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A novel statistical framework developed by Ref. [1] is employed and
extended to examine how initial conditions influence the linear evolution of
the Rayleigh–Taylor instability. The analysis focuses on the evolution of the
mean energy for two representative classes of initial perturbations. The first
class, based on a Gaussian spatial correlation, reveals a time delay in the
onset of instability growth and a non-monotonic dependence of this delay
on the perturbation correlation length. This behavior suggests a low-pass-
filter-like selection of modes governing the evolution of the mean energy. The
second class consists of perturbations formed as linear combinations of Fourier
modes with random phase shifts and amplitudes drawn from a prescribed
spectrum. For this case, an analytical expression for the mean energy growth
is derived, linking the spectral content of the initial perturbations to the
temporal evolution of the energy through the initial spectral amplitudes. This
formulation enables direct comparison with ensembles of three-dimensional
direct numerical simulations demonstrating both the framework’s predictive
capability and the limitations imposed by the problem’s non-autonomous
nature. Finally, the effects of viscosity and density stratification are analyzed,
showing how these factors modify the time-delay mechanism and influence the
early-stage evolution of the instability.

I. Introduction
The Rayleigh–Taylor instability (RTI) arises when two fluids of different densities experience an acceleration

misaligned with their density stratification. Ref. [2] conducted the initial investigations of this phenomenon, and since
then, RTI has been identified as a fundamental mechanism in numerous natural phenomena, such as core-collapse
supernovae [3] and the early evolution of rarefied bubbles in cooling-flow clusters of galaxies [4]. From an engineering
standpoint, understanding RTI is essential for inertial confinement fusion (ICF) [5], where it is the leading cause
of efficiency loss. During the ablation phase of implosion, surface imperfections are amplified by RTI, as the
low-density ablated material exerts a force on the high-density shell. This amplification distorts the imploding shock,
transmits perturbations to the shell, and induces rippling of the interface, ultimately hindering ignition [6]. Therefore,
understanding the influence of initial disturbances on RTI evolution is critical for designing capsules that can delay its
onset [7].

The primary physical mechanism driving the Rayleigh–Taylor instability is the generation of baroclinic torque due to
the misalignment between density and pressure gradients. This torque induces vorticity around the perturbed interface,
leading to system instability [8], where the resulting flow undergoes linear and nonlinear development, eventually
transitioning to turbulence.

The comprehensive review by Ref. [9] shows how effort has been directed toward single-mode analysis to understand
the effect of initial conditions, particularly within the framework of linear stability theory. In such analysis, a
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single-wavelength perturbation is imposed to study its impact; the linear regime justifies this approach through the
superposition principle, allowing independent analysis of each mode. In contrast, multimodal initial conditions have
primarily been investigated in the context of late-time flow behavior, with particular emphasis on mixing, and significant
research has focused on how various initial conditions affect evolution at each stage [10, 11]. In general, two types
of multimodal initial conditions have been considered. In the first type, long-wavelength perturbations are explicitly
included in the initial spectrum and have been observed to dominate the late-time growth of the mixing layer [12]. In
the second type, the initial spectral content lacks significant low-wavenumber energy. In this scenario, long wavelengths
are generated via nonlinear mode coupling. Under these conditions, the memory of the initial conditions is usually
lost, leading to a self-similar turbulent regime [13]. More recently, Ref. [14] conducted nearly 500 direct numerical
simulations at fixed viscosity, diffusivity, and Atwood number for a specific spectrum of initial conditions under the
Boussinesq approximation. Their study analyzed the influence of initial-condition memory across different instability
stages using data-driven machine learning techniques, highlighting the high sensitivity of stage transitions to the number
of modes included in the response and the significant challenge this poses for modeling the Rayleigh–Taylor transition.
It is within this context that the present study has been developed. Specifically, it adopts a novel approach to address the
influence of initial conditions on the Rayleigh-Taylor instability. Ref. [1] introduced a new perspective for analyzing
transition energy growth and optimal perturbations, enabling statistical examination of disturbance evolution under linear
dynamics. This statistical framework was initially formulated for shear flows, where non-modal growth is recognized as
the principal mechanism contributing to the transition to turbulence. In particular, it was observed that when random
initial conditions perturb the flow, the initial perturbation is rarely optimal as defined by Ref. [15]. As will be shown,
this framework is particularly suitable for analyzing the impact of Rayleigh–Taylor initial conditions because it allows
the derivation of closed-form expressions that directly relate the statistics of perturbations to the evolution of system
energy during the linear stages.

The structure of this work is outlined as follows. Section II introduces the statistical framework through which the
Rayleigh–Taylor instability is analyzed and establishes the major notation. Section III discusses the characterization of
the initial disturbances, with particular emphasis on how the statistical framework can be leveraged to directly connect
the statistical characterization of the incoming perturbations to the evolution of the Rayleigh–Taylor mean energy. The
framework is discussed in the most general setting, meaning that, as long as the dynamics are linear, it can be applied to
general forms of variable-density governing equations. Section IV introduces and discusses the governing equations
used in this study. In particular, the incompressible variable-density model introduced by Ref. [16] and the Boussinesq
model will be considered. A brief description of the numerical solver developed to analyze the dynamics is provided
in Section V. After discussing the concept of an energy norm in unstably stratified flows in Section VI, results are
presented for two types of initial perturbation statistics. The first is a Gaussian isotropic model that represents the
simplest perturbation statistics characterized by a single correlation length. The second type of perturbation matches
those used in previous direct numerical simulations of Rayleigh–Taylor instability, enabling direct comparison during
the linear stage and providing a low-cost means to predict the evolution of three-dimensional disturbances and assess the
influence of initial conditions on the dynamics. A direct comparison with numerical ensembles is therefore presented,
and discrepancies associated with the non-autonomous nature of the problem are discussed.

II. Methodology
The primary quantity examined in this study is the mean energy growth as introduced by Ref. [1]. This section reviews

the main concepts and introduces the notation employed throughout the analysis. Two sets of equations describing
the evolution of the Rayleigh–Taylor instability are considered, and a general formulation is therefore presented to
characterize mean energy growth independently of the specific set of governing equations. In this work, vectors of
continuous and discretized variables will appear; therefore, it is necessary to establish a notation that distinguishes
between them. In particular, a vector of continuous variables will be expressed as 𝒒 while the corresponding discretized
quantity will be denoted as q.

In general, the governing equations describing the evolution of variable-density flow can be expressed in compact
form as

𝜕𝒒

𝜕𝑡
= N(𝒒(𝒙, 𝑡)). (1)

Here, 𝒒 represents the state vector of flow variables, and N denotes the corresponding nonlinear operator. By introducing
the decomposition 𝒒(𝒙, 𝑡) = 𝒒0 (𝒙, 𝑡) + 𝜖 𝒒′ (𝒙, 𝑡), with 𝜖 ≪ 1, the first-order dynamics are formulated as a linear
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initial-value problem for the perturbation field,

𝜕𝒒′

𝜕𝑡
= L(𝒒0 (𝒙, 𝑡)) 𝒒′, 𝒒′ (𝒙, 0) = 𝒒′0, (2)

where L(𝑡, 𝒙) is the linearized operator obtained by matching orders of magnitude.
A key distinction from classical linear stability analysis is that the base state q0 is not time independent. The

approach adopted in this work to develop the statistical framework assumes the quasi-steady-state approximation (QSSA),
in which the base state is assumed frozen at each time instant and the linear operator is treated as time-independent.
In particular, in this work, only the initial time 𝑡0 = 0 is considered, for which an initial diffusive layer thickness is
chosen. This simplification affects the predicted dynamics by considering an underlying separation of scales between
the instability’s evolution and the growth of the base state, as discussed by Ref. [17]. While the authors are actively
working to extend the same statistical framework to time-dependent linear operators, such developments are beyond the
scope of this study and will be discussed briefly. Consequently, the base state will be considered frozen at a specific
time instant 𝑡0, which acts as a parameter in the linear operator, i.e.,

L(𝒒0 (𝒙, 𝑡0)) = L(𝑡0, 𝒙). (3)

Under this assumption, the trajectory of the linear initial-value problem can be expressed through the exponential
propagator as

𝒒(𝑡) = exp(L(𝒙, 𝑡0) 𝑡) 𝒒0 = M(𝑡, 𝑡0) 𝒒0, (4)

where M(𝑡, 𝑡0) denotes the evolution operator. Unless stated otherwise, it is assumed that the linearized operator
is homogeneous in the in-plane directions 𝑥 and 𝑦, and that a suitable discretization is introduced for the non-
homogeneous direction. The perturbation field is thus represented as a column vector q(𝑡) ∈ C𝑁 , and the linear
operator as a matrix L(𝑘𝑥 , 𝑘𝑦 , 𝑡0) ∈ C𝑁×𝑁 . The corresponding propagator is then expressed as the matrix exponential
M(𝑘𝑥 , 𝑘𝑦 , 𝑡) = exp(L 𝑡). The instantaneous perturbation energy is defined using a suitable inner product induced by the
weight matrix W ∈ C𝑁×𝑁 as

𝑒(𝑡) = ∥q(𝑡)∥2
𝑊 = q(𝑡)∗ W q(𝑡) = Tr(q(𝑡) W q(𝑡)∗) . (5)

The mean energy growth is then introduced as the ratio between the mean energy at time 𝑡 and its mean initial value,

𝐺mean (𝑡) = E(𝑒(𝑡))
E(𝑒(0)) =

Tr(M C00 M∗ W)
Tr(C00 W) , (6)

where C00 = E
(
q0 q∗

0
)

denotes the initial covariance of the perturbation field.
In this work, the emphasis is on the three-dimensional evolution of the mean energy growth, and the Wiener–Khinchin

theorem is employed to express it as in Ref. [1]. In particular, it can be assumed without loss of generality, as will
be shown later in this work, that the initial correlation is separable in the in-plane and vertical directions and that the
in-plane statistics are homogeneous, namely, using the Hadamard product

𝑪00 (𝒙, 𝒙′) = 𝑪𝑥𝑦

00 (𝑥 − 𝑥′, 𝑦 − 𝑦′) ◦ 𝑪𝑧
00 (𝑧, 𝑧

′). (7)

Additionally, it is assumed that the in-plane homogeneous correlation is identical for all continuous variables. Under
this assumption, the in-plane correlation no longer forms a matrix of continuous correlations; instead, it reduces to a
single continuous function,

𝑪00 (𝒙, 𝒙′) = 𝐶
𝑥𝑦

00 (𝑥 − 𝑥′, 𝑦 − 𝑦′) 𝑪𝑧
00 (𝑧, 𝑧

′). (8)

Letting 𝑟𝑥 = 𝑥 − 𝑥′ and 𝑟𝑦 = 𝑦 − 𝑦′, the two-dimensional Fourier transform of the initial correlation becomes

𝐶00 (𝑘𝑥 , 𝑘𝑦) =
∬

𝐶
𝑥𝑦

00 (𝑟𝑥 , 𝑟𝑦) 𝑒− 𝑖 (𝑘𝑥𝑟𝑥+𝑘𝑦𝑟𝑦 ) 𝑑𝑟𝑥 𝑑𝑟𝑦 (9)

and the three-dimensional mean energy evolution is

𝐺mean (𝑡) =

∬
𝑔(𝑘𝑥 , 𝑘𝑦 , 𝑡) 𝐶00 (𝑘𝑥 , 𝑘𝑦) 𝑑𝑘𝑥 𝑑𝑘𝑦

Tr
(
𝑪𝑧

00
) ∬

𝐶00 (𝑘𝑥 , 𝑘𝑦) 𝑑𝑘𝑥 𝑑𝑘𝑦
(10)
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where
𝑔(𝑘𝑥 , 𝑘𝑦 , 𝑡) = Tr

(
M C𝑧

00 M∗
)
. (11)

As will be discussed in Section IV.A, only the vertical velocity and density serve as variables governing the dynamics
of the perturbations. Therefore, the state vector is defined as 𝒒(𝒙, 𝑡) = [𝑤, 𝜌]𝑇 . Consequently, the correlation of the
initial perturbations is given by

C𝑧
00 (𝑧, 𝑧

′) =
[
𝐶

𝑧,𝑤𝑤

00 (𝑧, 𝑧′) 𝐶
𝑧,𝑤𝜌

00 (𝑧, 𝑧′)
𝐶

𝑧,𝜌𝑤

00 (𝑧, 𝑧′) 𝐶
𝑧,𝜌𝜌

00 (𝑧, 𝑧′)

]
. (12)

Throughout this analysis, all initial perturbations are assumed to originate from the density, a choice consistent with
nearly all Rayleigh–Taylor studies and for which the only nonzero term in Eq.(12) is 𝐶𝑧,𝜌𝜌

00 (𝑧, 𝑧′) denoted, from now and
on, as 𝐶𝑧

00.

III. Statistics of the initial perturbations
As demonstrated in Section IV.A, the self-similar evolution of the base state for the Rayleigh–Taylor instability can

be expressed as

𝜌(𝑧, 𝑡) = 1 + At erf
(
𝑧

𝛿0

)
. (13)

Given an initial time 𝑡0, the initial perturbation is represented as a small interface displacement 𝜂(𝑥, 𝑦) such that
|𝜂 |/𝛿0 ≪ 1. The perturbed density can therefore be expressed as

𝜌(𝒙) = 𝜌(𝑧 − 𝜂(𝑥, 𝑦)) = 1 + At erf
(
𝑧

𝛿0

)
− 2 At
√
𝜋 𝛿0

exp

[
−

(
𝑧

𝛿0

)2
]
𝜂(𝑥, 𝑦) +𝑂

(
𝜂2

𝛿2
0

)
. (14)

Assuming, without loss of generality, that 𝜂(𝑥, 𝑦) has zero mean

E[𝜌] = 1 + At erf
(
𝑧

𝛿0

)
, (15)

the fluctuating component is

𝜌′ = 𝜌 − E[𝜌] = − 2 At
√
𝜋 𝛿0

𝑒−(𝑧/𝛿0 )2
𝜂(𝑥, 𝑦), (16)

and eventually the correlation of the initial perturbations is

𝑪00 (𝒙, 𝒙′) =
4 At2

𝜋 𝛿2
0

exp

(
− 𝑧2 + 𝑧′2

𝛿2
0

)
E[𝜂(𝑥, 𝑦) 𝜂(𝑥′, 𝑦′)] . (17)

This analysis leads to two main observations. First, for a self-similar profile, the initial profile is equivalent, to first
order, to the average profile obtained by considering all possible (small) random perturbations of the interface. In this
sense, the classical stability analysis around a diffusive interface can be interpreted as the evolution of the perturbation
around the mean base state of all possible base states obtained by random perturbations of the interface, suggesting that
the analysis of this problem must follow a statistical approach. Second, as discussed in the previous section, the initial
correlation of disturbances in the Rayleigh–Taylor instability can be decomposed into a vertical non-homogeneous
component and an in-plane component. The resulting correlation implies that the statistics of the perturbations in the
vertical direction remain correlated over a distance comparable to the thickness of the diffusive layer. A larger value of 𝛿
corresponds to a smoother interface with slower vertical decorrelation, while a smaller 𝛿 produces a sharper interface
and more rapid loss of vertical correlation. For the in-plane perturbation statistics an arbitrary modeling choice must
be introduced. In this work, two types of in-plane correlations are considered, each representing a different modeling
approach. The first is a Gaussian correlation, as proposed by Ref. [1], namely

𝐶
𝑥𝑦

00 (𝑥 − 𝑥′, 𝑦 − 𝑦′) = E[𝜂(𝑥, 𝑦) 𝜂(𝑥′, 𝑦′)] ∝ exp
[
− (𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2

𝜆2

]
, (18)

where 𝜆 denotes the correlation length of the initial disturbances. The second type of initial correlation is not assumed
directly. Instead, it is derived from a common initialization method in direct numerical simulations that examine the
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effects of initial perturbations, as in the works of Ref. [11, 18, 19], where, being 𝐿𝑥 and 𝐿𝑦 the dimensions of their
numerical domains, the interface is modeled as a random linear combination of Fourier modes,

𝜂(𝑥, 𝑦) =
∑︁
𝑝

∑︁
𝑞

𝐴𝑝𝑞 cos
( 2𝜋
𝐿𝑥

𝑝 𝑥 + 𝜓𝑝𝑞

)
cos

( 2𝜋
𝐿𝑦

𝑞 𝑦 + 𝜙𝑝𝑞

)
, (19)

where the phases 𝜓𝑝𝑞 and 𝜙𝑝𝑞 are independently drawn from the uniform distribution and the amplitudes 𝐴𝑝𝑞 are
independent random variables with zero mean, specifically

⟨𝐴𝑘,𝑚𝐴𝑝,𝑞⟩ = ⟨𝐴2
𝑘,𝑚⟩ 𝛿𝑘, 𝑝 𝛿𝑚,𝑞 . (20)

Under these assumptions, the corresponding correlation is computed directly from the ensemble of realizations of
𝜂(𝑥, 𝑦),

E[𝜂(𝑥, 𝑦) 𝜂(𝑥′, 𝑦′)] = E
[∑︁
𝑘,𝑚

∑︁
𝑝,𝑞

𝐴𝑝𝑞𝐴𝑘𝑚 cos
( 2𝜋
𝐿𝑥

𝑘 𝑥 + 𝜓𝑘𝑚

)
cos

( 2𝜋
𝐿𝑦

𝑚 𝑦 + 𝜙𝑘𝑚

)
× cos

( 2𝜋
𝐿𝑥

𝑝 𝑥′ + 𝜓𝑝𝑞

)
cos

( 2𝜋
𝐿𝑦

𝑞 𝑦′ + 𝜙𝑝𝑞

) ]
. (21)

Due to linearity and the independence of each phase, only terms with 𝑘 = 𝑝 and 𝑚 = 𝑞 contribute. Applying standard
trigonometric identities yields

𝐶
𝑥𝑦

00 (𝑥 − 𝑥′, 𝑦 − 𝑦′) =
∑︁
𝑝,𝑞

⟨𝐴2
𝑝,𝑞⟩ cos

( 2𝜋
𝐿𝑥

(𝑥 − 𝑥′)𝑝
)
cos

( 2𝜋
𝐿𝑦

(𝑦 − 𝑦′)𝑞
)
. (22)

Here, ⟨𝐴2
𝑝,𝑞⟩ represents the energy allocated to each mode and defines the amplitude spectrum. The only statistical

quantity influencing the evolution of the mean energy is the spectral content of the perturbation amplitudes, specifically
the root-mean-square of the interface displacement. This is generally defined as the spectrum of the initial perturbation
and constitutes a modeling choice. Henceforth, the energy spectrum is denoted as

𝑆(𝑘𝑥𝑝 , 𝑘𝑦𝑞) = ⟨𝐴2
𝑝,𝑞⟩, 𝑘𝑥𝑝 =

2𝜋𝑝
𝐿𝑥

, 𝑘𝑦𝑞 =
2𝜋𝑞
𝐿𝑦

. (23)

IV. Governing equations
This section analyzes two sets of governing equations for the Rayleigh–Taylor instability: the incompressible

variable-density formulation and the Boussinesq approximation. The incompressible variable-density formulation for a
binary mixing flow is presented first, followed by the Boussinesq approximation, which represents the limiting case for
small density differences between the two fluids.

A. Incompressible variable-density formulation
Consider two miscible fluids arranged vertically under constant gravitational acceleration. The upper fluid is

referred to as fluid 1 and the lower as fluid 2, with respective densities 𝜌1 and 𝜌2, and viscosities 𝜇1 and 𝜇2. The
governing equations are the incompressible variable-density equations introduced by Ref. [16]. These equations are
nondimensionalized using the reference quantities

𝜇𝑟 =
𝜇1 + 𝜇2

2
, 𝜌𝑟 =

𝜌1 + 𝜌2
2

. (24)

These definitions yield a nondimensional system in which the Reynolds, Schmidt, Froude, and Atwood numbers
are given by Re = 𝜌𝑟𝑈𝑟𝐿𝑟/𝜇𝑟 , Sc = 𝜇𝑟/(𝜌𝑟𝐷), Fr = 𝑈𝑟/

√
𝑔𝐿𝑟 , and At = (𝜌1 − 𝜌2)/(𝜌1 + 𝜌2), and the resulting

nondimensional governing equations read as

𝜕𝜌

𝜕𝑡
+
𝜕 (𝜌𝑢 𝑗 )
𝜕𝑥 𝑗

= 0,

𝜌
𝜕𝑢𝑖

𝜕𝑡
+ 𝜌 𝑢 𝑗

𝜕𝑢𝑖

𝜕𝑥 𝑗

= − 𝜕𝑝

𝜕𝑥𝑖
+ 1

Re
𝜕𝜏𝑖 𝑗

𝜕𝑥 𝑗

+ 𝜌 𝑔𝑖

Fr2 ,

𝜕 log(𝜌)
𝜕𝑡

+ 𝑢 𝑗

𝜕 log(𝜌)
𝜕𝑥 𝑗

=
1

Sc Re
∇2 (log(𝜌)).

(25)
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Here, 𝜏𝑖 𝑗 = 2 𝜇 𝑆𝑖 𝑗 + 4
3 𝜇

𝜕𝑢𝑘

𝜕𝑥𝑘
, where 𝑆𝑖 𝑗 = 1

2

(
𝜕𝑢𝑖
𝜕𝑥 𝑗

+ 𝜕𝑢 𝑗

𝜕𝑥𝑖

)
. Although the flow is incompressible, it is not divergence-free

because of mixing effects. In particular, the divergence is constrained by

𝜕𝑢𝑖

𝜕𝑥𝑖
= − 1

Sc Re
∇2 (log(𝜌)). (26)

Unless otherwise specified, Re = 1 and Fr = 1 are assumed, which fixes the velocity and length scales in the absence
of intrinsic scales in the base flow. The lack of characteristic scales implies that the base flow exhibits self-similar
evolution depending on a similarity variable that combines both 𝑧 and 𝑡, as noted by Ref. [20]. By introducing the
expansion q(x, 𝑡) = q0 (𝑧, 𝑡) + 𝜖 q′ (x, 𝑡) and substituting into Eq.(25), the zeroth-order set of equations allows to express
the evolution of the base state

𝜌0 = 1 + At erf
(

𝑧

𝛿(𝑡)

)
, 𝛿 =

√︂
4𝑡

Sc Re
. (27)

Since the dilatational component introduces only a vertical velocity, no shear component is expected to couple the
in-plane velocities with buoyancy and vertical motion. Therefore, the system of linearized equations can be reduced
to a vertical velocity–density formulation. The procedure to obtain these equations involves deriving the Poisson
equation, differentiating it with respect to 𝑧, and subsequently combining the result with the Laplacian of the vertical
momentum equation. This approach eliminates the pressure term, yielding the reduced formulation and demonstrating
that no coupling occurs between other components. A detailed derivation of the results obtained here, as well as the
final functional expression for the linearized system, is reported in Appendix A, and the linearized system used is just
reported compactly as 

M𝑤𝑤 M𝑤𝜌

0 1



𝜕𝑤
𝜕𝑡

𝜕𝜌

𝜕𝑡

 =


L𝑤0𝑤 + L𝑤𝑤 L𝑤0𝜌 + L𝑤𝜌

− 𝜕𝜌0
𝜕𝑧

L𝜌𝜌



𝑤

𝜌

 . (28)

After applying a Fourier transform in the homogeneous (𝑥, 𝑦) directions and defining 𝑘2 = 𝑘2
𝑥 + 𝑘2

𝑦 , the system is
discretized in the vertical direction and reformulated by introducing the state vector

q𝑘 (𝑡) =
[
w𝑘 (𝑡)
𝝆𝑘 (𝑡)

]
∈ C2𝑁𝑧 (29)

to obtain the semi-discrete system

B𝑘

𝑑q𝑘

𝑑𝑡
= A𝑘 q𝑘 (30)

where the block matrices A𝑘 and B𝑘 follow from the discretization of Eq.(28) as

B𝑘 =

[
M𝑤𝑤 M𝑤𝜌

0 I

]
, A𝑘 =

[
L𝑤0𝑤 + L𝑤𝑤 L𝑤0𝜌 + L𝑤𝜌

−D𝑧𝝆0 L𝜌𝜌

]
, (31)

where D𝑧 is the discrete first derivative in 𝑧, and I is the identity matrix.

B. Boussinesq approximation
Although the Boussinesq equations for miscible flows are presented separately in this section, they are a direct

consequence of the incompressible variable-density formulation, as demonstrated by Ref. [21]. More generally, these
equations can be derived from the fully compressible Navier–Stokes equations for a binary mixture, as discussed by
Ref. [22]. Upon nondimensionalization using the reference quantities defined in Eq.(24), the governing equations are
given by 

𝜕𝒖

𝜕𝑡
+ (𝒖 ·∇)𝒖 = −∇𝑝 + 1

Re
∇2𝒖 − 2At 𝑐 𝒆3,

∇·𝒖 = 0,

𝜕𝑐

𝜕𝑡
+ 𝒖 ·∇𝑐 =

1
Sc Re

∇2𝑐.

(32)
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The same approach used to derive the evolution of the base state for the variable density formulation can be applied to the
Boussinesq model. The sole distinction is that in the limit of small density differences, the flow field is divergence-free
and the velocity base state can be decoupled from the concentration of species. Specifically, the base states are defined as
𝒖0 = 0 and 𝑐0 (𝑧) = erf (𝑧/𝛿), where 𝛿 represents the width of the initial mixing layer. Employing the same methodology
as in the derivation of the vertical velocity–density formulation in Appendix A, the linearized equations read,

𝜕𝑤̂

𝜕𝑡
=

1
Re

(
𝜕2

𝜕𝑧2 − 𝑘2
)
𝑤̂ − 2At 𝑘2

(
𝜕2

𝜕𝑧2 − 𝑘2
)−1

𝑐,

𝜕𝑐

𝜕𝑡
= − 𝜕𝑐0

𝜕𝑧
𝑤̂ + 1

Sc Re

(
𝜕2

𝜕𝑧2 − 𝑘2
)
𝑐.

(33)

The Fourier-transformed variables are 𝑤̂(𝑘, 𝑧) and 𝑐(𝑘, 𝑧) and by defining the state vector 𝒒 = [𝑤̂, 𝑐]T, the governing
equations can be written as

𝑑

𝑑𝑡

[
𝑤̂

𝑐

]
=


1

Re

(
𝜕2

𝜕𝑧2 − 𝑘2
)

− 2At 𝑘2
(
𝜕2

𝜕𝑧2 − 𝑘2
)−1

− 𝜕𝑐0
𝜕𝑧

1
Sc Re

(
𝜕2

𝜕𝑧2 − 𝑘2
) 

[
𝑤̂

𝑐

]
, (34)

whose compact form is
𝑑𝒒

𝑑𝑡
= 𝑨(𝑘, 𝑧) 𝒒. (35)

V. Numerical solver
Following the derivation of the governing equations, a solver employing a Chebyshev spectral method is developed

using the MATLAB differentiation suite of Ref. [23]. To resolve the sharp gradient of the initial profile, a coordinate
transformation that concentrates collocation points within the diffusive layer is introduced. For a physical domain
[𝑎, 𝑏] = [−𝐿𝑧 , 𝐿𝑧], the mapping is

𝑧(𝜉) = 𝑎 + 𝑏

2
+ 𝑏 − 𝑎

2
sinh

(
𝛼 𝜉

)
sinh(𝛼) , 𝜉 ∈ [−1, 1], 𝑧 ∈ [𝑎, 𝑏], (36)

where the free parameter 𝛼 controls the clustering: for 𝛼 ≫ 1 most points fall near 𝑧 = 0. The inverse mapping, required
to construct the spectral matrices, follows from

𝑑𝑧

𝑑𝜉
=

𝑏 − 𝑎

2
𝛼 cosh

(
𝛼 𝜉

)
sinh(𝛼) ,

𝑑𝜉

𝑑𝑧
=

(
𝑑𝑧

𝑑𝜉

)−1
=

2
𝑏 − 𝑎

sinh(𝛼)
𝛼 cosh

(
𝛼 𝜉

) . (37)

Hence, the first-derivative matrix in physical space requires only the Chebyshev matrix 𝐷 ( 𝜉 )

𝑑𝑓

𝑑𝑧

����
𝑧𝑖

≈
𝑁∑︁
𝑗=1

(
𝑑𝑧
𝑑𝜉

)−1

𝜉𝑖︸  ︷︷  ︸
𝑤𝑖

𝐷
( 𝜉 )
𝑖 𝑗

𝑓 𝑗 , 𝐷 (𝑧) = diag(𝑤𝑖) 𝐷 ( 𝜉 ) . (38)

For the second derivative,

𝑑2 𝑓

𝑑𝑧2 =

(
𝑑𝜉

𝑑𝑧

)2
𝑑2 𝑓

𝑑𝜉2 + 𝑑2𝜉

𝑑𝑧2
𝑑𝑓

𝑑𝜉
,

𝑑2𝜉

𝑑𝑧2 = − 𝑑2𝑧

𝑑𝜉2

(
𝑑𝑧

𝑑𝜉

)−3
, (39)

so that (
𝐷 (𝑧,2) f

)
𝑖
≈ 𝑤2

𝑖

(
𝐷 ( 𝜉 ,2) f

)
𝑖
+ 𝑢𝑖

(
𝐷 ( 𝜉 ,1) f

)
𝑖
, 𝑤𝑖 =

𝑑𝜉

𝑑𝑧

����
𝑧𝑖

, 𝑢𝑖 =
𝑑2𝜉

𝑑𝑧2

����
𝑧𝑖

, (40)

and eventually
𝐷 (𝑧,2) = diag

(
𝑤2
𝑖

)
𝐷 ( 𝜉 ,2) + diag

(
𝑢𝑖

)
𝐷 ( 𝜉 ,1) . (41)
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Because the main quantity of interest is an energy functional defined through an integral, we must introduce a weight
matrix concerning the integration rule employed. The classical Clenshaw–Curtis rule gives

𝑊𝜉 = diag
(
𝜂𝑖

𝑑𝑧
𝑑 𝜉

��
𝑖

)
, (42)

where the 𝜂𝑖 are the standard Clenshaw–Curtis weights as reported in Ref. [24].

VI. Energy of the disturbances
The notion of disturbance energy, first introduced in Section IV.A through Eq.(5), deserves a more detailed discussion,

which is the focus of this section. The challenge of properly defining the energy associated with a disturbance in a flow
field traces back to the work of Ref. [25], who established two fundamental requirements: the disturbance energy must
(i) be a positive-definite quantity with the physical dimensions of energy, and (ii) decay monotonically in time in the
absence of external forcing. These criteria lead to the classical energy norm for linearized disturbances in fluid flows, a
formulation that, despite its age, continues to be used in modern studies such as Ref. [26, 27]. Subsequent developments
extended this framework beyond linear approximations. Ref. [28] introduced an exact energy corollary valid for arbitrary
disturbances in steady viscous flows, which naturally reduces to the linear form when linearized perturbations remain
accurate predictors of disturbance evolution. Later, Ref. [29] generalized this formulation to reactive and combusting
flows by incorporating the effects of species transport and heat release. For the present analysis of the Rayleigh–Taylor
instability, one may adapt this theoretical framework by relaxing the vanishing-body-force constraint. Following an
approach similar to Ref. [30], and requiring that the buoyancy production term balances the vertical transport of the
mean density, the following expression for the evolution of the disturbance energy can be obtained for a Boussinesq flow,

𝑑𝐸

𝑑𝑡
=

𝑑

𝑑𝑡

∫
𝑉

(
𝑢𝑖𝑢𝑖

2
− 2 At

𝜌0,𝑧

𝜌2

2

)
𝑑𝑉 = − 1

Re

∫
𝑉

𝜕𝑢𝑖

𝜕𝑥 𝑗

𝜕𝑢𝑖

𝜕𝑥 𝑗

𝑑𝑉 + 2 At
∫
𝑉

1
𝜌0,𝑧

𝜕𝜌

𝜕𝑥 𝑗

𝜕𝜌

𝜕𝑥 𝑗

𝑑𝑉. (43)

In this formulation, the Brunt–Väisälä frequency naturally appears as a weighting factor in the quadratic form of the
density perturbation. However, the resulting expression is positive definite and nonincreasing in time only when 𝜌0,𝑧 < 0,
indicating that the flow must be stably stratified for a proper energy norm to exist. One might argue that relaxing the
assumption of the absence of external body forces could yield an incorrect definition of energy. Still, this limitation
is not unique to the present derivation. Indeed, Ref. [31] obtained an analogous expression—through a different
reasoning—where the energy norm remains positive definite solely for a stably stratified base state. Consistent findings
from subsequent works [32–34] further support that no quadratic, positive-definite energy norm can be formulated for
an unstably stratified flow. A possible way to circumvent the positive-definiteness issue is to adopt the approach of
Ref. [17], in which the energy associated with the concentration field is simply defined as a quadratic quantity. While
such formulations offer a convenient means of evaluating perturbation growth, they do not resolve the fundamental
problem that these definitions are dimensionally inconsistent (unless properly nondimensionalized) and therefore do not
represent a true physical energy. Furthermore, as noted by the same authors, the resulting measures are sensitive to
the specific terms included in the definition, introducing ambiguity in identifying the quantity that genuinely governs
transient dynamics. Recognizing the practical difficulty of defining a positive-definite norm that emerges naturally from
the governing conservation equations, we pursue a different strategy. Rather than adopting an arbitrary definition and
testing its sensitivity, the objective is to establish an energy norm still grounded in the conservation principles, one
that, in the limit of a stably stratified flow, recovers the physically meaningful available potential energy described by
Ref. [32]. The formulation proposed here builds on the framework of available potential energy developed by Ref. [34],
and the subsequent derivation will closely follow their theoretical treatment.

Before proceeding, it is necessary to introduce, at least qualitatively, the notion of a reference state. Following the
definition of Ref. [33], the reference state corresponds to the adiabatic rearrangement of the initial base density field
such that the gravitational potential energy is minimized. Indeed, for the potential energy to be defined, a reference state
must be specified. Since this choice is, in principle, arbitrary, it is natural to select the configuration that minimizes the
potential energy and this will be referred to as the reference profile.

The first step is to note that the reference state, obtained through the adiabatic rearrangement of the initial density
profile, coincides with the inverted version of the initial profile of a classical unstable diffusive error-function stratification.
For simplicity, only a diffusive error-function profile is considered here, although the same reasoning applies to any
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monotonically increasing profile in the vertical direction. Let be 𝐻 the Heaviside step function

𝐻
(
𝜌(x, 𝑡) − 𝜌(x0, 𝑡)

)
=


0, 𝜌(x, 𝑡) < 𝜌(x0, 𝑡),
1
2 , 𝜌(x, 𝑡) = 𝜌(x0, 𝑡),
1, 𝜌(x, 𝑡) > 𝜌(x0, 𝑡)

(44)

for which, following Ref. [34]

𝑉 (𝜌) = 1
𝑉𝑟

∫
𝜌(𝑧)<𝜌

𝑑𝑉 =
1
𝑉𝑟

∫
𝑉𝑟

𝐻 (𝜌(𝑧) − 𝜌) 𝑑𝑉 (45)

represent the fraction of the total volume whose density is lower than 𝜌. In the case where 𝜌 = 𝜌(𝑧), this can be
interpreted as the fraction of the vertical domain whose density is below 𝜌, that is,

𝑉 (𝜌) = 1
𝐿𝑧

∫
𝐻 (𝜌(𝑧) − 𝜌) 𝑑𝑧. (46)

For a monotonically increasing profile, denoting by 𝑧(𝜌) the inverse of the initial unstable profile, we obtain

𝑉 (𝜌) = 𝑧(𝜌)
𝐿𝑧

. (47)

The sorted (or reference) profile, by definition, satisfies

𝑧∗ (𝜌) = 𝑧(𝑉 (𝜌)). (48)

Differentiating this last expression

𝜕𝑧∗

𝜕𝜌
=

𝜕𝑧

𝜕𝑉

𝜕𝑉

𝜕𝜌
= − 𝐿𝑧

𝜕𝑉

𝜕𝜌
=

𝛿
√
𝜋

2 At
exp

(
𝑧2

𝛿2

)
=

(
𝜕𝜌𝑟

𝜕𝑧

)−1
(49)

it follows that the reference (sorted) density profile can be expressed as

𝜌𝑟 (𝑧) = 1 + At erf
(
− 𝑧

𝛿

)
, (50)

which corresponds exactly to the stably stratified counterpart of the initial unstable profile.
Having identified the background sorted profile, we now aim to measure perturbation energies relative to this stable

reference state. However, it is not immediately evident that perturbations about the unstable Rayleigh–Taylor profile
are equivalent to those about the stable, sorted profile. It is therefore necessary to establish a relationship between the
two. Let 𝑧∗ (𝑧) denote the sorting function, defined such that 𝜌𝑟 (𝑧∗ (𝑧)) = 𝜌0 (𝑧). Consider a fluid parcel labeled 𝑎, with
density 𝜌𝑎, satisfying 𝜌𝑟 (𝑧∗ (𝑧𝑎)) = 𝜌0 (𝑧𝑎) = 𝜌𝑎. A small vertical displacement of this parcel in the two profiles can
then be expressed, following Ref. [31], as

𝜌𝑟 (𝑧∗ − 𝜂∗) = 𝜌𝑟 (𝑧∗𝑎) +
𝜕𝜌𝑟

𝜕𝑧∗

����
𝑎

𝜂∗ ⇒ 𝜌′𝑟 = 𝜌𝑟 − 𝜌𝑎 = − 𝜕𝜌𝑟

𝜕𝑧∗

����
𝑎

𝜂∗, (51)

𝜌(𝑧 − 𝜂0) = 𝜌(𝑧𝑎) +
𝜕𝜌

𝜕𝑧

����
𝑎

𝜂0 ⇒ 𝜌′ = 𝜌 − 𝜌𝑎 = − 𝜕𝜌

𝜕𝑧

����
𝑎

𝜂0. (52)

By showing that the stably stratified profile is simply the inverted version of the unstable one, it follows that the gradients
of 𝜌𝑟 and 𝜌 are equal in magnitude but opposite in sign, namely,

𝜕𝜌𝑟

𝜕𝑧∗

����
𝑎

= − 𝜕𝜌

𝜕𝑧

����
𝑎

. (53)

Since (𝜂∗ − 𝜂0) is a small quantity, it can be concluded that

𝜌′𝑟 = − 𝜌′ +𝑂 (𝜂). (54)
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The disturbance energy can thus be written in the general form

𝐸 (𝑘) =
∫ 𝐿𝑧

−𝐿𝑧

(
|𝑢̂ |2 + |𝑣̂ |2 + |𝑤̂ |2

)
𝑑𝑧 +

∫ 𝐿𝑧

−𝐿𝑧

2 At
𝜕𝜌𝑟
𝜕𝑧

| 𝜌̂ |2
2

𝑑𝑧. (55)

Because the background stratification is modeled with an error-function profile, the Brunt–Väisälä frequency depends
exponentially on 𝑧. As a result, it grows without bound outside the mixing layer. This behavior, however, is merely a
byproduct of the analytical form of the erf profile. Physically, it reflects the fact that beyond the diffusive layer there is
no stratification and hence no available potential energy [35]. It is therefore reasonable to assume that the contribution
outside the diffusive layer is zero, leading to

𝐸 (𝑘) =
∫ 𝐿𝑧

−𝐿𝑧

(
|𝑤̂ |2 + 1

𝑘2

���𝑑𝑤̂
𝑑𝑧

���2) 𝑑𝑧 + ∫ 𝛿

−𝛿

√
𝜋 𝛿

2
| 𝜌̂ |2 𝑑𝑧. (56)

This derivation, as clarified at the beginning of this discussion, is not intended to overcome the fundamental limitation
of defining a positive-definite quadratic energy norm, assuming such a definition even exists. Rather, it represents a
mathematical construction that connects the notion of energy to a quantity that is at least dimensionally consistent with
a physical energy and, in the case of a stably stratified flow, reduces to the available potential energy that carries a clear
physical interpretation. At the present stage, no direct physical meaning can be ascribed to this construction beyond its
dimensional consistency with an energy norm.

Since the present analysis will be extended to the variable-density case, it is necessary to determine whether the
previous results remain valid. All previous studies defining the energy norm rely on the Boussinesq approximation,
which raises the question of whether such definitions can be consistently extended to variable-density flows. Fortunately,
this extension is relatively straightforward. Under adiabatic rearrangement of fluid particles—meaning no mixing—the
variable-density formulation implies that the logarithm of the density is conserved. Because the logarithm is a monotonic
function, sorting by density in logarithmic space is equivalent to sorting in physical space. Following Ref. [33], this can
be written as

𝑧∗ (x, 𝑡) =
1
𝐴

∫
𝑉

𝐻 (𝜌(x′, 𝑡) − 𝜌(x, 𝑡)) 𝑑𝑉 ′ =
1
𝐴

∫
𝑉

𝐻 (log 𝜌(x′, 𝑡) − log 𝜌(x, 𝑡)) 𝑑𝑉 ′, (57)

where variable 𝑧∗ (x, 𝑡) represents a length that can be interpreted as a statically stable ordering of fluid elements [31].
To extend Eq.(43) to the variable-density case, it is necessary to derive an equivalent bilinear form, noting that the
divergence-free constraint cannot be exploited in the presence of nonzero mixing. Consider the vertical vorticity
equation for the linearized variable-density system,

𝜌0
𝜕𝜁3
𝜕𝑡

= 2𝜇′
𝜕𝜁3
𝜕𝑥3

+ 𝜇∇2𝜁3. (58)

This result implies that if the initial condition does not introduce vertical vorticity, the vertical vorticity remains zero
during the evolution of the perturbation. Exploiting the divergence constraint for the variable-density formulation and
using the fact that the in-plane vorticity remains zero during evolution, the system can be written as

𝑖 𝑘𝑦 𝑢̂ − 𝑖 𝑘𝑧 𝑣̂ = 0,

𝑖 𝑘𝑥 𝑢̂ + 𝑖 𝑘𝑦 𝑣̂ = L∇2

𝜌 𝜌̂ − 𝜕𝑤̂

𝜕𝑧
.

(59)

The total disturbance energy for the variable-density case can then be expressed as

𝐸𝑉𝐷 (𝑘) =
∫ 𝐿𝑧

−𝐿𝑧

(
|𝑤̂ |2 + 1

𝑘2

���L∇2

𝜌 𝜌̂ − 𝜕𝑤̂

𝜕𝑧

���2) 𝑑𝑧 + ∫ 𝛿

−𝛿

𝛿
√
𝜋

2
| 𝜌̂ |2 𝑑𝑧. (60)

VII. Statistical evolution of the mean energy
As discussed in Section III, the first type of in-plane correlation used to describe the interface perturbations is

modeled by an isotropic Gaussian

𝐶
𝑥𝑦

00 (𝑥 − 𝑥′, 𝑦 − 𝑦′) = exp
[
− (𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2

𝜆2

]
. (61)
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Fig. 1 Temporal evolution of 𝐺mean (𝑡) at 𝐴𝑡 = 0.5 within the Boussinesq approximation for different horizontal
correlation lengths 𝜆. (a) Single trajectory illustrating the characteristic quantities of interest in this study.
(b) Evolution of multiple trajectories for various 𝜆 values, highlighting the non-monotonic dependence of the
minimum energy attained during the evolution on the correlation length.

The parameter 𝜆 represents the horizontal correlation length in the (𝑥, 𝑦)-plane, corresponding to the characteristic
distance over which perturbations of the interface height remain statistically correlated. A small 𝜆 implies highly
uncorrelated, white-noise–like perturbations, whereas a large 𝜆 produces coherent, long-wavelength undulations at the
same physical scale. A Gaussian model for the in-plane statistics thus provides a compact yet physically meaningful
representation of the surface roughness characterizing the initial perturbation of the interface.

For the Rayleigh–Taylor configuration the linearized equations depend only on the magnitude of the wavenumber.
Switching to polar coordinates (𝑘, 𝜃) reduces the mean energy growth defined in Eq.(10) to

𝐺mean (𝑡) =
[
𝑔(0, 𝑡) +

∫ ∞

0

𝜕𝑔(𝑡, 𝑘)
𝜕𝑘

exp
(
−𝜆

2𝑘2

4

)
𝑑𝑘

]
. (62)

Up to this point, the formulation has been general and applicable to both the variable-density and the Boussinesq cases.
However, in this section, the results refer specifically to the linear operator derived under the Boussinesq approximation,
as defined in Eq.(34). In Fig. 1a, a representative evolution of 𝐺mean (𝑡) is shown for a fixed value of 𝜆 = 0.6. The
mean energy initially decays nearly exponentially, reflecting the dominance of stable eigenmodes at early times. This
decay continues until a minimum value, 𝐺mean

min (𝜆), is reached. Beyond this point, the trajectory reverses and exhibits
exponential growth driven by the unstable modes present in the spectrum. A key feature of this behavior is the time delay
observed in the divergence of the trajectories. To quantify this delay, the critical time 𝑡𝑐 is defined as the instant, distinct
from the initial one, at which 𝐺mean (𝑡𝑐) = 1. In this sense, it can be viewed as a time delay if the system diverges from
the moment the initial perturbation is applied. In Fig. 1b, the temporal evolution of 𝐺mean (𝑡) is shown for several values
of the in-plane correlation length 𝜆. Lighter curves correspond to smaller values of 𝜆, whereas progressively darker
tones indicate larger values. The ordering of the trajectories highlights the non-monotonic dependence of the minimum
value attained during the evolution on the correlation length, which is reported in red for each trajectory. Since there
is a direct functional relationship between the evolution of the mean energy growth and the initial correlation, it is
possible to describe the physical mechanisms that lead to this non-monotonic behavior. In fact, the evolution of the
mean energy is modulated by the exponential kernel in Eq.(62), which acts as a low-pass filter. As the correlation
length 𝜆 increases from zero, large-𝑘 (stable) modes are progressively filtered out, causing the delay to decrease until a
minimum is reached. Beyond this point, however, low-𝑘 (unstable) modes are also filtered out, leading to a subsequent
increase in the time delay. In fact, for small 𝜆, the kernel is nearly flat and all wavenumbers contribute, so the early-time
dynamics are dominated by stable modes and the minimum 𝐺mean

min is correspondingly lower. As 𝜆 grows, the influence
of stable modes diminishes and 𝐺mean

min increases; once 𝜆 becomes sufficiently large, the suppression of unstable modes
causes 𝐺mean

min to decrease again. This behavior reflects a transient stabilization effect induced by small-scale roughness
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Fig. 2 Minimum values 𝐺mean
min and critical times 𝑡𝑐 obtained within the Boussinesq approximation. (a)

Dependence of 𝐺mean
min on 𝜆 and Atwood number. (b) Variation of the critical time 𝑡𝑐 with 𝜆 for 𝐴𝑡 = 0.2,

emphasizing the non-monotonic behavior of both quantities with respect to the horizontal correlation length.

and highlights the sensitivity of the energy growth to the horizontal correlation length.
Additionally, to quantify the dependence of 𝐺mean on the correlation length, asymptotic expansions of Eq.(62) can

be derived. In the limit 𝜆 → ∞,

𝐺mean (𝑡) ≈ 1

Tr
(
𝑪𝑧

00

) (
𝑔(𝑡, 0) + 𝜕𝑔

𝜕𝑘

����
(𝑡 ,0)

√
𝜋

𝜆

)
, (63)

while for 𝜆 → 0
𝐺mean (𝑡) ≈ 𝜆2

2 Tr
(
𝑪𝑧

00

) ∫ ∞

0
𝑔(𝑡, 𝑘) 𝑘 𝑑𝑘. (64)

The asymptotic behavior is illustrated in Fig. 2 for the minimum values attained during the transient evolution. The
small-𝜆 regime is consistent with the quadratic scaling predicted by Eq.(64), indicating that for very short correlation
lengths the energy decreases by several orders of magnitude relative to its initial value and exhibits a clear quadratic
dependence on 𝜆. An intermediate regime follows, where the asymptotic dependence transitions to the 𝜆−1 scaling. As
𝜆 increases further, however, this asymptotic behavior is lost. A possible explanation is that, for large 𝜆, the Gaussian
kernel approaches the Dirac-delta function, which may introduce inaccuracies in the numerical integration procedure
used to compute this quantity.

After analyzing the mean energy growth under Gaussian perturbations, the focus is now shifted to the second
modeling choice for the in-plane disturbances, namely the one associated with the initialization of direct numerical
simulations. Within this framework, it is possible to derive a closed-form expression for the mean energy growth
expected from a three-dimensional perturbation with a prescribed spectrum. In particular, by substituting the correlation
in Eq.(22) into the general expression for the mean energy growth given in Eq.(10), the following closed-form expression
is obtained,

𝐺mean (𝑡) =

∑︁
𝜅

𝑆(𝜅) Tr
{
M𝑡 (𝜅) C𝑧

00 M∗
𝑡 (𝜅)

}
Tr

(
C𝑧

00

) ∑︁
𝜅

𝑆(𝜅)
. (65)

Two principal observations follow from Eq.(65). First, the only statistical quantity that influences the evolution of the
mean energy is the spectral content of the perturbation amplitudes, specifically the root-mean-square of the interface
displacement. Second, and more relevant from a practical standpoint, all computations involving the linear operator can
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Fig. 3 Comparison between linear-stability predictions and the direct numerical simulations at Atwood number
𝐴𝑡 = 0.5 with flat spectrum 𝑆(𝑘) = 1 for the configurations in Table 1. The two cases correspond to increasing
values of 𝛿, highlighting the effect of initial diffusive-layer variations.

be performed a priori for each wavelength and stored offline. These precomputed results can then be weighted by any
desired spectrum, eliminating the need to perform a new simulation for each spectral distribution.

CASE 𝑁𝑥 𝑁𝑦 𝑁𝑧 𝐿𝑥 𝐿𝑦 𝐿𝑧 𝑁min 𝑁max 𝐸0 𝑘min 𝑘max

1 64 64 512 64𝜋 64𝜋 16𝜋 1 2 0.05 0.0312 0.0625
2 64 64 512 64𝜋 64𝜋 16𝜋 1 32 0.05 0.0312 1

Table 1 Parameters employed in the numerical simulations for each case. All simulations were performed
at Atwood number 𝐴𝑡 = 0.5 with a flat initial spectrum 𝑆(𝑘) = 1, meaning that all wavenumbers within the
range [𝑘min, 𝑘max] are equally weighted. The quantities 𝑁𝑥 , 𝑁𝑦 , and 𝑁𝑧 denote the number of grid points in
the streamwise, spanwise, and vertical directions, respectively, while 𝐿𝑥 , 𝐿𝑦 , and 𝐿𝑧 denote the corresponding
domain dimensions. The parameters 𝑁min and 𝑁max indicate the lower and upper bounds on the number of
Fourier modes included in the response. The wavenumber 𝑘min represents the smallest wavenumber resolved by
the computational domain, whereas 𝑘max = 𝑁max𝑘min corresponds to the largest wavenumber included in the
initial perturbation spectrum. The parameter 𝐸0 denotes the initial perturbation energy level.

Since the initial perturbation follows the standard setup commonly used in direct numerical simulations to assess the
influence of initial conditions, the predictions from the linear stability solver are compared against numerical data obtained
for a flat spectrum 𝑆(𝑘) = 1. These numerical results are produced using the triple-periodic pseudo-spectral code
PsDNS (https://github.com/lanl/PsDNS.git) and the configurations used for the simulations are summarized
in Table 1. For each case, five independent ensembles were generated, and their results were averaged to obtain the
statistical mean energy growth, corresponding to an average normalized energy of 0.5. Fig. 3 shows close agreement
between the linear solver and the numerical simulations at early times. For random initial conditions, a noticeable time
delay in the evolution is observed, consistent with predictions from the statistical linear framework. Fig. 3 also displays
several trajectories from the linear solver corresponding to different initial interface thicknesses in the range 𝛿 ∈ [1, 1.2],
illustrating that thicker initial layers maintain improved agreement at later times. This behavior indicates that the base
state is not stationary but instead thickens progressively due to diffusion. Consequently, assuming a fixed interface
thickness in the linear solver introduces discrepancies relative to the numerical simulations, where the diffusive layer
naturally broadens over time. This interpretation is further supported by trajectories associated with larger 𝑘max in the
random initial field, which include a greater contribution from stable (diffusive) modes. In these cases, the diffusive
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Fig. 4 Effect of density contrast on the minimum mean growth 𝐺mean
min for different viscosity ratios A𝜇. For small

Atwood numbers, viscosity effects are nearly symmetric; at higher Atwood numbers, negative A𝜇 (heavier fluid
more viscous) reduces the delay time, leading to earlier instability growth.

layer grows more rapidly, leading to an earlier departure from the statistical linear predictions. Although part of the
discrepancy may originate from statistical noise due to the limited ensemble size (five realizations), the differences
between trajectories remain small during the non-monotonic phase. These observations reinforce the conclusion that the
evolving diffusive layer significantly influences the statistical evolution of the mean energy, consistent with previous
findings in Ref. [36].

VIII. Mean energy growth for Incompressible variable-density equations
The major limitation of the Boussinesq approximation is that it allows analysis of variable-density flows only in the

limit of small density differences. This restriction is significant in practice, since, for example, the Atwood number for
a mixture of air and helium is At ≈ 0.75 [37]. Most studies on incompressible variable-density flows have focused
on large-scale numerical simulations aimed at understanding the turbulent features of Rayleigh–Taylor mixing layers
[12, 21, 38]. However, to the author’s knowledge, no prior study has analyzed the incompressible variable-density
equations in the context of linear stability, nor has any attempt been made to characterize them statistically. This step is
pursued here and extends the previous work, aiming to characterize the effect of density differences, including viscosity
stratification, and to report results from the variable-density model in Eq.(28) for a Gaussian in-plane correlation. The
viscosity stratification is defined by an equivalent viscosity Atwood number

A𝜇 =
𝜇1 − 𝜇2
𝜇1 + 𝜇2

, (66)

for which the viscosity profile is modeled as

𝜇(𝑧) = 1 + A𝜇 erf
(
𝑧

𝛿0

)
. (67)

The analysis in this section focuses on the effect of density contrast on the minimum mean growth 𝐺mean
min , which

is directly related to the critical time 𝑡𝑐 characterizing the onset of divergence in the statistical response. Therefore,
the trajectory depth and the delay time are treated interchangeably in the discussion. The parameter space explored
spans At ∈ [0, 0.85] and A𝜇 ∈ [−0.9, 0.9]. Fig. 4 shows results for At = 0.01 (small Atwood number), At = 0.544
(intermediate Atwood number), and At = 0.811 (large Atwood number). The first observation is that viscosity effects
remain mild for |A𝜇 | ≲ 0.9, consistent with Ref. [39], which reported only slight variations due to viscosity in the RTI
stability spectrum. Secondly, in regimes where viscosity stratification has a non-negligible effect, an increase in the
trajectory depth, or equivalently, a reduction in the time delay, is observed. By fixing the viscosity contrast and analyzing
the effect of the Atwood number, a strong asymmetry emerges depending on the sign of A𝜇. For small Atwood numbers,
the influence of viscosity is nearly symmetric, as expected in this limit from the Boussinesq approximation. In contrast,
for larger Atwood numbers, a negative A𝜇 reduces the time delay, leading to an earlier divergence of the instability. This
asymmetry persists at high Atwood numbers, where viscosity effects also become significant for intermediate values of
A𝜇. Fig. 5 presents the complementary perspective: for fixed values of A𝜇, the variation of 𝐺mean

min with Atwood number
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Fig. 5 Effect of viscosity contrast on 𝐺mean
min for different density contrasts At. For At ≥ 0, the peak is located

at the highest Atwood number computed. When A𝜇 < 0, the minimum shifts toward smaller At, indicating an
earlier onset of instability.

is examined. When viscosity differences are absent (A𝜇 = 0), 𝐺mean
min exhibits a peak at the largest density contrast, and

a similar dependence on the Atwood number is observed for A𝜇 ≈ 0.9. Interestingly, for A𝜇 ≈ −0.9, the peak shifts
toward At ≈ 0.8, indicating that the instability develops earlier in this configuration.

IX. Conclusion
This work employed and extended the statistical framework of Ref. [1] to analyze how different classes of initial

perturbations influence the linear evolution of the Rayleigh–Taylor instability. The approach enabled closed-form
expressions for the growth of the mean perturbation energy and provided a means to characterize the transient dynamics
before instability amplification becomes dominant. For perturbations modeled with Gaussian in-plane correlations, the
evolution of 𝐺mean (𝑡) exhibits an initial decay followed by exponential growth. The transition between these regimes
is marked by a critical time 𝑡𝑐, which was shown to depend non-monotonically on the correlation length 𝜆. This
demonstrates that multimodal perturbations may delay the onset of instability in a nontrivial way, with neither highly
localized nor highly coherent disturbances producing the strongest or fastest-growing response. Instead, the dominant
contribution results from a balance between stable and unstable spectral components that depends directly on 𝜆. For
perturbations defined as random superpositions of Fourier modes, an analytical expression for 𝐺mean (𝑡) was derived
in terms of the initial spectral amplitudes. This formulation clarifies the contribution of specific wavenumber bands
and allows direct comparison with ensembles of three-dimensional DNS. The agreement observed during the linear
stages confirms that the statistical framework provides predictive capability, while the deviations appearing at later
times reflect the inherently non-autonomous character of the evolving base state. Finally, the effects of viscosity and
density stratification were examined. Both modify the growth rate and shift the critical time, but do not eliminate the
transient delay mechanism. These results highlight that the statistical structure of the initial perturbations plays a central
role in shaping early-time RTI evolution and should be taken into account when designing or interpreting experiments
and numerical simulations.
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A. Derivation of the Velocity–Density Formulation
A detailed description and derivation of the set of equations briefly discussed in Section IV.A are reported here. By

introducing the expansion 𝒒(𝒙, 𝑡) = 𝒒0 (𝑧, 𝑡) + 𝜖 𝒒′ (𝒙, 𝑡) and substituting into Eq.(25), the zeroth-order set of equations
are given by

𝜕𝜌0
𝜕𝑡

+
𝜕 (𝜌0 𝑈 𝑗0)

𝜕𝑥 𝑗

= 0, (68a)

𝜌0
𝜕𝑈𝑖0
𝜕𝑡

+ 𝜌0 𝑈 𝑗0
𝜕𝑈𝑖0
𝜕𝑥 𝑗

= − 𝜕𝑝0
𝜕𝑥𝑖

+ 1
𝑅𝑒

𝜕𝜏𝑖 𝑗0

𝜕𝑥 𝑗

+ 𝜌0 𝑔𝑖 , (68b)

𝜕 log(𝜌0)
𝜕𝑡

+𝑈 𝑗0
𝜕 log(𝜌0)

𝜕𝑥 𝑗

=
1

Sc Re
∇2 log(𝜌0) (68c)

while the divergence constraint at zeroth order is

𝜕𝑈 𝑗0

𝜕𝑥 𝑗

= − 1
Sc Re

∇2 log(𝜌0). (69)

Without loss of generality, it is assumed that only the vertical velocity component of the base state is diffusing, such that
𝑼0 = (0, 0, 𝑤0 (𝑧, 𝑡)). By imposing that the velocity decays to zero far from the boundaries, the base state must evolve as

𝜕𝜌0
𝜕𝑡

=
1

Sc Re
𝜕2𝜌0

𝜕𝑧2 , 𝑤0 (𝑧, 𝑡) = − 1
Sc Re

𝜕 log(𝜌0)
𝜕𝑧

, (70)

where the density satisfies a diffusion equation, which naturally leads to a self-similar evolution of the base state as
reported in Eq.(27).

At first order, the linearized equations are derived by considering the first-order terms in 𝜖 . In the resulting set of
equations, primes are omitted for clarity and are instead reserved for total derivatives with respect to the vertical 𝑧
direction. Moreover, the QSSA assumption holds, meaning that the base state is frozen and therefore all time derivatives
arising from its evolution are omitted.

1
𝜌0

𝜕𝜌

𝜕𝑡
+ 1

𝜌0

𝜕𝜌0
𝜕𝑧

𝑤 + 𝜕

𝜕𝑧

(
𝜌

𝜌0

)
𝑤0 =

1
Sc Re

∇2
(
𝜌

𝜌0

)
, (71a)

𝜌0
𝜕𝑢𝑖

𝜕𝑡
+ 𝜌0

𝜕𝑤0
𝜕𝑧

𝑤 𝛿𝑖3 + 𝜌0 𝑤0
𝜕𝑢𝑖

𝜕𝑧
+ 𝑤0

𝜕𝑤0
𝜕𝑧

𝜌 𝛿𝑖3 = − 𝜕𝑝

𝜕𝑥𝑖
+ 1

𝑅𝑒

𝜕𝜏𝑖 𝑗

𝜕𝑥 𝑗

− 𝜌 𝛿𝑖3, (71b)

𝜕𝜏𝑖 𝑗

𝜕𝑥 𝑗

= 2 𝜇′ 𝑆𝑖3 + 𝜇 ∇2𝑢𝑖 +
1
3
𝜇 ∇(∇ · 𝒖) − 2

3
𝜇′ (∇ · 𝒖) 𝛿𝑖3, (71c)

𝜕𝑢𝑖

𝜕𝑥𝑖
= − 1

Sc Re
∇2

(
𝜌

𝜌0

)
. (71d)

The vertical component of the momentum equation in Eq.(71b), combined with the divergence of the stress tensor from
Eq.(71c), yields

𝜌0
𝜕𝑤

𝜕𝑡
+ 𝜌0 𝑤

𝜕𝑤0
𝜕𝑧

+ 𝜌0 𝑤0
𝜕𝑤

𝜕𝑧
+ 𝜌 𝑤0

𝜕𝑤0
𝜕𝑧

= − 𝜕𝑝

𝜕𝑧
+ 𝜇

(
∇2𝑤 + 1

3
𝜕 (∇ · 𝒖)

𝜕𝑧

)
+ 𝜇′

(
2
𝜕𝑤

𝜕𝑧
− 2

3
∇ · 𝒖

)
. (72)

Taking the Laplacian of Eq.(72) yields

𝜌′′
𝜕𝑤

𝜕𝑡
+ 2 𝜌′

𝜕

𝜕𝑧

(
𝜕𝑤

𝜕𝑡

)
+ 𝜌0

𝜕∇2𝑤

𝜕𝑡
+ ∇2

(
𝜌0

𝜕𝑤0
𝜕𝑧

𝑤 + 𝜌0 𝑤0
𝜕𝑤

𝜕𝑧
+ 𝑤0

𝜕𝑤0
𝜕𝑧

𝜌

)
= − 𝜕 (∇2𝑝)

𝜕𝑧
− ∇2𝜌

+ 𝜇

(
∇4𝑤 + 1

3
𝜕

𝜕𝑧

(
∇2∇ · 𝒖

))
+ 𝜇′

(
4
𝜕∇2𝑤

𝜕𝑧
+ 2

3
𝜕2 (∇ · 𝒖)

𝜕𝑧2 − 2
3
∇2∇ · 𝒖

)
+ 𝜇′′

(
∇2𝑤 + 4

𝜕2𝑤

𝜕𝑧2 − 𝜕 (∇ · 𝒖)
𝜕𝑧

)
+ 𝜇′′′

(
2
𝜕𝑤

𝜕𝑧
− 2

3
∇ · 𝒖

)
.

(73)
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Next, the divergence of the momentum equation in Eq.(71b) followed by differentiation with respect to 𝑧 leads to the
vertical derivative of the Poisson equation,

𝜌′′0
𝜕𝑤

𝜕𝑡
+ 𝜌′0

𝜕

𝜕𝑧

(
𝜕𝑤

𝜕𝑡

)
+ 𝜌′0

𝜕∇ · 𝒖
𝜕𝑡

+ 𝜌0
𝜕

𝜕𝑧

(
𝜕∇ · 𝒖
𝜕𝑡

)
+ 𝜕Φ(𝑧)

𝜕𝑧
=

𝜕 (∇2𝑝)
𝜕𝑧

+ 4
3
𝜇
𝜕 (∇2∇ · 𝒖)

𝜕𝑧
− 𝜕2𝜌

𝜕𝑧2

+ 𝜇′
(
4
3
∇2∇ · 𝒖 + 2

𝜕∇2𝑤

𝜕𝑧
+ 2

3
𝜕2 (∇ · 𝒖)

𝜕𝑧2

)
+ 𝜇′′′

(
2
𝜕𝑤

𝜕𝑧
− 2

3
∇ · 𝒖

)
,

(74)

where

Φ(𝑧) =
[
𝜕 (𝜌0 𝑤

′
0)

𝜕𝑧
𝑤 + 𝜌0 𝑤

′
0
𝜕𝑤

𝜕𝑧
+ 𝜕 (𝜌0 𝑤0)

𝜕𝑧

𝜕𝑤

𝜕𝑧
+ 𝜌0 𝑤0

𝜕 (∇ · 𝒖)
𝜕𝑧

+ 𝑤0 𝑤
′
0
𝜕𝜌

𝜕𝑧
+
𝜕 (𝑤0 𝑤

′
0)

𝜕𝑧
𝜌

]
. (75)

Substituting Eq.(73) into Eq.(74) leads to

−
(
𝜌′0

𝜕

𝜕𝑧
+ 𝜌0 ∇2

)
𝜕𝑤

𝜕𝑡
+

(
𝜌′0 + 𝜌0

𝜕

𝜕𝑧

)
𝜕 (∇ · 𝒖)

𝜕𝑡
−

(
𝜌0 𝑤

′
0 ∇

2 + 𝑤0 𝜌
′
0
𝜕2

𝜕𝑧2 + 𝜌0 𝑤0
𝜕∇2

𝜕𝑧

)
𝑤

+ 𝜕 (𝜌0 𝑤0)
𝜕𝑧

𝜕2 (∇ · 𝒖)
𝜕𝑧2 + 𝜌0 𝑤0

𝜕2 (∇ · 𝒖)
𝜕𝑧2 − 𝑤0 𝑤

′
0 ∇

2
𝑥𝑦𝜌 = 𝜇

(
−∇4𝑤 + 𝜕 (∇2∇ · 𝒖)

𝜕𝑧

)
+ 2 𝜇′

(
∇2∇ · 𝒖 − 𝜕∇2𝑤

𝜕𝑧

)
+ ∇2

𝑥𝑦𝜌 + 𝜇′′
(
∇2𝑤 − 2

𝜕2𝑤

𝜕𝑧2 − 𝜕 (∇ · 𝒖)
𝜕𝑧

)
.

(76)

The divergence term ∇ · 𝒖 appearing in Eq.(76) is determined solely by the density perturbation, as derived from
Eq.(71d), suggesting that the vertical velocity is solely coupled with the density perturbation.

Defining

∇ · 𝒖 = − 1
Sc Re

∇2
(
𝜌

𝜌0

)
= L∇2

𝜌 𝜌, (77)

it is possible to express the system in terms of the differential operators reported in Eq.(28), whose complete definition
is reported in the following. In particular, the 𝑩 matrix in Eq.(29) is defined by

M𝑤𝑤 = −
(
𝜌0

𝜕

𝜕𝑧
− 𝜌0 ∇2

)
,

M𝑤𝜌 =

(
𝜌′0 + 𝜌0

𝜕

𝜕𝑧

)
L∇2

𝜌 ,

(78)

while the matrix 𝑨 in Eq.(28) is defined by

L𝑤0𝑤 =

(
𝜌0

𝑑𝑤0
𝑑𝑧

+ 𝜌0 𝑤0
𝜕

𝜕𝑧

)
∇2 + 𝑤0

𝑑𝜌0
𝑑𝑧

𝜕2

𝜕𝑧2 ,

L𝑤0𝜌 = −
(
𝑑 (𝜌0 𝑤0)

𝑑𝑧

𝜕

𝜕𝑧
+ 𝜌0 𝑤0

𝜕2

𝜕𝑧2

)
L∇2

𝜌 + 𝑤0
𝑑𝑤0
𝑑𝑧

∇2
𝑥𝑦 ,

L𝑤𝑤 =

(
− 𝜇 ∇4 − 2 𝜇′

𝜕

𝜕𝑧
∇2 + 𝜇′′ ∇2 − 2 𝜇′′

𝜕2

𝜕𝑧2

)
,

L𝑤𝜌 =

(
𝜇

𝜕

𝜕𝑧
∇2 + 2 𝜇′ ∇2 − 𝜇′′

𝜕

𝜕𝑧

)
L∇2

𝜌 − ∇2
𝑥𝑦 ,

L𝜌𝜌 = L∇2

𝜌 + 𝑤0
𝜌0

𝜕𝜌0
𝜕𝑧

− 𝑤0
𝜕

𝜕𝑧
.

(79)

These expressions complete the derivation of the velocity–density formulation and establish the operator structure used
to construct the incompressible variable-density system.
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𝜔
𝑟

𝐴𝑡 = 0.01
𝐴𝑡 = 0.05
𝐴𝑡 = 0.10
𝐴𝑡 = 0.20
𝐴𝑡 = 0.30

0 0.5 1 1.5 2
0

0.05

0.15

0.25

0.35

0.45
(b)

𝑘

𝜔
𝑟

𝐴𝑡 = 0.40
𝐴𝑡 = 0.50
𝐴𝑡 = 0.70
𝐴𝑡 = 0.80
𝐴𝑡 = 0.95

Fig. 6 Verification of the solver against the classical results of Ref. [40]. The comparison illustrates the growth
rate of the Rayleigh–Taylor instability in the inviscid limit. (a) Atwood numbers range between 0.01 and 0.3. (b)
Atwood numbers range between 0.4 and 0.95. The symbols represent the results obtained by solving Eq.(81),
while the continuous curves represent the results obtained by the solver developed in this work.

B. Solver Verification

A. Verification I
The solver is first verified against the classical results of Ref. [40]. This initial comparison confirms that the

implementation correctly reproduces the canonical Rayleigh–Taylor instability formulation under simplified assumptions.
Starting from the general variable-density equations presented in Section IV.A, the model reduces to the inviscid limit
considered by Chandrasekhar by setting 1/𝑆𝑐 = 0 and neglecting viscosity stratification. Under these conditions, the
corresponding linear operators simplify to

L∇2

𝜌 = 0, M𝑤𝑤 = −
(
𝑑𝜌0
𝑑𝑧

𝜕

𝜕𝑧
+ 𝜌0 ∇2

)
, M𝑤𝜌 = 0,

L𝑤𝑤 = − 1
𝑅𝑒

∇2, L𝑤𝜌 = − 𝑘2, L𝜌𝜌 = 0.
(80)

The growth rate is obtained by computing the eigenvalues of the discretized operator and selecting the largest real
component. The procedure follows the numerical approach detailed previously, ensuring consistency across all test
cases. For reference, Ref. [40] determined the growth rate analytically by solving the polynomial equation,

𝑦4 + (1 − 𝐴2
𝑡 ) 𝑦3 + (3 𝐴2

𝑡 − 1) 𝑦2 − (1 + 3 𝐴2
𝑡 ) 𝑦 + 𝐴2

𝑡 −
𝐴𝑡

𝑘3 = 0, (81)

from which the growth rate for each wavenumber 𝑘 is expressed as

𝜔𝑟 =
(
𝑦2 − 1

)
𝑘2. (82)

The theoretical predictions for a sharp interface were reproduced numerically by setting the diffusive layer width to
𝛿 = 0.025 𝐿𝑧 . Fig. 6 compares the present results with Chandrasekhar’s analytical predictions and shows excellent
agreement across all wavenumbers. Attempts to reduce the diffusive layer thickness while maintaining adequate
resolution confirmed that the results remained unchanged, reinforcing the solver’s robustness.

B. Verification II
The second Verification compares the results of the present solver with those of Ref. [39], which in turn extends the

classical formulation of Ref. [40] to include a finite diffusive layer thickness. The diffusive interface is represented as a
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𝛿 = 1.50
𝛿 = 2.00
𝛿 = 2.50
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0
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0.1
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0.2

0.25
(b)

𝑘

𝜔
𝑟

𝐴𝜇 = 0.00
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𝐴𝜇 = 0.50
𝐴𝜇 = 0.90
𝐴𝜇 = −0.90

Fig. 7 Verification of the variable-density formulation against the reference results of Morgan et al. [39].
Symbols represent data extracted from the reference study, while continuous lines correspond to the present
solver. (a) 𝐴𝜇 = 0 and 𝐴𝑡 = 0.5 for different layer thicknesses. (b) Case including viscosity stratification at
𝐴𝑡 = 0.5 and 𝛿 = 5. The comparison confirms the solver’s accuracy and consistency with established results.

piecewise linear profile, and the eigenvalue problem is solved using the Riccati equation, with matching conditions
enforced at the interface through discontinuities in the first derivative. Dynamic diffusion is neglected, eliminating the
possibility of species mixing and simplifying the governing equations. Within the present framework, setting 1/𝑆𝑐 = 0
reproduces the same set of equations, showing that the general formulation of Section IV.A naturally reduces to the
equations employed by Ref. [39]. The corresponding operators take the form

L∇2

𝜌 = 0 M𝑤𝑤 = −
(
𝜌′0

𝜕

𝜕𝑧
+ 𝜌0 ∇2

)
,

M𝑤𝜌 = 0 L𝑤𝑤 =

(
− 𝜇 ∇2 − 2 𝜇′

𝜕

𝜕𝑧
∇2 + 𝜇′′ ∇2 − 2 𝜇′′

𝜕2

𝜕𝑧2

)
1
𝑅𝑒

,

L𝑤𝜌 = − 𝑘2 L𝜌𝜌 = 0.

(83)

The first verification case considers 𝐴𝜇 = 0 and 𝐴𝑡 = 0.5, varying the diffusive layer thickness. The results are presented
in Fig. 7a and demonstrate that the solver reproduces the same trends reported in the reference study. The second
comparison involves viscosity stratification, which requires additional care. Because the present formulation employs
a smooth base-state profile, all viscous derivatives must be retained—unlike in Ref. [39], where a piecewise-linear
approximation set higher-order derivatives to zero. Despite this difference, Fig. 7b shows that both formulations yield
consistent growth rates, whether or not the viscous terms are explicitly retained.

C. Verification III
The final Verification compares the present formulation with the semi-analytical results of Ref. [41], which

extend Chandrasekhar’s analysis to finite fluid layers of arbitrary thickness. These results correspond to the classical
Rayleigh–Taylor instability problem with discontinuous density and viscosity profiles, defined as

𝜌(𝑧) =
{
𝜌1, − 𝑡1 ≤ 𝑧 ≤ 0,
𝜌2, 0 ≤ 𝑧 ≤ 𝑡2,

𝜇(𝑧) =
{
𝜇1, − 𝑡1 ≤ 𝑧 ≤ 0,
𝜇2, 0 ≤ 𝑧 ≤ 𝑡2.

(84)

In this formulation, the quantity

𝑞2
1,2 = 𝑘2 + 𝛾

𝜌1,2

𝜇1,2
, 𝑄1 = 𝑞2

1 + 𝑘2, 𝑄2 = 𝑞2
2 + 𝑘2, 𝛼 =

𝑔 𝑘

𝛾2

(
𝜌1 − 𝜌2 + 𝑘2 𝑇 (𝑠)

𝑔

)
, 𝛽 =

2 𝑘

𝛾
(𝜇1 − 𝜇2) (85)
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𝐻 = 16.00

Fig. 8 Comparison between the present solver and the semi-analytical results of Ref. [41] for 𝐴𝑡 = {0.1, 0.5, 0.9}
(a–c) at 𝐴𝜇 = 0. 𝐻 in the legend denotes the domain height. The symbols represent the results obtained by solving
Eq.(87), while the continuous curves represent the results obtained by the solver developed in this work.

arises naturally, leading to the following linear system for the amplitude coefficients,

©­­­­­­­­­­­­­­«

1 1 1 1 −1 −1 −1 −1
𝑘 𝑞1 −𝑘 −𝑞1 𝑘 𝑞2 −𝑘 −𝑞2

𝑒−𝑘𝑡1 𝑒−𝑞1𝑡1 𝑒𝑘𝑡1 𝑒𝑞1𝑡1 0 0 0 0
0 0 0 0 𝑒−𝑘𝑡2 𝑒−𝑞2𝑡2 𝑒𝑘𝑡2 𝑒𝑞2𝑡2

𝑘𝑒−𝑘𝑡1 𝑞1𝑒
−𝑞1𝑡1 −𝑘𝑒𝑘𝑡1 −𝑞1𝑒

𝑞1𝑡1 0 0 0 0
0 0 0 0 −𝑘𝑒−𝑘𝑡2 −𝑞2𝑒

−𝑞2𝑡2 𝑘𝑒𝑘𝑡2 𝑞2𝑒
𝑞2𝑡2

2𝑘2𝜇1 𝑄1𝜇1 2𝑘2𝜇1 𝑄1𝜇1 −2𝑘2𝜇2 −𝑄2𝜇2 −2𝑘2𝜇2 −𝑄2𝜇2

𝜌1 + 𝛼 + 𝛽𝑘 𝛼 + 𝛽𝑞1 −𝜌1 + 𝛼 − 𝛽𝑘 𝛼 − 𝛽𝑞1 𝜌2 0 −𝜌2 0

ª®®®®®®®®®®®®®®¬

©­­­­­­­­­­­­­­«

𝐴1

𝐵1

𝐶1

𝐷1

𝐴2

𝐵2

𝐶2

𝐷2

ª®®®®®®®®®®®®®®¬
= 0. (86)

In compact notation,
𝑴 (𝛾, 𝑘) 𝒂 = 0, (87)

which admits nontrivial solutions when
det

(
𝑴 (𝛾, 𝑘)

)
= 0. (88)

A classical root-finding procedure is applied for each wavenumber to compute the corresponding growth rate in
Eq.(87), and the results are compared with those obtained from the present solver. The agreement is evaluated for
different Atwood numbers and fluids of the same viscosity, as shown in Fig. 8. Across all configurations, the present
solver reproduces the reported trends and magnitudes, confirming the implementation’s accuracy and applicability to
configurations with finite domain boundaries. In particular, the analysis highlights the influence of the finite vertical
domain and shows that when the half-domain height exceeds approximately 𝐻 > 16, the growth-rate curves become
nearly insensitive to further increases in domain size.
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