averaged drag and lift coefficients with the reference data for a NACA0012
airfoil at Rey, =23 000 and angle of attack 6°.

72 T T T T
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s — — — - np 9%
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— Yeh & Taira (2019)
— Kojima et al. (2013) | |
o Kim et al. (2009)
1 1 1 1
0 0.2 0.4 0.6 0.8 1.0
x/L,

Figure 2. Comparison of the pressure coefficient C;, with previous works.

Roll-up

x/L,~ 0.4 Laminar-turbulent transition

Separation bubble

Turbulent wake

Figure 3. Visualisation of the Q-criterion showing the key flow features.

the range typically reported between independent simulations of similar flows. In addition,
the surface pressure distribution in figure 2 exhibits trends and overall behaviour that
are consistent with both the experimental data of Kim et al. (2009) and the numerical
results of Kojima et al. (2013). These comparisons support the adequacy of the present
grid resolution and LES set-up for the present study.

As shown in figure 3, the shear layer roll-up on the suction surface occurs at x /L. ~ 0.4,
leading to spanwise vortices. A laminar separation bubble is observed on the suction
side of the airfoil in the region 0.1 <x/L. < 0.84, as indicated by the mean streamwise
velocity shown in figure 1(b). Laminar—turbulent transition is detected at x /L. ~ 0.6, as
determined by the termination of the pressure coefficient plateau illustrated in figure 2.
Finally, a turbulent wake develops behind the airfoil.
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2.3. Dataset

We consider three distinct representations of the spanwise-periodic flow: spanwise-
averaged, spanwise-Fourier and mid-span plane cases. The spanwise-averaged case is the
simplest representation, defined mathematically as

1 L./2
e (X, Y, 1) = — X, V,2z,t)dz, 2.2
9 span av(g( v, 1) L, /LZ/Zq( y, 2, 1)dz (2.2)
where L. is the spanwise length. Here, ¢,,4,-4,, denotes a spatially averaged quantity in
the spanwise direction. Spanwise-Fourier decomposition, a common technique in biglobal
stability analyses of three-dimensional flows (Theofilis 2003), has been previously utilised
to investigate resolvent gains at various spanwise wavenumbers (Yeh & Taira 2019; Towne
et al. 2023). We similarly analyse spanwise-Fourier modes defined by

1 L2 .

g(x,y kz, 1) = —/ q(x,y, z, e " dz, (2.3)
L:J-rp2

where k, denotes the spanwise wavenumber. This approach allows us to progressively

incorporate more complex flow structures by examining the spanwise-Fourier modes.

Finally, the mid-span plane case focuses on the flow at the central spanwise location,

defined as

qmid(x7 yst):q(xaya Tmid» t)? (24)

where z,,;4 = 0 is the mid-span location. This representation helps capture spanwise effects
in the estimation process by examining the flow at a representative spanwise position and
is consistent with a realistic use case where sensors are distributed along the airfoil at a
single spanwise position. These representations enhance our understanding of spanwise
effects on the flow and support investigations into sensor placement and flow estimation
strategies for a spanwise-periodic flow.

The dataset comprises n; =75000 time-resolved, three-dimensional snapshots of
[p, puy, puy, puy, T1, where T is the temperature, spanning a non-dimensional time
window of tUs /L. € [0, 324]. These snapshots are sampled at a uniform interval of
AtUs /L. =0.00432, which resolves the dominant vortex-shedding frequency at St, =
fLc(sina)/Us &~ 0.15. This finer temporal resolution and longer duration compared
with previous datasets (Towne et al. 2023) enable capturing of smaller-scale turbulent
fluctuations in time and provide a larger number of snapshots, resulting in improved
convergence of the estimation kernels. The time window captures approximately 466
shedding cycles, providing a sufficiently long time series to ensure statistical convergence
of spectral quantities, including the cross-spectral densities used in constructing the
estimation kernel. The spatial domain covers x/L. € [-0.5, 2.5] and y/L. € [-0.5, 0.5],
capturing the near-wake region with high spatial fidelity.

To construct resolvent-based estimation kernels, we follow the implementation of Jung
et al. (2025). Prior to estimation, the dataset was preprocessed by subtracting the temporal
mean from each variable and applying a Hamming window (Hamming 1997) to reduce
spectral leakage in the Fourier transform. The dataset is divided into 80 % for training
and 20 % for testing, using a single fixed partition. This same training—testing split is used
for all three estimation cases (spanwise-averaged, spanwise-Fourier and mid-span). Given
that the dataset contains more than 400 shedding cycles, this fixed split is expected to
provide statistically representative training and testing sets. For assessing generalisation
performance, 80 % of the data are used to train the estimation model, while the remaining
20 % are reserved for testing.
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3. Resolvent-based estimation framework

In this section, we briefly review the resolvent-based estimation framework developed in
recent studies (Martini et al. 2020, 2022; Towne et al. 2020; Jung et al. 2025).

3.1. Estimation system
We start with the compressible Navier—Stokes equations written as

Y _ Fig) (3.0
or ‘
where ¢ is a state vector of flow variables [p, puy, puy, pu;, pE]" and F is the nonlinear
Navier—Stokes operator. The equations are linearised using a Reynolds decomposition,
giving
aq’ _
———Ag'=fq.q), (3.2)
at
where ¢ and ¢’ represent the mean and perturbation state vectors of the flow variables,
respectively, A= (3.F/ 8q) |7 is the linearised Navier—Stokes operator and f represents the
remaining nonlinear terms. For convenience, we drop the (+)" superscript for perturbations
from this point on.
To derive the estimation method, we consider a generalisation of (3.1) in the form of the
linear-time-invariant (LTT) system

d
d—‘f(z) = Aq(1) + B/ f (1), (3.3a)
y()=Cyq(t) +n(1), (3.3b)
2(t) = Coq(1), (3.3¢)

where the forcing matrix By € C"*"/ can be used to restrict the form of the forcing f, and
the measurement y and target z indicate readings of the state perturbation extracted by a
measurement matrix C, € C"»*" and a target matrix C, € C":*". The number of sensors
and targets is denoted n, and n;, respectively. The vector n indicates the sensor noise. The
measurement y is chosen to be the shear stress t,, at one or more points on the surface
of the airfoil. It is computed from the state ¢ using a suitably defined measurement matrix
C,, as in Jung et al. (2025). The target z represents one or more Gaussian sensors, each
with spatial support given by

qe~ X208 =(y=ye)* 207~ (=20 /207 (3.4)

where oy, 0, and o, define the width of the Gaussian distribution in each coordinate
direction, and « is a weighting factor representing the integrated contribution over the
Gaussian support. In this study, we set all Gaussian widths to the same value, o, =0, =
0, =0.2. These targets are extracted from the state using the target matrix C,.

By Fourier transforming the linear system into the frequency domain and defining the
resolvent operator as R= (iwl — A)~!, where /is the identity matrix and e is the temporal
frequency, we derive modified resolvent operators used for constructing the resolvent-
based kernels for estimation. The measurement and target vectors can be written as

J=Ryf +i, (3.5a)
t=R;f, (3.5b)
1033 A22-8


https://doi.org/10.1017/jfm.2026.11444

https://doi.org/10.1017/jfm.2026.11444 Published online by Cambridge University Press

Journal of Fluid Mechanics

with Ryr = CyRBy, and R,y = C.RBy. The notation (*) indicates a quantity in the
frequency domain.

3.2. Kernels for resolvent-based estimation

We perform estimation with three different kernels: non-causal, truncated non-causal
(TNC) and causal (Martini et al. 2022). In the context of this work, an estimator is
called causal if it depends only on past and present sensor measurements, but not on
future measurements. To make this precise, we introduce the time lag 7, which appears
in convolution as ¢ — t. For a given estimation time ¢, values with t > 0 correspond to
past times, T = 0 corresponds to the present time, and T < 0 corresponds to future times.
A causal estimator therefore uses only t > 0, whereas an estimator that uses t <0 is
non-causal.

First, we start with a fully non-causal estimator using a convolution function, written as

Fre() = / Toelt —7) y(r) dr, (3.6)

where T,. € R":*"y is a non-causal estimation kernel between the sensor measurements
and the estimated target state. The objective is to select the kernel to minimise the expected
value of the estimation error e(t) = Z(t) — z(t), formalised by the cost function

oo
de= [ Blewiemar 37

—00
where E{-} is the expectation operator. The overall estimation framework is illustrated in
the block diagram in figure 4(a). By minimising the cost function, we obtain a non-causal
estimation kernel

2 F ot £ iy —1
T.(w)= (R FR)(Ry FRI, + N)™, (3.8)

where F= E{ f f I} and N= E{ﬁsz} denote the forcing and sensor-noise cross-spectral
density matrices, respectively. Note that the space—time colour of the forcing terms is
explicitly included in (3.8), so that the nonlinear dynamics of the flow can be statistically
accounted for in the transfer function.

Second, for real-time estimation, only current and past (but not future) sensor
measurements are available. A common practical approach is therefore to truncate the
non-causal kernel by setting the part associated with future measurements (7 < 0) to zero.
Using the time-lag variable explicitly, we define the TNC kernel as

TnC(T)a T 2 07

Tine(7) = 0, r <0, (3.9)
so that the TNC estimates are computed as
0
Zine(t) = / Tine(t — 1) y(r)dr, (3.10)
—00

which uses only past and present measurements relative to time ¢. The TNC estimator is
causal in terms of the information it uses; the adjective ‘non-causal’ refers only to how
the kernel is constructed (by truncation of a non-causal solution) rather than to its actual
temporal support.

Lastly, we derive an optimal causal estimation kernel by enforcing the causality
constraint directly in the cost function via a Wiener—Hopf formalism. A causal estimator
is written as

1033 A22-9
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Figure 4. Block diagram of resolvent-based estimation: (a) design of the resolvent-based estimator based on
the linear system and (b) application to the nonlinear system. Here, (-)’ indicates fluctuations around the mean
quantity, (+) denotes mean quantity and (*) represents an estimated quantity.

0
Fo(t) = / T.(t—1) y(r) dr, G11)

where T, € R">" is the causal estimation kernel. To impose causality, we require that the
kernel vanishes for negative time lags, T.(t < 0) =0, so that the estimator depends only
on past and present measurements. This constraint is enforced by introducing a Lagrange
multiplier A_(#), which acts on the non-causal part of the kernel, i.e. the component
whose inverse Fourier transform is supported on T < 0. The cost function in (3.7) is then
modified to

Jo= / (Ele) e} + A_(t) To(t) + A" (1) To(0)) dr. (3.12)

Here, the subscripts (+)4+ and (-)_ denote, respectively, the components of a matrix or
function whose inverse Fourier transforms are supported on t > 0 (causal) and 7 < 0 (non-
causal), obtained via a Wiener—Hopf factorisation. The optimisation problem in (3.12)
therefore seeks the kernel T.(t) that minimises the mean-square estimation error subject
to the causality constraint T.(t < 0) =0.

In this framework, variation of J, with respect to A_ enforces the condition (T;)_ =0,
i.e. that there is no support for 7 < 0, while variation with respect to T, yields the optimal
kernel under this constraint. The Lagrange multiplier A_ is thus associated specifically
with the non-causal component (+)_, and its role is to drive that component of the kernel
to zero. A brief summary of the Wiener—Hopf procedure is provided with further details
in Appendix A. The resulting causal kernel in the frequency domain is

Tuw) =[Ry FR, (Ry FRI, + N1, (Ry FR + N (3.13)

All the transfer functions we consider involve the forcing cross-spectral density matrix
that can account for the impact of the nonlinearity in a statistical sense. However,
our method is more suitable for the real-time estimation approach since causality is
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constrained. In this paper, we present the results for both the causal and TNC transfer
functions to assess how optimally enforcing causality impacts the estimation accuracy for
turbulent flow.

The linearisation about the turbulent mean is globally unstable (Yeh & Taira 2019).
While the resolvent operator R(iw) = (iwl— A)~! is a standard frequency-domain
object, the central difficulty in the present work is not its formal definition but the
assumptions required to construct an optimal transfer function from it. Our derivation
of the resolvent-based estimator (and its equivalent frequency-domain transfer function)
assumes statistically stationary input/output processes, so that time-invariant correlations
and cross-spectral densities exist. This assumption is satisfied by the statistically stationary
nonlinear (LES) data used in this work. In contrast, trajectories generated by integrating
an unforced unstable linear system grow exponentially and are not statistically stationary,
so the correlations/spectra needed by the Wiener—Hopf method are not well defined in
that setting. Therefore, even if one were to numerically regularise the unstable integration
(e.g. via discounting), the resulting signals would correspond to a modified, non-physical
process and would not provide an appropriate proxy for the stationary turbulent statistics
for which the optimal kernels are derived. To circumvent this issue, we use a data-
driven approach (Martini et al. 2022) that estimates the required correlations/cross-spectra
directly from statistically stationary flow data (Audiffred et al. 2023; Jung et al. 2025),
thereby constructing the same resolvent-based kernels without explicitly integrating the
unstable linearised operator.

Following the notation of the LTI system in § 3.1, the datasets of the sensor and target
readings are Fourier transformed, expressed as

y R, 1||7

Assuming that the additive sensor noise is uncorrelated with the forcmg, ie. E{n f } =
E{f nT} =0, and defining the noise-free measurement signal y; = Ry ¢ f computing the
cross-spectral density of [y, 2]7 gives

{Syy Syz} _ [Ryf’:-R;f R fFR }

. (3.15)
Sy S R FR, R fl-'nT

with Sy, =E{j’sjz;f} and Szy_E{ijJ;} The sensor-noise cross-spectral density N=

E{an'} is incorporated separately when forming the estimation kernels. In practice, these
cross-spectral density (CSD) matrices are obtained directly from the time-resolved data.
Specifically, we compute the Fourier transform of the measured time series using a discrete
Fourier transform, and then form the CSD by Welch’s method (Welch 1967). Since the
right-hand side of (3.15) contains the terms needed to build the estimation kernels, this
shows that the correlations on the left-hand side can be used in their place in (3.8) and
(3.13). The data-driven non-causal and causal estimation kernels in (3.8) and (3.13) are
computed using the CSDs from (3.15), yielding

Te=8,(S), + N, (3.16a)
T.=[8,(5,, +N~'], (S, + M7". (3.16b)

Note that in the derivation, the forcing CSD F appears explicitly in (3.16). As a result,
the CSDs inherently contain statistical information about the nonlinearities of the flow
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Figure 5. Flowchart of the resolvent-based estimation tool within a compressible flow solver. Dashed-line
boxes represent the resolvent-based tool integrated into the existing computational fluid dynamics (CFD) solver
(solid-line box). Blue boxes, including those outlined in red (offline run) and orange (build kernels) dashed
lines, indicate offline processes, while black boxes with green solid outlines represent online (estimation)
processes. Here, WH decomposition refers to Wiener-Hopf decomposition.

through F. In the data-driven approach, F is accounted for implicitly in (3.15) through
the empirically obtained CSDs Sy, and S;,. The mean flow is subtracted from both the
measurement readings and target values. Estimation kernels are computed offline for the
linear system, as illustrated in figure 4(a). These kernels are then used for real-time (online)
estimation of velocity fluctuations in the wake, applying the approach to the nonlinear
system, as depicted in figure 4(b).

3.3. Implementation of resolvent-based estimation

We employ recently developed resolvent-based estimation and control tools integrated
within the compressible flow solver CharLES (Towne er al. 2024; Jung et al. 2025),
which was carefully designed to scale to large-scale problems such as a turbulent
wake. Originally inspired by the incompressible solver implementation by Martini et al.
(2022), the approach was extended by Jung et al. (2025) to compressible flows using
parallel algorithms written in C++-, built directly upon the existing solver architecture.
These resolvent-based tools are tightly integrated with the solver, enabling in situ
computations during simulations. Moreover, our modular software design simplifies
integration with other relevant software packages and ensures straightforward deployment
in high-performance computing environments.

An overview of the implementation is shown in figure 5. Our compressible resolvent-
based tool integrates external libraries such as PETSc (Balay et al. 2019) and FFTW
(Frigo & Johnson 2005), enabling scalable parallel computation through in situ
matrix operations with flow quantities during the training process. The tool constructs
measurement matrices (C, and C;) using control volume indices from the CFD mesh. For
cases involving high-rank targets (n, >>ny), an online discrete Fourier transform (DFT)
is used to minimise memory consumption while preserving time-resolved information
(Schmidt & Towne 2019; Farghadan et al. 2024, 2025). Training data are obtained from
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LES, and the corresponding CSDs are used to generate the estimation kernels. The DFT
parameters used to obtain converged kernels are described in Appendix B.

Importantly, our framework uses only a small number of spatial locations for both
sensors and targets, which makes the data requirements compatible with realistic
experimental set-ups. In this sense, the extension to experimental data is straightforward.
That is, one replaces the LES time series with experimentally measured time series,
while the estimation procedure itself remains unchanged and continues to avoid any direct
handling of the unstable resolvent operator.

4. Results

We demonstrate the effectiveness of the causal resolvent-based approach for predicting
turbulent fluctuations over a NACAQO12 airfoil at a 6° angle of attack. Unlike earlier
resolvent-based studies that employed non-causal estimation methods (Martini et al. 2020;
Towne et al. 2020; Amaral et al. 2021; Amaral & Cavalieri 2023), the causal estimator
uses only present and past measurements and kernels optimised for this purpose via
the Wiener—Hopf method (Martini et al. 2022). This causality enforcement makes our
method suitable for real-time applications. This work is the first numerical investigation
explicitly applying the Wiener—Hopf method to enforce causality in turbulent flow
estimation, extending previous efforts primarily focused on experimental flow-control
studies (Audiffred ef al. 2023, 2024) and laminar-flow scenarios (Martini et al. 2022; Jung
et al. 2025).

As previously mentioned, our analysis centres on the spanwise-averaged, spanwise-
Fourier and mid-span plane cases, as depicted in figure 6. The specific target locations
analysed in the wake region are also highlighted in figure 6(a). The spanwise-averaged
case provides a concise yet informative view of spatial structure in the spanwise direction,
enabling a focused analysis of sensor positioning in the streamwise and cross-stream
planes. We progressively incorporate more complex flow structures by examining the
spanwise-Fourier modes, with particular attention to the most energetic mode at k, = 107,
and the flow on the mid-span plane to better capture spanwise effects in the estimation
process.

In this study, we compare the causal estimation performance with that of a TNC
estimator. The fully non-causal estimation kernel cannot be used directly for real-time
applications because its time support extends into the future. Any practical real-time
implementation must therefore truncate the kernel in time so that only past and present
measurements are used. As shown in (3.9), this truncation yields the TNC kernel (which
is causal but not optimal) used in practice, whose performance can be directly compared
with that of the optimal causal estimator.

Given the large number of potential sensor positions available on the three-dimensional
airfoil surface, our investigation begins with selecting the most effective sensor locations
based on single-sensor estimation error metrics and coherence analyses. Subsequently, we
examine the power spectral density (PSD) at these selected sensor and target locations
to better understand their frequency-domain characteristics. We then construct estimation
kernels specifically designed for multi-sensor estimation, analysing their characteristics
in both the time and frequency domains to gain insight into their role in estimation
performance. Finally, we present multi-sensor estimation results, quantifying errors at both
single target points and over extended target regions, to demonstrate the accuracy of the
resolvent-based method.

1033 A22-13


https://doi.org/10.1017/jfm.2026.11444

https://doi.org/10.1017/jfm.2026.11444 Published online by Cambridge University Press

J. Jung and A. Towne

/Uso

/
X

®)

/Uso

/
X

/Uso

/
X

Figure 6. Streamwise velocity fluctuation fields (u),/Us) for (a) spanwise-averaged, (b) spanwise-Fourier
mode k; = 107 and (c¢) mid-span plane cases. Target locations (z1, 22, 23, z4) are indicated by blue circles and
positioned downstream of the trailing edge at streamwise coordinates x /L. =[1.2, 1.5, 2.0, 2.5] for a constant
transverse position y/L, = —0.11.

4.1. Investigation of sensor placement

Sensor placement is guided by evaluating single-sensor estimation error metrics, similar to
the approach in Jung er al. (2025), as well as assessing coherence between sensor and target
locations (Maia et al. 2021; Audiffred et al. 2024). The estimation error used throughout
this paper is quantified by the metric (Martini et al. 2022; Jung & Towne 2024; Jung et al.
2025)

£ i JE W —zi@0)*dr
i [(zi(1)2dr
where z; and z; represent the estimated and true values at the ith target location,

respectively. Additionally, coherence provides valuable insights into frequency-dependent
estimation performance and is defined as (Towne et al. 2020)

)}/\ (0) = |syz (w)]
a Sy (@)y/S2(@)

where S, denotes the CSD between sensor and target, and S,, and S_; denote their
respective PSDs. The CSDs and PSDs are computed as described in (3.15).

Figure 7 presents spatial maps of estimation errors for a single sensor estimating
streamwise velocity fluctuations at a single target location. Results are compared between
the TNC (panels a,c,e) and causal (panels b,d,f) estimation approaches, covering three
different flow representations: spanwise-averaged case (panels a,b), spanwise-Fourier
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Figure 7. Estimation error maps for the streamwise velocity fluctuation u/ in single sensor—target
configurations: (a,b) spanwise-averaged flow, (c,d) spanwise-Fourier mode for k; = 10 and (e, f) mid-span
plane flow. Results using the TNC approach are shown in panels (a,c,e), while the causal estimation results are
shown in panels (b,d, f).

modes at wavenumbers k, = 10w (panels c¢,d) and mid-span plane case (panels e,f).
For the spanwise-Fourier case, we focus specifically on the wavenumber &k, = 107, as it
represents the lowest frequency and highest energy modes identified by previous resolvent
gain studies (Yeh & Taira 2019; Towne et al. 2023).

Sensor locations are characterised using the coordinate s, defined such that positive
values correspond to the suction surface and negative values to the pressure surface
of the airfoil, with the magnitude representing the normalised streamwise position
(x/L¢). Overall, the causal estimator improves upon the TNC estimator across the
tested configurations, with the most pronounced gains occurring when the non-causal
kernel has significant energy for v <0. For the spanwise-Fourier case at k, = 107w,
the improvement is small because the dominant kernel peak occurs for t > 0. This
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Figure 8. Estimation errors of streamwise (a) and cross-streamwise (b) velocities as a function of the sensor
location on the airfoil surface. The blue, orange and purple lines represent spanwise-averaged (S-A), mid-span
(M-S) and spanwise-Fourier (S-F) (k; = 10mr) flows, respectively. The solid diamond (¢) and dashed square
(O) lines denote the causal and TNC approaches, respectively.

advantage is particularly noticeable near the trailing-edge region (1 <x/L. < 1.5)
and prominently so when sensors are positioned on the front surfaces of the airfoil
(—0.5 < s <0.5). The performance improvement is more pronounced for the spanwise-
averaged flow compared with the mid-span flow. This difference arises primarily due
to the characteristics of the laminar region spanning —0.5 < s < 0.5 on the surface of
the airfoil, where larger spanwise structures exist, resulting in less information about
turbulent fluctuations in the wake, diminishing estimation accuracy. The detrimental
impact of laminar regions on estimation accuracy is especially evident in the spanwise-
Fourier modes. For the spanwise-Fourier modes, sensors located within the laminar
region (—0.5 <5 < 0.5), particularly on the pressure surface (—0.5 < s < 0), exhibit poor
estimation performance. This effect is notably stronger at low wavenumbers, e.g. k; = 107,
likely due to its larger associated spanwise structures compared with higher wavenumbers,
e.g. k; =20m. However, downstream of the laminar-to-turbulent transition, estimation
performance significantly improves due to the emergence of large-scale turbulent
structures within the wake that are better correlated with the measurements.

Figure 8 presents the average estimation errors over the wake region as a function of
sensor location s, comparing spanwise-averaged (S-A), spanwise-Fourier (S-F) and mid-
span plane (M-S) flows. These results are shown separately for the streamwise velocity
fluctuations (), panel @) and the cross-streamwise velocity fluctuations (u/y, panel D).
Here, we report the average error over a set of targets in the wake that are uniformly
distributed along the line segment 1 <x/L. <2.5 and y/L.= —0.11. The resolvent-
based kernels, which inherently include the linearised Navier—Stokes operator, estimate
both velocity components from shear-stress sensor measurements, although the errors
can be substantial in some cases. This effectiveness implies potential applicability of our
method for estimating other relevant flow quantities that are derivatives of the velocity
field, such as the vorticity field. Sensors placed on the pressure surface generally yield
higher accuracy in spanwise-averaged and mid-span flows. Interestingly, the laminar
region on the suction surface also performs well for estimation in spanwise-averaged flows,
which contrasts with the results shown previously in figure 7. This discrepancy arises
because the targets analysed in figure 8 span both the near-wake and far-wake regions
downstream of the trailing edge, thereby incorporating regions of different coherence
characteristics. Additionally, we observe a deterioration in estimation accuracy for sensors
within the laminar separation bubble region (0.4 < s < 0.7), although accuracy improves
progressively as the sensor location approaches the trailing edge.
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Figure 9. Coherence of the streamwise velocity with respect to the target z; (x/L. = 1.2) for the
spanwise-averaged, mid-span and spanwise-Fourier (k; = 107r) cases.

Overall, superior estimation performance is achieved for the spanwise-averaged
flow compared with the mid-span flow, with the spanwise-Fourier modes exhibiting
intermediate performance. This is primarily due to the limitations inherent in using
only a single sensor. The S-F and M-S cases exhibit smaller-scale dynamics in the
flow, as shown in figure 6. Using a single sensor, the dominant flow structures are
already captured within the finite non-causal window, so enforcing causality provides
only a limited additional benefit. In other settings where the relevant dynamics is more
spatially extensive, the advantage of the causal estimator is more pronounced, as in the
S-A case. This improvement becomes more pronounced as we use more sensors. These
results are consistent with the multi-sensor estimation results we will investigate in § 4.4.
Based on these observations, sensor positions near the trailing edge (0.5 <x/L. < 1)
and on the upstream suction (0 < x /L. < 0.3) and pressure (—1 < x/L. < —0.7) surfaces
are identified as particularly effective locations for achieving high-performance resolvent-
based estimation.

In figure 9, we examine coherence of the streamwise velocity fluctuations between the
sensor and the wake regions for the spanwise-averaged, mid-span and spanwise-Fourier
(k; = 10m) cases at the sensor locations where single-sensor estimation was effective,
as demonstrated in figures 7 and 8. These locations include regions on the front suction
side (0 < x/L. < 0.3), the rear pressure side (—1 < x/L. < —0.7) and the mid-chord area
(0.5 <x/L. <1), as illustrated in figure 9. Since our goal in this coherence study is to
gain physical insights into coherence between sensor locations and wake fluctuations,
we focus our analysis on the near-wake target position at x /L. = 1.2. We first examine
the spanwise-averaged and mid-span cases in figures 9(a) and 9(b), and then study the
spanwise-Fourier case in figure 9(c). We confirmed that coherence trends at farther wake
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positions were similar but with reduced magnitudes. Specifically, the sensors representing
the laminar regions were placed at 1 (suction side, laminar region 0 < x/L. < 0.4) and 6
(pressure side, laminar region —1 < x /L. < 0), as shown in figure 9. Within each laminar
region, the coherence patterns remain similar, differing only in magnitude. Notably, the
spanwise-averaged case exhibits stronger coherence at frequencies of interest (S, < 0.2)
compared with the mid-span case. This enhanced coherence results from spatially larger
coherent fluctuations associated with spanwise averaging, resulting in stronger coupling
between sensor and target fluctuations. Interestingly, laminar regions (sensors 1 and 6)
exhibit significant coherence with the near-wake target, which is consistent with previous
studies showing that upstream laminar disturbances can be strongly linked to downstream
wake fluctuations (Zaman 1987; Dovgal, Kozlov & Michalke 1994; Hain, Kéhler &
Radespiel 2009; Yarusevych, Sullivan & Kawall 2009; Yeh & Taira 2019; Jung et al. 2025).
Furthermore, sensor 5, located in the turbulent region, demonstrates notable coherence
with the target across a wide frequency range. Among middle locations (sensors 2, 3
and 4), each sensor displays pronounced coherence at the frequency bands of interest
(Sty < 0.2). These locations are empirically selected to capture dominant frequencies at
the target, which are crucial for kernel-based amplification in the frequency domain.

We further investigated coherence between the sensor and the wake regions with respect
to the streamwise velocity fluctuations for the spanwise-Fourier mode at k, = 107, as
shown in figure 9(c). In particular, we are interested in verifying whether coherence is
indeed weak in the region —0.7 < x/L. <0, as shown in the single-sensor estimation
result in figure 7. To assess this, we examined coherence at sensor location 7, placed at
x/L. = —0.3, as indicated by the yellow solid line in figure 9(c). Although the von Kdrmén
vortex shedding and other dominant frequencies are evident for Sz, < 0.2, sensor 7 does
not exhibit significant coherence in this frequency range. In contrast, sensor locations 4
(purple), 5 (blue) and 6 (red) display prominent coherence peaks, consistent with effective
estimation performance. Figure 9(c) further indicates that sensors 5 and 6 exhibit increased
coherence at a spanwise wavenumber of 10r. Ultimately, we identify sensors 1, 5 and 6 as
the most effective for estimation purposes, with an additional selection of sensor 4 from
among sensors 2, 3 and 4.

4.2. Power spectral density of the sensor and target readings

Figure 10 presents the PSD of the sensor and target signals for the spanwise-averaged,
spanwise-Fourier and mid-span plane flows. Panels (a) and (b) highlight three dominant
frequencies evident in the signals at sensor positions y3, y4 and ys, as well as the target
position z;. The energy associated with these dominant frequencies decreases downstream,
as demonstrated by the PSD at target positions z2, z3 and z4 in panel (b). It is well
established that laminar separation bubble (LSB) detachment over the suction surface
promotes the Kelvin—Helmholtz instability, resulting in vortex shedding characterised by
lower-frequency oscillations (St < 0.12) (Ducoin et al. 2016). These lower-frequency
peaks are clearly captured in panels (a) and (b) for sensor positions y3, y4, y5 and the
near-wake target z;. In contrast, the turbulent region on the airfoil surface and near wake
exhibit dominant von Kdrman vortex-shedding frequencies within the higher-frequency
band (0.152 < Sty < 0.211) (Yeh & Taira 2019).

Figures 10(c) and 10(d) respectively illustrate the PSD of sensor and target measure-
ments for the spanwise-Fourier mode at the wavenumber k, = 107r. The PSD computations
utilise the same parameters as those used for the spanwise-averaged case. Compared
with the spanwise-averaged (a) and mid-span plane (e) cases, the PSD at the sensor
and target locations (c,d) does not exhibit distinct dominant peaks, consistent with the
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Figure 10. The PSD of streamwise velocity fluctuations u/, for sensor readings and target readings, obtained
from the spanwise-averaged (a) and (b), spanwise-Fourier (k; = 107) (c) and (d) and mid-span plane (e) and
(f) cases presented in figure 6. In (a), the dashed lines indicate positions y; and ys, corresponding to the
laminar-flow region.

coherence results shown in figure 9(c). As observed in Yeh & Taira (2019) and Towne et al.
(2023), the response modes for spanwise-Fourier modes at k; = 10z appear predominantly
slightly away from the airfoil surface. Thus, the spanwise-Fourier modes at the sensor
locations are relatively weak, leading to weaker PSD values, as illustrated in figure 10(c).
Modes at lower wavenumbers correspond to larger, more energetic spanwise structures,
whereas modes at higher wavenumbers represent smaller, less energetic structures.
We confirmed that the primary difference between the wavenumbers k; = 107 and 207
is the magnitude of their PSD values, while their PSD patterns remain similar.

Figures 10(e) and 10(f) display the PSD of sensor and target signals in the mid-span
plane. Similar to the spanwise-averaged case, the laminar-flow region (y; and ye) exhibits
lower energy fluctuations. Additionally, energy progressively dissipates as the target moves
further downstream. Dominant frequencies in the approximate range 0.1 < Sty < 0.2 are
distinctly visible in the near-wake targets (z; and z»), as clearly illustrated in panel (f).

Overall, these PSD comparisons clarify why the estimator performance varies across
sensor—target configurations. For the spanwise-averaged and mid-span cases, sensors
located in regions where the dominant shedding frequencies are strong and well defined
(e.g. near the LSB-induced and von Kérmdn peaks) provide rich spectral information
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that is well aligned with the energetic content of the targets, supporting more accurate
estimates. In contrast, for the spanwise-Fourier mode at k, = 107, the weaker and less
distinct spectral content at the sensor locations provides less useful information to
reconstruct the target dynamics, which is consistent with the reduced coherence and lower
estimation performance observed for these configurations.

4.3. Estimation kernels

Next, we examine the estimation kernels, building on our previous studies (Martini et al.
2020, 2022; Jung et al. 2025), where we initially explored kernels within the resolvent-
based framework. In this paper, we derive the kernels using a data-driven approach that
accounts for the statistical effects of flow nonlinearity, implicitly incorporating the CSD

matrix F, which acts as a forcing in the linear dynamics. Note that when white noise
forcing is applied, the estimation kernels correspond to the transfer functions of the
Kalman filter (Kalman 1960), as shown by Martini et al. (2022). Incorporating the forcing

matrix Fis suitable for this study, as our application involves strongly nonlinear turbulent
flows. Modelling the nonlinear terms for estimation leads to better performance.

A key characteristic of the estimation kernels is the presence of ‘peak points’, defined
as the times in the kernel where the amplitude attains its maximum value. These peak
points indicate the time delay at which the sensor signal is most strongly correlated with
the target, and thus provide an estimate of the travel time of the dominant hydrodynamic
disturbances from the sensor location to the target. Since the estimation kernels are based
on the compressible linearised Navier—Stokes operator, they also capture acoustic waves,
resulting in secondary peaks in addition to the hydrodynamic waves (Jung, Bhagwat &
Towne 2023; Towne et al. 2024). In other words, the interaction between hydrodynamic
and acoustic effects is already embedded in the structure of the kernels. As a result, the
input—output statistics from which the kernels are obtained inherently capture the coupling
between the two, ensuring that the estimated dynamics reflects both hydrodynamic
and acoustic contributions and their mutual interactions. In an online implementation,
however, the estimator tends to underestimate the target values during the initial transient —
before a sufficiently long history of past measurements has been accumulated such that the
time lag reaches the peak of the kernel. This underestimation occurs because part of the
kernel’s support lies outside the available time window, so the corresponding information
is effectively missing.

Another important characteristic is whether there are significant values in the non-causal
part of the kernel (7 < 0), including the peak point (Jung 2024). This information is crucial
for estimation, but it may be truncated when the estimator is applied to the convolution
function if it resides in the non-causal part of the kernels. This truncation can lead to a
significant difference in the performance between the causal and TNC approaches. From a
numerical perspective, the estimation kernels function by amplifying the frequency signals
of the sensor measurements through multiplication with the kernels to approximate the

target signals, i.e. Z(w) = 'i'z (w)J(w). Therefore, analysing the estimation kernels in the
frequency domain alongside the PSD of the sensor and target readings in § 4.2 provides
valuable numerical insights into accurate estimation.

We examine four kernels, specifically within the single-input and multiple-output
configuration (sensor: y; and targets: zi, 22, z3, z4), as illustrated in figure 11. This
selection is based on the observation that when the sensor is positioned in the laminar
region within the effective locations, the kernel’s peaks are distinct, with less noise
in other frequencies, showing a clear correlation between the sensor and the target
signals. In figure 11, prominent peak points are observed in the non-causal kernels
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Figure 11. Estimation kernels between sensor y; and targets z1 (a,b), z2 (¢,d), z3 (e,f) and z4 (g,h) for the
spanwise-averaged case. Kernels are shown in the time domain (left column) and frequency domain (right
column). The black line represents the non-causal kernel, the blue line represents the causal kernel obtained
via Wiener—Hopf decomposition, and the magenta dashed line (when shown) indicates the TNC kernel.

(a,c,e,g) at [Tpeak,zl’ Tpeak.zy® Tpeak.zs® Tpeak,m] =[—0.36, 0.17, 0.68, 1.25], respectively.
These points represent the primary hydrodynamic wave travel times between the sensor
and the targets. The case in figure 11(a) serves as a good example of how a causal
approach using Wiener—-Hopf decomposition can enhance estimation accuracy. When
this kernel is applied to real-time estimation for evaluating the convolution function,
the peak at T = —0.36, which contains critical travel information of the fluctuations,
is truncated. The TNC kernel in the frequency domain (magenta dashed line) is notably
lower in magnitude compared with the causal kernel (blue line), as shown in figure 11(b).
It is important to note that the kernels amplify the sensor measurements at dominant
frequencies (0.1 < Sty < 0.2).

Imposing sensor noise is necessary to ensure that the inversion of the PSD is well posed
(Martini et al. 2020, 2022). The sensor-noise covariance N is assumed to be diagonal,
i.e. the measurement noise is modelled as uncorrelated (white) with a specified variance,
similar to other optimal estimation and control methods (Chevalier et al. 2006; Schmid &
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Figure 12. Estimation kernels between sensor ys and target z; for the spanwise-Fourier mode at k, = 107,
shown in the time (a) and frequency (b) domains. Sensor and target positions are indicated in figure 6. The black
line represents the non-causal kernel, and the blue line represents the causal kernel obtained via Wiener—Hopf
decomposition.

Sipp 2016). This choice reflects the common situation in which only partial information
on the noise statistics is available, and detailed noise correlations between sensors are not
known. In this study, the noise level, which is used to regularise the kernels, is set at 102
of the maximum PSD value of the sensor measurements, consistent with the approach
used in previous work (Martini et al. 2022; Jung et al. 2025). To assess the sensitivity of
the estimation to the assumed noise level, we performed additional tests in which the
noise variance was varied over a range wider than the value of 1072, The estimation
error increases with increasing noise level and decreases as the noise level is reduced.
These observations suggest that, while the method is robust to moderate variations
in noise level, improved characterisation of sensor noise, particularly correlated noise,
could further enhance performance. Incorporating partially known or unknown noise

correlations into Nis therefore an important topic for future work.

Figure 12 shows the kernels for the spanwise-Fourier modes at k, = 10r. Based on
figure 7, sensor placement in the laminar region is less effective; hence, we focus on
kernels corresponding to sensor ys, rather than y;, and target z;, consistent with locations
examined previously in figure 11. Because the spanwise-Fourier-transformed state is
complex valued, the computational cost for estimation increases by a factor of four.
Additionally, the kernels are no longer symmetric at St, =0, as shown in figure 12.
The peak points are clearly visible (see figure 12a) at t > 0, indicating the dominance
of hydrodynamic waves. Consequently, performance differences between causal and TNC
estimation methods are minimal. The values of the kernels are largest in the range of
[St,| < 0.2, effectively amplifying sensor measurements to produce accurate estimates.

Finally, we present the kernels for the mid-span plane flow in figure 13. Sensors
positioned in both the laminar (y;) and turbulent regions (suction side: ys; pressure side:
ve) are shown. The prominent peak points in the kernels between sensors (y;, ys) and
target z1 closely match those observed in the spanwise-averaged and spanwise-Fourier
flows, respectively, as depicted in figures 11 and 12 for the kernels between y; and z;
and ys5 and zj, respectively. The kernel between yg and z; also aligns well with the other
cases, though it is not explicitly shown here. However, the kernels for the mid-span flow
exhibit significant amplitudes over a larger range of t, indicating greater difficulty in
achieving temporal convergence. A notable difference appears in figure 13(a), where the
kernel peak lies in the positive domain (7 > 0), unlike the corresponding kernel in the
spanwise-averaged flow, which peaks in the negative domain. This discrepancy may be
attributed to the fact that the spanwise-averaged case integrates the flow across multiple
spanwise positions, capturing coherent large-scale structures that extend significantly
in the spanwise direction. These large-scale structures are more capable of influencing
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Figure 13. Estimation kernels between sensors y; (a,b), ys (c,d) and yg (e,f) and target z; for the mid-span
plane case. Kernels are shown in the time domain (left column) and frequency domain (right column). The
black line represents the non-causal kernel, and the blue line represents the causal kernel obtained via Wiener—
Hopf decomposition.

upstream conditions (non-causal behaviour), appearing as peaks in the non-causal part
(r <0) of the kernel. In contrast, the mid-span plane case represents a single spanwise
slice, emphasising smaller-scale, localised spatial structures. Such structures typically
have limited upstream influence since their acoustic disturbances are weaker, more rapidly
dissipated and less coherent over larger spanwise distances. Thus, such conditions enhance
convective flow characteristics in the mid-span plane case, thereby improving the accuracy
when applying TNC estimation to the mid-span plane flow. Additionally, we observe
that the kernel between y4 and z; is similar to that between ys and z; within the mid-
span flow, so it is omitted from this figure. Both causal and TNC kernels for targets
further downstream (z2, z3, z4) closely resemble those in the spanwise-averaged flow
(figure 11), with their peak points consistently located in the positive T domain. The mid-
span case includes the spanwise-averaged mode (k, = 0), the specific harmonic k, = 107
and many additional spanwise scales. Consequently, the resulting kernel is broadband, and
the associated estimation problem is more challenging.

4.4. Multi-sensor estimation

By selecting sensor locations yi, ys4, ys and ye (notations from figures 9a and 9b)
based on the investigation of the most effective locations using single-sensor estimation
and coherence in §4.1, we show the estimation errors for spanwise-averaged and mid-
span flows along the trailing edge as additional sensors are introduced, as shown in
figure 14. The use of sensor ys (blue) alone does not yield significant improvement
over TNC estimation. However, adding an additional sensor (ys) markedly enhances
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Figure 14. Estimation error along the trailing edge for spanwise-averaged and mid-span flows using one sensor
(ys), two sensors (ys, ye), three sensors (y4, ¥s, v¢) and four sensors (y1, y4, y5, y6). Results for the spanwise-
Fourier case (k; = 10r) are not shown because the causal and TNC estimators yield nearly identical errors for
this mode.

estimation accuracy (yellow). With these two sensors, TNC estimation performs poorly
near the trailing edge, whereas causal (C) estimation remains accurate. The inclusion
of a third sensor ys4 (purple) alongside ys and ye results in a slight improvement. The
best estimation results are achieved using all four sensors yi, y4, ¥5, Ve (green). These
findings demonstrate greater accuracy than the use of six sensors uniformly distributed on
the pressure side of the airfoil, as reported in our previous work (Jung & Towne 2024).
Additionally, the four-sensor TNC case (green dashed) can lie slightly above the two-
and three-sensor cases (yellow and purple dashed). This behaviour reflects a limitation
of the TNC estimation. Specifically, TNC applies a finite time-window truncation to
the optimal non-causal multi-sensor kernel. Since each sensor has a distinct optimal
correlation structure, a fixed truncation window (t < 0) can remove different portions
of each sensor’s kernel unevenly, thereby distorting the joint multi-sensor weighting and
producing a small increase in error. In contrast, the causal estimator does not exhibit
this behaviour because it enforces a physically consistent causal kernel structure. In the
mid-span case, the improvement from one to two sensors is larger than from two to
three sensors. This is because the second sensor typically captures most of the additional
independent information about the convecting structures (e.g. providing a second view that
helps resolve lag ambiguity), whereas additional sensors tend to offer lower incremental
coherence with the target for the present sensor spacing. Consequently, the benefit of
adding sensors beyond two shows diminishing returns.

Figure 15 shows the time-series estimation of streamwise velocity fluctuations using
four sensors (y1, y4, ¥5, Ye) for spanwise-averaged (panels a,d,g.j), mid-span plane (panels
b,e,h.k) and spanwise-Fourier (panels c,f,i,]) cases. The causal estimation error, computed
using (4.1), is indicated in the bottom right corner of each panel. As expected, the
estimation error increases with greater distance between the sensor and the target location.
The Wiener—Hopf approach significantly improves estimation accuracy for targets located
closer to the trailing edge, as evident in figure 15(a). The difference in accuracy between
TNC and causal methods diminishes as the target moves further downstream. Among the
investigated flow types, the spanwise-averaged flow, characterised by less chaotic spatial
structures, is estimated most accurately. For the mid-span plane flow, presented in figure 15
(panels b,e,h.k), the fluctuations are more broadband and contain finer-scale variability
than the spanwise-averaged case. However, despite this increased complexity, the broader
trends in the velocity fluctuations over time are still effectively captured. Although the
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Figure 15. Estimation of u; as a function of time using four sensors (y1, ya, ¥5, ¥6): spanwise-averaged
(panels a,d,g.j), mid-span plane (panels b,e,h,k) and spanwise-Fourier cases at k; = 10 (panels c, f,i,l). Target
locations are defined by the coordinates [x /L., y/L.]: panels (a—c) z1 =[1.2, —0.11], (d—f) z2 = [1.5, —0.11],
(g-1) z3 =12.0, —0.11], and (j-I) z4 = [2.5, —0.11], as illustrated in the top figure. The true data from LES are
shown in black, causal estimations in blue and TNC estimations as magenta dashed lines. The causal estimation
error is indicated in red in the bottom right corner of each panel.

sensor may not fully capture the detailed footprint of turbulence, the estimation remains
effective. These results are consistent with the trends shown in figure 14.

Figure 15 (panels c,f,i,/) displays time-series estimations of the real part of u/, for the
spanwise-Fourier modes with k, = 10r. As anticipated, estimating higher-k, content is
generally more challenging due to reduced spatial coherence and weaker wall footprints;
however, a systematic study across spanwise wavenumbers is beyond the scope of the
present work. Kernels derived from resolvent operators at frequencies associated with
lower energetic gains provide lower estimation accuracy. Since the TNC and causal
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Figure 16. The LES and estimated snapshots of u/, across the extended wake region for the spanwise-averaged
(panels a,c,e,g,i,k) and mid-span plane (panels b.d,f,h,j,l) flows, utilising four sensors (y1, y4, ys, ¥6). The
times f1, t» and 73 were chosen to represent three distinct phases based on the dominant vortex-shedding
frequency.

estimations for the spanwise-Fourier modes yield similar results, the TNC estimations
are not shown explicitly in figure 15 for these cases.

Figure 16 shows three random snapshots of the causal estimation in the extended
wake region for spanwise-averaged and mid-span plane cases, using the same sensor
configuration as in figure 15. The estimation errors for the wake region, calculated using
metric (4.1), are approximately 0.254 and 0.324 for causal estimation, and 0.352 and 0.389
for TNC estimation in the spanwise-averaged and mid-span plane cases, respectively.
Although the small-scale structures are not fully captured due to the limitations of the
sensors in detecting turbulence, the causal resolvent-based estimator effectively estimates
the wake fluctuations.

Overall, the estimation framework shows good agreement with the reference fields
across the tested configurations, particularly in capturing the dominant flow structures
and overall trends. This performance is notable given that the approach relies solely
on a limited number of real-time surface-based measurements. At the same time, the
normalised errors remain of the order of 0.3 or higher for most mid-span flow cases,
as shown in figures 14(b) and 15 (panels b,e,h,k), and the fully three-dimensional mid-
span flow scenario exhibits some smoothing and a partial loss of small-scale features in
figure 16 (panels d,h,l). These effects reflect the inherent limitations of reconstructing
high-resolution, complex three-dimensional flow structures from sparse surface data.
Despite these limitations, the results indicate that the method provides useful quantitative
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estimates and reliable qualitative reconstructions of the main flow features under practical
sensing constraints.

5. Conclusions

In this study, we developed and demonstrated a causal resolvent-based framework for
estimating turbulent velocity fluctuations in the wake of a spanwise-periodic NACA0012
airfoil at moderate Reynolds number Rey . =23 000, Maso = Uso/coo = 0.3 and an angle
of attack of o =6°. Building on previous research focused primarily on a laminar and
globally stable flow scenario (Jung et al. 2025), our approach extended resolvent-based
estimation into the more complex regime of a turbulent, globally unstable wake flow.

To address the key challenges inherent in this turbulent regime, including global
instabilities, broadband multiscale dynamics and large datasets, we employed a data-
driven approach. This allowed construction of resolvent-based kernels from CSDs directly
obtained via LESs, thereby implicitly accounting for the coloured-in-time statistical
properties of the nonlinear forcing through the empirically determined correlations. A key
improvement was the adoption of the Wiener—Hopf method to enforce causality (Martini
et al. 2022), which significantly enhanced real-time estimation accuracy compared with
traditional TNC estimation, with the most substantial gains observed in the multi-
sensor configurations. To handle computational complexity arising from high-dimensional
datasets, our methodology utilised scalable parallel algorithms integrated within an
existing compressible flow solver (Towne et al. 2024; Jung et al. 2025).

Our results illustrated successful causal estimation across spanwise-averaged, spanwise-
Fourier and mid-span plane representations of the turbulent wake, using only limited
shear-stress measurements from the airfoil surface. While using a single sensor yielded
only modest improvements over TNC estimation, adding more sensors substantially
improved performance by better capturing the turbulent footprint through correlations in
wall shear stress. By strategically analysing single-sensor estimation errors and coherence
between sensor and target locations, we identified practical sensor-placement strategies
that significantly enhanced estimation fidelity. Ultimately, our approach provided accurate,
interpretable and scalable predictions of an extended portion of the wake, capturing
dominant coherent structures crucial for both scientific understanding and potential
flow-control applications.

Future research directions suggested by this study include developing formal
optimisation methods for sensor placement and incorporating three-dimensional sensor
configurations to further enhance estimation accuracy. The success of the resolvent-based
estimation framework suggests that resolvent-based closed-loop flow-control strategies
could help mitigate turbulent fluctuations, reduce drag, increase lift and minimise
aerodynamic noise. The present data-driven formulation requires prior time-resolved
data for each sensor—target configuration, which limits its immediate generalisability
across different flow conditions or geometries. Extending the framework to more broadly
applicable, parameterised estimators remains an important direction for future work.
Integrating advanced machine-learning techniques, such as neural networks, into the
resolvent-based framework would further improve real-time computational efficiency
and effectively handle larger datasets. Finally, experimental validation of the proposed
resolvent-based estimation approach in practical wind-tunnel tests or flight scenarios is
recommended to confirm its real-world applicability and robustness. By pursuing these
avenues, our resolvent-based estimation framework has the potential to significantly
advance the predictive modelling, real-time monitoring and control of complex turbulent
aerodynamic flows.
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Appendix A. Wiener-Hopf method

We briefly review the theoretical and numerical Wiener—Hopf decompositions employed
for enforcing causality within the resolvent-based estimation and control framework
described by Martini et al. (2022), Audiffred et al. (2023), Jung et al. (2025).

A.l. Theoretical Wiener—Hopf decomposition

The Wiener—Hopf method (Noble 1958) decomposes frequency-domain functions into
causal (analytic in lower half-plane, (4)) and non-causal (analytic in upper half-plane,
(—)) components. This decomposition is employed here to enforce causality on estimation
and control kernels, following Daniele & Lombardi (2007) and Martinelli (2009).

We consider the Wiener—Hopf problem

H(o) [ () = A_(0) + G(w), (A1)

where Hand G are known matrices, while I’ 4+ and A_ are unknown.
The Wiener—-Hopf method involves additive and multiplicative factorisations, defined as
F@ =M @]+l @], @ =) @)+, (A2)
respectively. The explicit solution for the above problem is

I+ () = [Gl)(H@) ™", (Hw); . (A3)

A.2. Numerical Wiener—Hopf decomposition

Numerically, the additive factorisation is straightforward, while the multiplicative
factorisation requires solving an integral equation. Following Martini et al. (2022), this
integral equation is given by

1 1 ~—1 A ~—1 w; _
i)+ HE) (@) - =G (0)H(GE)(w) =G (w)w’—(w()), (A4)
2i 2i w — wo
where ‘H denotes the Hilbert transform defined by
1 [ x
HE)=P.V.— / X g, (AS5)
T ) o®w—U

The reader is referred to Noble (1958), Daniele & Lombardi (2007), Martinelli (2009),
Martini et al. (2022) for a detailed discussion of the Wiener—Hopf method. We numerically
solve this integral equation using the generalised minimal residual iterative method,
implemented directly within the CFD solver. This approach ensures computational
efficiency and minimises the need for external post-processing (Jung et al. 2025).

Appendix B. Convergence of the data-driven estimation kernels

Constructing estimation kernels using a data-driven approach requires careful selection
of DFT parameters. Specifically, the streaming Fourier transform (Schmidt & Towne
2019) depends on several key parameters, including the number of frequencies (Nfq), the
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Case Nfreq Novip Npix Error

1 500 250 296 0.400748
2 1000 500 148 0.350644
3 2000 1000 74 0.330292
4 3000 1500 48 0.320681
5 4000 2000 37 0.320541
6 5000 2500 29 0.320422

Table 2. Convergence of the estimation kernels with respect to the parameters for the DFTs used to
compute CSDs.

number of data blocks (Np;) and the number of overlapping windows (Nyyzp). To reduce
spectral leakage between blocks (Npk), we apply a Hamming window with an overlap of
50 % (Trethewey 2000). Table 2 summarises a convergence study evaluating how these
parameters influence estimation accuracy within the spanwise-averaged flow under best
sensor placement conditions. Based on this analysis, parameter set 6 was selected, and
these DFT parameters were subsequently applied to the spanwise-Fourier and mid-span
plane cases examined in this study.

REFERENCES

ADRIAN, R.J. 1994 Stochastic estimation of the structure of turbulent fields. Appl. Sci. Res. 53 (3—4),291-303.

AMARAL, F.R. & CAVALIERI, A.V.G. 2023 Large-eddy-simulation-informed resolvent-based estimation of
turbulent pipe flow. Phys. Rev. Fluids 8 (7), 074606.

AMARAL, F.R., CAVALIERI, A.V.G., MARTINI, E., JORDAN, P. & TOWNE, A. 2021 Resolvent-based
estimation of turbulent channel flow using wall measurements. J. Fluid Mech. 927, A17.

AUDIFFRED, D.B.S., CAVALIERI, A.V.G., BRITO, P.P.C. & MARTINI, E. 2023 Experimental control of
Tollmien—Schlichting waves using the Wiener—Hopf formalism. Phys. Rev. Fluids 8 (7), 073902.

AUDIFFRED, D.B.S., CAVALIERI, A.V.G., MAIA, I.A., MARTINI, E. & JORDAN, P. 2024 Reactive
experimental control of turbulent jets. J. Fluid Mech. 994, A15.

BALAY, S, et al. 2019 PETSc Users Manual. Argonne National Laboratory.

BHAGWAT, R. 2021 Development of stability analysis tools for high speed compressible flows. PhD thesis,
North Carolina State University, NC, USA.

BRES, G.A., BOSE, S.T., IVEY, C.B., EMORY, M. & HAM, F. 2022 GPU-accelerated large-eddy simulations
of supersonic jets from twin rectangular nozzles. AIAA Paper #2022-3001.

BRES, G.A., HAaM, F.E., NICHOLS, J.W. & LELE, S.K. 2017 Unstructured large-eddy simulations of
supersonic jets. AIAA J. 55 (4), 1164—1184.

BRES, G.A., JORDAN, P., JAUNET, V., LE RALLIC, M., CAVALIERI, A.V.G., TOWNE, A., LELE, S.K.,
CoLoNIus, T. & ScHMIDT, O.T. 2018 Importance of the nozzle-exit boundary-layer state in subsonic
turbulent jets. J. Fluid Mech. 851, 83-124.

CHEVALIER, M., HEPFFNER, J., BEWLEY, T.R. & HENNINGSON, D.S. 2006 State estimation in wall-
bounded flow systems. Part 2. Turbulent flows. J. Fluid Mech. 552, 167-204.

COLE, D.R., GLAUSER, M.N. & GUEZENNEC, Y.G. 1992 An application of the stochastic estimation to the
jet mixing layer. Phys. Fluids 4, 192-194.

CoLoNIUS, T. & TOWNE, A. 2025 Chapter 2 — modal decomposition. In Computation and Analysis of
Turbulent Flows, pp. 27-81. Academic Press.

DANIELE, V. & LOMBARDI, G. 2007 Fredholm factorization of Wiener—Hopf scalar and matrix kernels. Radio
Sci. 42 (6), 2007RS003673.

DovGAL, A.V., KozLovV, V.V. & MICHALKE, A. 1994 Laminar boundary layer separation: instability and
associated phenomena. Prog. Aerosp. Sci. 30, 61-94.

DUCOIN, A., LOISEAU, J.-C. & ROBINET, J.-C. 2016 Numerical investigation of the interaction between
laminar to turbulent transition and the wake of an airfoil. Eur. J. Mech. - B/Fluids 57, 231-248.

FARGHADAN, A., JUNG, J., BHAGWAT, R. & TOWNE, A. 2024 Efficient harmonic resolvent analysis via time
stepping. Theor. Comput. Fluid Dyn. 38, 331-353.

FARGHADAN, A., MARTINI, E. & TOWNE, A. 2025 Scalable resolvent analysis for three-dimensional flows.
J. Comput. Phys. 524, 113695.

1033 A22-29


https://doi.org/10.1017/jfm.2026.11444

https://doi.org/10.1017/jfm.2026.11444 Published online by Cambridge University Press

J. Jung and A. Towne

FRIGO, M. & JOHNSON, S.G. 2005 The design and implementation of FFTW3. Proc. IEEE 93 (2), 216-231.

GARTSHORE, I.S. 1967 Two-dimensional turbulent wakes. J. Fluid Mech. 30 (3), 547-560.

GHAEMI, S. & SCARANO, F. 2011 Counter-hairpin vortices in the turbulent wake of a sharp trailing edge.
J. Fluid Mech. 689, 317-356.

GUPTA, S., ZHAO, J., SHARMA, A., AGRAWAL, A., HOURIGAN, K. & THOMPSON, M.C. 2023 Two- and
three-dimensional wake transitions of a NACAOQ012 airfoil. J. Fluid Mech. 954, A26.

HAIN, R., KAHLER, C.J. & RADESPIEL, R. 2009 Dynamics of laminar separation bubbles at low-Reynolds-
number aerofoils. J. Fluid Mech. 630, 129-153.

HAMMING, R.W. 1997 Digital Filters. Dover Publications.

HOCEVAR, M., SIROK, B. & GRABEC, 1. 2005 A turbulent-wake estimation using radial basis function neural
networks. Flow Turbul. Combust. 74 (3), 291-308.

JIN, B., ILLINGWORTH, S.J. & SANDBERG, R.D. 2022 Optimal sensor and actuator placement for feedback
control of vortex shedding. J. Fluid Mech. 932, A2.

JovANOVIC, M.R. & BAMIEH, B. 2005 Componentwise energy amplification in channel flows. J. Fluid Mech.
534, 145-183.

JUNG, J. 2024 Resolvent-based estimation and control of aerodynamic flows. PhD thesis, University of
Michigan.

JUNG, J., BHAGWAT, R. & TOWNE, A. 2023 Resolvent-based estimation of laminar flow around an airfoil.
AIAA Paper #2023-0077.

JUNG, J., BHAGWAT, R. & TOWNE, A. 2025 Resolvent-based estimation and control of a laminar airfoil wake.
J. Fluid Mech. 1016, A4l.

JUNG, J., MARTINI, E., CAVALIERI, A., JORDAN, P., LESSHAFFT, L. & TOWNE, A. 2020 Optimal resolvent-
based estimation for flow control. APS Div. Fluid Dyn. G06, 004.

JUNG, J. & TOWNE, A. 2024 Toward turbulent wake estimation using a resolvent-based approach. AIAA Paper
#2024-0057.

KALMAN, R.E. 1960 A new approach to linear filtering and prediction problems. J. Basic Engng 82, 35-45.

KM, D.-H., YANG, J.-H., CHANG, J.-W. & CHUNG, J. 2009 Boundary layer and near-wake measurements
of NACA 0012 airfoil at low Reynolds numbers. AIAA Paper #2009-1472.

KoJIMA, R., NONOMURA, T., OYAMA, A. & Fuil, K. 2013 Large-eddy simulation of low-Reynolds-number
flow over thick and thin NACA airfoils. J. Aircraft 50 (1), 187-196.

Liu, Q., SUN, Y., YEH, C., UKEILEY, L.S., CATTAFESTA, L.N. & TAIRA, K. 2021 Unsteady control of
supersonic turbulent cavity flow based on resolvent analysis. J. Fluid Mech. 925, AS.

MAIA, I.A., JORDAN, P., CAVALIERI, A.V.G., MARTINI, E., SASAKI, K. & SILVESTRE, F.J. 2021 Real-time
reactive control of stochastic disturbances in forced turbulent jets. Phys. Rev. Fluids 6 (12), 123901.

MANOHAR, K., BRUNTON, B.W., KuTZ, J.N. & BRUNTON, S.L. 2018 Data-driven sparse sensor placement
for reconstruction: demonstrating the benefits of exploiting known patterns. IEEE Control Syst. 38 (3),
63-86.

MARTINELLIL F. 2009 Feedback control of turbulent wall flows. PhD thesis, Politecnico di Milano.

MARTINI, E., CAVALIER], A.V.G., JORDAN, P., TOWNE, A. & LESSHAFFT, L. 2020 Resolvent-based optimal
estimation of transitional and turbulent flows. J. Fluid Mech. 900, A2.

MARTINI, E., JUNG, J., CAVALIERI, A., JORDAN, P. & TOWNE, A. 2022 Resolvent-based tools for optimal
estimation and control via the Wiener—Hopf formalism. J. Fluid Mech. 937, A19.

MCKEON, B.J. & SHARMA, A.S. 2010 A critical-layer framework for turbulent pipe flow. J. Fluid Mech. 658,
336-382.

MORRA, P., NOGUEIRA, P.A.S., CAVALIERI, A.V.G. & HENNINGSON, D.S. 2021 The colour of forcing
statistics in resolvent analyses of turbulent channel flows. J. Fluid Mech. 907, A24.

MUNDAY, P.M. & TAIRA, K. 2018 Effects of wall-normal and angular momentum injections in airfoil
separation control. AIAA J. 56 (5), 1830-1842.

MURRAY, N.E. & UKEILEY, L.S. 2007 Modified quadratic stochastic estimation of resonating subsonic cavity
flow. J. Turbul. 8, N41.

NIELSEN, E.J. & KLEB, W.L. 2006 Efficient construction of discrete adjoint operators on unstructured grids
using complex variables. AIAA J. 44, 2831-2840.

NOBLE, B. 1958 Methods based on the Wiener—Hopf Technique for the solution of partial differential
equations. In International Series of Monographs On Pure and Applied Mathematics, vol. 7. Pergamon
Press.

RAISSI, M., PERDIKARIS, P. & KARNIADAKIS, G.E. 2019 Physics-informed neural networks: a deep learning
framework for solving forward and inverse problems involving nonlinear partial differential equations.
J. Comput. Phys. 378, 686-707.

REYNOLDS, W.C. 1972 Large-scale instabilities of turbulent wakes. J. Fluid Mech. 54 (3), 481-488.

1033 A22-30


https://doi.org/10.1017/jfm.2026.11444

https://doi.org/10.1017/jfm.2026.11444 Published online by Cambridge University Press

Journal of Fluid Mechanics

SASHITTAL, P. & BODONY, D.J. 2021 Data-driven sensor placement for fluid flows. AIAA Paper #2021-2824.

SCHAUERTE, C.J. & SCHREYER, A. 2024 Experimental investigation on the turbulent wake flow in fully
established transonic buffet conditions. CEAS Aeronaut. J. 15 (1), 125-147.

ScHMID, P.J. & S1pP, D. 2016 Linear control of oscillator and amplifier flows. Phys. Rev. Fluids 1 (4), 040501.

ScHMIDT, O.T. & TOWNE, A. 2019 An efficient streaming algorithm for spectral proper orthogonal
decomposition. Comput. Phys. Commun. 237, 98-109.

SEKAR, V., JIANG, Q., SHU, C. & KHOO, B.C. 2019 Fast flow field prediction over airfoils using deep learning
approach. Phys. Fluids 31, 057103.

SHAMSODDIN, S. & PORTE-AGEL, F. 2017 Turbulent planar wakes under pressure gradient conditions.
J. Fluid Mech. 830, R4.

THEOFILIS, V. 2003 Advances in global linear instability analysis of nonparallel and three-dimensional flows.
Prog. Aerosp. Sci. 39 (4), 249-315.

TINNEY, C.E., COIFFET, F., DELVILLE, J., HALL, A.M., JORDAN, P. & GLAUSER, M.N. 2006 On spectral
linear stochastic estimation. Exp. Fluids 41 (5), 763-775.

TOWNE, A., BHAGWAT, R., ZHOU, Y., JUNG, J., MARTINI, E., JORDAN, P., AUDIFFRED, D., MAIA,
1. & CAVALIERI, A. 2024 Resolvent-based estimation of wavepackets in turbulent jets. AIAA Paper
#2024-3413.

TOWNE, A., et al. 2023 A database for reduced-complexity modeling of fluid flows. AIAA J. 61 (7), 2867-2892.

TOWNE, A., LOZANO-DURAN, A. & YANG, X. 2020 Resolvent-based estimation of space—time flow statistics.
J. Fluid Mech. 883, Al7.

TOWNE, A., SCHMIDT, O.T. & CoLONIUS, T. 2018 Spectral proper orthogonal decomposition and its
relationship to dynamic mode decomposition and resolvent analysis. J. Fluid Mech. 847, 821-867.

TRETHEWEY, M.W. 2000 Window and overlap processing effects on power estimates from spectra. Mech.
Syst. Signal Process. 14 (2), 267-278.

WELCH, P. 1967 The use of fast Fourier transform for the estimation of power spectra: a method based on time
averaging over short, modified periodograms. IEEE Trans. Audio and Electroacoust. 15 (2), 70-73.

YARUSEVYCH, S., SULLIVAN, P.E. & KAWALL, J.G. 2009 On vortex shedding from an airfoil in low-
Reynolds-number flows. J. Fluid Mech. 632, 245-271.

YEH, C., BENTON, S.I., TAIRA, K. & GARMANN, D.J. 2020 Resolvent analysis of an airfoil laminar
separation bubble at Re = 500 000. Phys. Rev. Fluids 5 (8), 083906.

YEH, C. & TAIRA, K. 2019 Resolvent-analysis-based design of airfoil separation control. J. Fluid Mech. 867,
572-610.

YING, A., LIANG, T, LI, Z. & Fu, L. 2023 A resolvent-based prediction framework for incompressible
turbulent channel flow with limited measurements. J. Fluid Mech. 976, A31.

ZAMAN, K.B.M.Q. 1987 Effect of acoustic excitation on the flow over a low-re airfoil. J. Fluid Mech. 182,
127-148.

ZARE, A., JOVANOVIC, M.R. & GEORGIOU, T.T. 2017 Colour of turbulence. J. Fluid Mech. 812, 636—680.

1033 A22-31


https://doi.org/10.1017/jfm.2026.11444

	1. Introduction
	2. Problem set-up
	2.1. Problem description
	2.2. Simulation
	2.3. Dataset

	3. Resolvent-based estimation framework
	3.1. Estimation system
	3.2. Kernels for resolvent-based estimation
	3.3. Implementation of resolvent-based estimation

	4. Results
	4.1. Investigation of sensor placement
	4.2. Power spectral density of the sensor and target readings
	4.3. Estimation kernels
	4.4. Multi-sensor estimation

	5. Conclusions
	Appendix A. Wiener-Hopf method
	A.1. Theoretical Wiener-Hopf decomposition
	A.2. Numerical Wiener-Hopf decomposition

	Appendix B. Convergence of the data-driven estimation kernels
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth 4
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (U.S. Web Coated \050SWOP\051 v2)
  /PDFXOutputConditionIdentifier (CGATS TR 001)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (U.S. Web Coated \(SWOP\) v2)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


