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A direct numerical simulation with a Lattice Boltzmann Method is performed of the flow field around
a modern controlled-diffusion airfoil within an anechoic wind-tunnel at 5◦ incidence and a high Reynolds
number of 1.5 × 105 . The simulation compares favorably with experimental measurements of wall-pressure,
wake statistics, and far-field sound. The temporal evolution of wall-pressure fluctuations shows significant
unsteadiness especially in the aft region of the suction side. A wavelet analysis allows identifying quiet and
intense periods within the simulation. In the former periods the boundary flow remains attached on the suction while in the latter an instable recirculation bubble forms around 65-70% of the chord. Kelvin-Helmholtz
instabilities in the separated shear layer yield rollers that break down into turbulent vortices whose diffraction at the trailing edge produces a strong dipole acoustic field. A linear stability analysis of the mean flow
field around the airfoil identifies convective instability in the aft portion of the airfoil where this shedding
occurs for frequencies covering the broadband hump, and also provides estimates of the tonal frequencies.

I.

Introduction

Airfoil self-noise can be seen as the canonical aeroacoustic problem for wall-bounded flows and directly
relates to the minimum noise generated by a fixed wing or a rotating machine. It is caused by the scattering
of boundary-layer vortical disturbances into acoustic waves at the airfoil trailing edge. In the present work,
the cambered thin CD airfoil, characteristic of modern low-speed and high-speed fan blade design, has been
extensively studied both experimentally and numerically essentially focusing on the turbulent flow regime
over the airfoil (8◦ geometrical incidence).1, 2, 3 During experimental campaigns1, 4 covering various angles of
attack and flow speeds on the airfoil located in the potential core of an anechoic open-jet wind-tunnel, the
appearance of sharp tones over a broadband hump could be obtained for some flow regimes.
Such a tonal noise has been observed on several airfoils, drones or UAV applications, or low-speed fan applications. It has been intensively studied on the symmetric NACA0012 airfoil at low to transitional Reynolds
numbers since the 1970s,5 and has recieved renewed interest with improved measurement techniques6, 7, 8, 9
and with direct numerical simulations.10, 11, 12, 13 Yet no consensus has been reached on the aeroacoustic/hydrodynamic feedback mechanisms14 which may involves upstream propagating acoustic waves and
hydrodynamic influence of recirculation bubbles on the airfoil8 and wake turbulent structures.11
In this study, a three-dimensional compressible Direct Numerical Simulation (DNS) accounting for the full
open-jet wind tunnel set-up with a jet width of 0.5 m is performed at an incidence of 5◦ and a high Reynolds
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number based on the chord length of 1.5 × 105 for which a significant tonal noise on a broadband hump
is experimentally observed. The challenges of such a simulation compared with previous simulations10, 11
are the high-Reynolds number transitional flow with possibly large flow separations, and the effect of the
wind-tunnel jet. The simulation is performed using the Lattice Boltzmann Method as implemented in the
Exa PowerFLOW software. In Section II, the experimental database is briefly presented. In section III the
formulation and computational setup are outlined. Section IV is devoted to the aerodynamic results and
to the analysis of the instationarities in the flow field. Section V studies the noise sources and the far-field
acoustic propagation. Section VI contains a linear stability analysis that provides some first insight in the
noise mechanisms.
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II.

Experimental Setup

Comprehensive acoustic and flow field measurements have been performed on the CD airfoil placed at 5◦
geometric angle of attack. The measurements were carried out in the anechoic open jet wind-tunnel facility
at the Université de Sherbrooke. The turbulence intensity of the open jet wind-tunnel in the nozzle exit
plane was found to be less than 0.4%.15 The airfoil mockup is placed between two side plates, 4.75 mm
thick to give optical access for the Particle flow velocimetery (PIV) measurements. Planar PIV measurements have been performed near the trailing edge region of the CD airfoil in the near wake region. The
Planar PIV measurements were performed using a single 5.5 megapixel sCMOS camera. Evergreen ND:YAG
dual pulsed laser which yields up to 200 mJ of energy per pulse was used as the light source for the PIV
measurements. 2500 images in double frame mode were recorded. All the data have been processed using
Lavision’s commercial software DAVIS 8. Furthermore, single point mean and unsteady surface pressure
have been measured, using remote microphone probes16 (RMP). The locations of the pin holes along the
surface of the airfoil are identified with black squares in Fig. 1(b). Details on the airfoil instrumentation can
be found in Roger et al.1 and Hower’s master thesis.17 Lastly, far field acoustic pressure was measured using
two 1/2 inch (12.7 mm) PCB Integrated circuit piezoelectric microphones. The microphones were placed
perpendicular to the jet flow direction on the suction and pressure side of the airfoil at a distance of 1.36 m
from the airfoil trailing edge.

III.

Numerical set-up

(a) Numerical setup.

(b) Refinement around the airfoil.

Figure 1. Sketch of the numerical setup showing the refinement zones.

Similarly to the turbulent flow-regime case performed by Sanjose et al.,3 the direct numerical simulation is
performed using the Lattice Boltzmann Method rather than the classical Navier-Stokes equations to proceed
faster in time18, 19 and to account for actual experimental set-up more easily. This is even more justified
in the present case as the observed unsteadiness of the acoustic and flow field may require a larger number
of flow-through times t? = t U∞ /C than previously (t is time, C = 13.56 cm is the chord length, and
U∞ = 16 m/s is the free stream velocity). Installation effects from the wind tunnel accounted for in the
numerical configuration play an important role on the airfoil loading.20 The Lattice Boltzmann Method
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(LBM) solves the “mesoscopic” kinetic equations, i.e. the Boltzmann equation for a set of particle density
functions with a collision source term, to predict macroscopic fluid dynamics. In the Boltzmann equation the
collision source term is represented by the simplest form known as the Bhatnagar-Gross-Krook (BGK) form.21
In the low Knudsen limit, frequency and wave-number are small relative to the lattice increments, and for
the suitable choice of the set of discrete velocity vectors, the transient compressible Navier-Stokes equations
are recovered through the classical Chapman-Enskog expansion, in the limit of low Mach numbers, i.e.
M < 0.3.22 The molecular relaxation time τ of the BGK model is related to the fluid kinematic viscosity.23
Thus to achieve the physical laminar viscosity in the computational domain, what would be called direct
numerical simulation (DNS), sufficient mesh resolution is required for the given Reynolds number. The
present simulation has been obtained with the commercial code PowerFLOW 5.1 from EXA Corporation
in DNS mode. In that implementation, the discrete Lattice-Boltzmann equations are solved for 19 discrete
velocities on cubic cells (D3Q19 method). For each discrete velocity, the particle equation is solved using a
time explicit and spatially compact numerical integration based on the method of characteristics.24, 25
To prevent using a hybrid method as in previous incompressible Large Eddy Simulation (LES) studies,2, 26
the computational domain involves a thin slice of the corresponding full anechoic wind tunnel as described by
Sanjose et al.3, 27 The spanwise domain extension has been limited to 12% of the chord length because of the
restriction of the current LBM to cubic voxels. As the present simulation involves the same Reynolds number
as the reference case, the same grid topology around the CD profile with zones of Volume Refinement (VR) of
similar size that insured dimensionless distance to the wall y + below 1. From one VR to another the grid size
is increased by a factor 2 by means of a conservative flux exchange.28 To achieve the DNS requirements in the
first three VR around the profile the Mach number of the simulation is 4 times greater than the experimental
one. All physical quantities obtained by summation of the momentum of the particle density functions are
rescaled afterwards using a dynamic pressure factor appropriate for this still low Mach number flow. The
three-dimensional grid has about 640 millions voxels with ten levels of consecutive grid refinements as shown
in Fig. 1. In the spanwise direction there are 1024 cells and periodic boundary conditions are applied.
Absorbing VRs (shown in gray in Fig. 1) are set around the simulation box in which the laminar viscosity is
gradually increased to mitigate the acoustic waves and prevent their reflection back into the computational
domain. The initial condition for the simulation was taken from a preliminary simulation on a coarser grid
with the first two finer VRs removed. This led to a total transient period of about 10 flow-through times.

IV.
A.

Aerodynamic results

Overall flow topology

Figure 2.
contours.

DNS instantaneous result in the full wind-tunnel setup: (left) velocity contours; (right) pressure

The overall flow topology in the whole wind tunnel set-up is shown in Fig. 2. In these instantaneous
flow fields, the turbulent airfoil wake and the jet deflection by the airfoil can be clearly seen. The jet is
initially laminar and undergoes vortex pairing and transition to turbulence above the trailing-edge of the
airfoil. This is far enough downstream not to induce any modification of incidence as recently observed on
high-lift devices.29, 30 Moreover including the jet effect in the simulation yields the proper airfoil loading as
shown below, and also the direct noise propagation to the far field.
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To gain additional insight into the flow unsteadiness in the whole domain, four charateristic time-traces
of the wall-pressure fluctuations are shown in Fig. 3. In all probes the transient regime (hashed zone)
corresponds to the first 10 flow-through times. At RMP#5, a smooth laminar pressure signal is observed.
Only a large damped smooth oscillation can be seen, which is also present in the other probes. These
oscillations are driven by the large coherent structures formed in the shear layer of the jet. Similar time
traces are obtained for suction side probes up to RMP#11 and for all pressure side probes but RMP#29. In
the RMP#11 probe signal, in addition to the low frequency oscillations, intermittent bursts appear which
are signs of transition to turbulence. These bursts are more and more amplified toward the trailing edge as
evidenced in RMP#21. In the latter time trace, alternative regions of calmer and more intense fluctuations
can be clearly seen. Periods of intense oscillations around t∗ = 24, 30 and 43 are followed by longer periods
of lower amplitude oscillations. During the bursts, higher frequencies are noticeable in the time signal. The
signal at RMP#25 shows the higher frequency content, and the amplitudes are more regular, although some
modulation is still noticeable and some turbulent and relatively quiet periods can be observed. To keep
the simulation cost affordable, the full simulation data is not registered along the whole simulation, but in
reduced time windows shown as gray bands in Fig. 3. For these time windows, small volumes of the complete
flow field are saved around the airfoil in addition to the wall-pressure field.

Figure 3. Time trace of DNS wall-pressure fluctuations at different RMPs.

The unsteadiness of the flow field can be also clearly identified by looking at snapshots of the flow field
taken arbitrary in windows #1 and #2 in Fig. 3. The flow features are visualized in Fig. 4 using iso-surfaces
of the second invariant of the velocity gradient, the Q factor. Note that despite the same level value of Q for
the iso-surfaces, the visualized coherent structures are quite different. For boths windows, the boundary layer
is laminar and no vortical structures can be seen up to mid-chord. After mid-chord, natural instabilities grow
in the laminar boundary layer as Tollmien-Schlichting waves (small ripples on the airfoil surface) that die out
when the flow separates (at about 70% chord length). The separated shear layer then becomes unstable, and
this Kelvin-Helmholtz (K-H) instability yields rollers. This initial two-dimensional shear-layer roll-up is then
followed by a significant three-dimensional distortion and break-up of the coherent vortices. Such a process
has been described in details for several laminar recirculation bubbles by Marxen & Henningson31 and Jones
et al.11 for instance. In the present case, the strength and size of the rollers vary in the two snapshots. In
the first one, the 2D roller is thin and long yielding smaller vortices when it breaks up. In the second window
(intense event), the roller is thicker and shorter, yielding larger and more intense vortices in the transition
process. Such a strong variation of the vortex strength and consequently a thicker boundary-layer is also
seen in the high-resolution Particle Image Velocimetry (PIV) measurements that have been performed in
a parallel experimental campaign. The wake turbulent flow in the second snapshot bears larger coherent
structures.

4 of 13
American Institute of Aeronautics and Astronautics

Figure 4.

Downloaded by STANFORD UNIVERSITY on June 16, 2017 | http://arc.aiaa.org | DOI: 10.2514/6.2017-3190

B.

Q-criterion: (left) taken from window #1 period; (right) taken from window #2 period.

Wavelet analysis

As demonstrated with the time traces of wall-pressure at several locations on the airfoil in Fig. 3 the
simulation demonstrates large unsteadiness despite the long simulation time covered. The wavelet analysis
is a well adapted tool for the study of such non-stationary evolution in order to link the unsteady pressure
packets measured on the wall to the coherent structures formed in the turbulent regions.32, 33, 34, 35 In the
present analysis, a continuous wavelet transform is performed on discrete time series using as wavelet function
the second derivative of a Gaussian (DOG). A discrete Fourier transform is used to compute efficiently the
convolution product of the windowed time signal and the DOG functions for a set of scales. The continuous
wavelet power spectrum for the time signal recorded for t∗ > 26 at RMP#21 is shown in Fig. 5 (left).
The cone of influence limiting the validity of the power spectrum due to the windowing of the signal is
shown with a black dashed line. Only the upper part of the spectrogram with respect to that line should be
considered. The black plain contours highlight the area of powerful events defined by a Local Intermittency
Measure (LIM)33, 34 greater than 150%. These contours highlight the previously observed periods of intense
fluctuations and can be related to intense coherent structures passing at the probe location.34 These burst
sequences are centered on a scale corresponding to the frequency 1000 Hz. They are often centered on a
packet for which the scale is of lower frequency 50 to 100 Hz. Indeed, the main bursts around t∗ = 30
and t∗ = 43 appear after a decrease of the mean pressure by 20 Pa. Using the LIM signal for the scale
corresponding to frequency 1000 Hz, events (orange squares) can be detected as shown in Fig 5 (right).
They are sorted into local maxima (red circles) and minima (blue squares) of the full pressure signal. From
the flow visualizations available during the simulation length (shown in gray areas), two distinct windows of
one flow-through time are identified with the red and green boxes in Fig 5 (right) corresponding to a intense
and a quiet flow-through time respectively. Some statistical analysis will be performed on both windows.

Figure 5.
LIM.

intense

quiet

intense

quiet

Left: Wavelet power spectrum for RMP#21. Right: Events detections using local maximum of
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C.

Visualizations of the event signature

On the identified intense flow-through time in Fig. 5, a total of 18 events are detected with 9 local maxima and
minima of pressure fluctuations respectively. From instantaneous frames recorded at frequency fs = 35740 Hz
in the mid-span of the computational domain, conditional averaging is performed separately on both event
types. The mean static pressure over the intense flow-through time is subtracted from the pressure obtained
by the conditional averaging. The signatures of the two event types are identical but with opposite pressure
levels. In Fig. 6, pressure fluctuation contours of the signature from the local maximum events are shown.
The same conditional averaging is performed for shifted snapshots around the detected events providing
a time animation of the event signature (not shown here). At the end of the suction side of the airfoil,
successive lobes of pressure are propagating towards the trailing-edge. The signature centered on the events
shown in Fig. 6 is synchronized when the last lobe has passed the trailing-edge and has been divided into
two distinct lobes (in red downstream of RMP#25). While these pressure lobes in the boundary layer
convect downstream, acoustic pressure waves are emitted and propagate upstream. Their levels are about
10 times smaller than the pressure waves convected along the suction side. The signature centered on the
events shown in Fig. 6 is also synchronized when one acoustic lobe is centered around RMP#11 where small
pressure fluctuations can be noticed in the iso-contours. From the time-animation, no modifications of these
small pressure fluctuations at RMP#11 can be seen with the passing of the acoustic wave front. These
synchronous visualizations allow clear identification of the aeroacoustic mechanism previously discussed by
many authors.8, 11 In the present case, the acoustic waves are emitted from the trailing-edge and caused by
the diffraction of the coherent structures from the boundary layer. No influence of the upstream propagating
waves on the hydrodynamic structures could be identified. Finally it must be stressed that this unsteady
analysis identifies similar structures in the pressure field in the boundary layer and wake as those identified
previously using dynamic mode decomposition by Sanjose et al.36

Pressure
Fluctuations
[Pa]

11
21
29

25

Figure 6. Pressure fluctuations from the local maximum events obtained in RMP#21 during the intense
flow-through time window.

D.

Boundary-layer analysis

The above events can be quantitatively assessed using the various boundary-layer parameters on the airfoil
computed from the intense and quiet flow-through times identified in Fig. 5. Figure 7 shows (a) the mean
wall-pressure coefficient Cp , (b) the mean friction coefficient on the airfoil Cf , and the mean shape factor
p−p∞
H of the boundary-layer. The reference parameters (p∞ , u∞ and ρ∞ for the scaling of Cp = 1/2ρ
2
∞ u∞
τw
and Cf = 1/2ρ∞ u2 are measured at the nozzle exit for the two distinct time windows to account for slight
∞
variations that could be induced by the shear layer. Significant variations are observed between the two
averaged datasets. The most intense one compares well with the Cp measurements at trailing edge, while
the quiet window compares better at leading edge. The Cp coefficient for the quiet window compares better
at leading edge. It should be mentioned that small pressure fluctuations appear on the suction side after the
RMP#21 location. The friction coefficient confirms the flow separation in the 20% aft portion of the airfoil
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for the intense time window, while it remains positive although close to zero, for the quiet time window.
The boundary layer is in a completely different state in the two flow-through time windows analyzed. This
∗
is further confirmed by looking at the shape factor H = δΘ , which is the ratio of the displacement and
momentum thickness) of the boundary layer along the airfoil. Below 70% of the chord the shape factor
H along the suction side is around 2.4, typical of a laminar boundary layer and similar for the two time
windows. It drastically increases to a maximum where the Cf is minimum for the intense time widow. Flow
separation occurs when H ' 3.5. Close to the trailing edge the shape factor goes below 2.4 typical of the
limit of turbulent flow separation and finally settles around 1.8, typical of a turbulent boundary layer. For
the quiet time window the H factor gradually increases with a maximum of 3 at 75% of chord at the location
where Cf is minimal but positive. It gradually decreases to the similar 1.8 value at trailing-edge. Despite the
small fluctuations seen on Cp levels, the boundary layer for that time window remains laminar and attached
up to the trailing edge.

(a) Mean pressure coefficient.

(b) Mean friction (top) and boundary layer shape (bottom)
coefficients.

Figure 7. Boundary layer parameters.

E.

Wake profiles

To further assess the quality of the present DNS, the wake evolution is compared in Fig. 8 with PIV
measurements at several locations downstream of the trailing-edge. The wake statistics are again performed
in the both time windows shown in Fig. 5. As highlighted by the boundary-layer analysis, the two time
windows represent two completely distinct behaviors. The quiet flow-through time window presents a laminar
attached boundary layer which yields thin wake deficits in Fig. 8, while the detached boundary layer from
the intense flow-through time window yields a larger wake deficit and stronger turbulent levels. The profiles
extracted from the mean field of the intense flow-through time window agree with the PIV measurements
showing that it is a representative event of the experimental configuration.

Figure 8. Streamwise mean velocity component and turbulence intensity in the wake.
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Far-field (exp.)
579
737
864
991
1100

FWH
544
670
781-860
990

wall p (exp.)

860
1000

wall p (DNS)
550
670
840
1000

DMD (U)
387
694

DMD (p)
398
691

LST
391
703

Wavelet
380

1044

1049

1012
1332

1000

Table 1. Tones found in all experimental, numerical and theoretical analysis.

V.
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A.

Acoustic results

Wall pressure fluctuations

From the temporal evolution of the wall-pressure fluctuations shown in Fig. 3, the spectra is computed for
the two short time window called intense and quiet identified in Fig. 5, and for the full signal length recorded
for t∗ > 26. The spectra are computed using a Welch periodogram technique with 3 time blocks for intense
and quiet signal and 8 time blocks for the full length signal and using a 50% of overlap between consecutive
blocks. When available the experimental measurements are compared with the numerical results in Fig. 9.
It must be stressed that the experimental data for which the levels are below 45 dB are dominated by the
response function of the RMP device and should be discarded. The full length signal from the simulation
takes its characteristics from both the typical intense and quiet frames, which make this particular distinction
made by the wavelet analysis very interesting. At RMP #9 the quiet and intense time window spectra differ
essentially in the range [400,1500] Hz, where a large hump is captured only in the intense spectra. The same
hump will be fund in all the other probe spectra for the intense time window. At RMP #21 and #25, the
experimental measurements agree better with the levels obtained from intense time window. At RMP #11
humps at high frequencies (one is centered at 3000 Hz and the other two are its harmonics) are obtained
with both time windows. These humps are frequency traces of the small pressure fluctuations observed in
Fig. 6 and in the Cp profiles. This again highlights that these local perturbations are not modified by the
downstream boundary layer state. They do not appear to have a different signature for the two time window
analyzed. These fluctuations are not the consequence of a feedback mechanism rather an inherent instability
of the boundary layer at this location.
The critical change in the pressure fluctuations from RMP #21 to RMP #25 shown in Fig. 9 should
be related to the H factor of the boundary-layer. For the intense window, the high frequency content in
the spectra (f > 5000 Hz) increases drastically between RMP#21 and #25. In between these locations
(0.85 < x/C < 0.95) the boundary layer is largely detached and tends to reattach (dropping levels of H)
just before the trailing edge. For the quiet window, the high frequency in the spectra (f > 5000 Hz) have a
level 20 dB higher than for the intense window. It also influences the spectra computed over the full signal
length and agrees with the experimental levels. This part of the spectra is probably related to the inner part
of the boundary-layer and representative of an attached boundary layer.
The clear tones that appear at 860 Hz and 1000 Hz in the experimental measurements do not appear
in the numerical results. On the one hand the intense and quiet time window are too short to provide a
sufficient frequency resolution. On the other hand, the spectra obtained from the full time length show
multiple thicker tones at frequency 550, 670, 840 and 1000 Hz. Measured tones are reported in Tab. 1 for
both experimental and numerical results. They are compared to tones obtained from the DMD analysis36
and the wavelet analysis.
B.

Far-field acoustic pressure

The radiated acoustic field is first shown in Fig. 10 (left) by the iso-contours of the dilatation field. The
overall field in the full computational domain clearly shows the dipole-nature of the radiated noise, and
stresses that the main noise mechanism is the diffraction at the trailing edge. The wave fronts obtained from
the dilatation are identical to the pressure fluctuation fronts extracted with the signature of the events on
the intense window. Some reflection can be observed at the end point of nozzle lips. The diffraction by the
jet shear layer is also found to be negligible as expected at this low Mach number. The radiated acoustic
field is dominated by mid-frequencies (large wavelengths corresponding to about 1 kHz and larger). It could
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(a) RMP #9

(b) RMP #11

(c) RMP #21

(d) RMP #25

Figure 9. Wall-pressure fluctuations at several locations on the airfoil suction side.

be related to the tones seen in the noise spectra measured 1.3 m perpendicular to the airfoil at midspan
on both pressure and suction sides (Fig. 10, left). The corresponding DNS spectra are computed from the
wall-pressure fluctuations on the airfoil with the Ffowcs Williams and Hawkings analogy. Good spectral
shape and sound levels are obtained compared with measurements. Higher tones are however found below
800 Hz and broadband humps extend to 2000 Hz.

Figure 10. Dilatation field (left) and acoustic spectra (right).
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VI.

Linear stability analysis
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Some of the spectral properties of the flow are now related to linear instabilities of the mean boundary
layer profile. Two different mean flows are considered. The first is computed over the quiet window and the
second is computed over window #2 shown in Fig. 3. The analysis of this latter window was performed in a
initial stage of the simulation before mean data from the intense window was available. However, the mean
flow from window #2 contains a separated region similar to the one observed in the intense window, the
results are expected to be representative of an intense period in the flow.
The linearized Navier-Stokes equations are written in curvilinear ξ − η coordinates with the η coordinate
consisting of straight lines perpendicular to the surface of the airfoil and ξ orthogonal to η. The value η = 0
traces the surface of the airfoil and ξ varies from 0 to 1 from the leading-edge to the trailing-edge along the
suction side of the airfoil. Since the mean-flow is slowly-varying along the airfoil, i.e., in the ξ-direction, it
is valid to perform a local stability analysis at each value of ξ. Accordingly, the fluctuations are assumed to
take the form of two-dimensional traveling-waves of the form
q 0 (ξ, η, t) = q̂ (η) eiαξ−iωt .

(1)

The properties of the flow allow several additional simplifications. First, since the boundary layer on
the airfoil is thin (even for the intense window), the classical boundary-layer approximation is valid and
the second ξ-derivatives can be neglected. Second, the curvature of the airfoil is small within the region
of interest, i.e, along the latter part of the suction side of the airfoil. Because of this, the grid can be
considered to be locally Cartesian at each ξ-station along the airfoil with the transverse coordinate aligned
with the local η-ray. This eliminates a large number of terms in the linearized equations. Third, since the
Mach number is small, the spatial variation of thermodynamic quantities can be neglected and are thus set
to their free-stream values. Finally, the η-velocity and the ξ-derivatives of the mean-flow are neglected for
consistency with the locally-parallel approximation.
Inserting the form of the fluctuation given by Eq. (1) into the linearized equations, applying the preceding
simplifications, and numerically discretizing the equations in the η-direction leads to an equation at each ξ
of the form
[−iωI + iαA + B] q̂ = 0.
(2)
For the present analysis, the equations are discretized using sixth-order central finite-differences with summationby-parts closure.37 Characteristic boundary conditions are applied at the airfoil surface38 and radiation
boundary conditions are enforced at the far-field η-boundary using a super-grid damping layer.39 Solutions
satisfying Eq. (2) exist only for certain combinations of ω and α, which define the local modes of the flow.
A.

Absolute stability analysis

One potential source of the observed tones would be the presence of an intrinsic oscillation related to
absolute instability of the re-circulation bubble during intense periods in the flow.40 Previous investigations
have shown that the separated region supports a Kelvin-Helmholtz instability that can in some cases become
absolutely unstable. Within the weakly nonparallel analysis, absolute instabilities are described by modes
that satisfy Eq. (2) as well as the zero-group-velocity condition.41
∂ω
= 0.
∂α

0

(3)

A mode ω 0 , α satisfying these conditions is said to be absolutely unstable if ωi0 > 0. In this case, the
mode will grow at its source leading to an intrinsic oscillation that is capable of producing a discrete tone
at the frequency ωr0 . The subscripts r and i indicate the real and imaginary parts, respectively. Modes
that satisfy Eqs. (2) and (3) correspond to saddle-points in the complex α-plane and cusps in the complex
ω-plane. In this work, ω 0 is computed by locating cusps using a grid of complex α-values. The procedure
has been validated by reproducing values of ω 0 for an analytical wake profile reported by Huerre et al.41 and
Jones et al.11
The absolute growth-rate ωi0 of the Kelvin-Helmholtz mode is shown in Fig. 11(a) as a function of chordwise position ξ along the suction side of the airfoil for the mean flow from window #2 corresponding to an
intense period. Since it is negative everywhere, the Kelvin-Helmholtz waves are not absolutely unstable.
Also shown is the maximum value of ωi taken over all real-values of α. Since this value is positive (over the
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latter part of the airfoil) but ωi0 is negative, the Kelvin-Helmholtz waves are convectively unstable (CU) in
this region. The re-circulation bubble is absolutely stable (S) but convectively unstable (CU), which can be
explained by the low level of the reverse flow of -2 m/s (12% of the mean incoming velocity). On the other
hand, the attached mean flow from the quiet window does not support unstable Kelvin-Helmholtz waves at
all.

Figure 11. Kelvin-Helmholtz instability of the recirculation bubble: (a) maximum temporal growth-rate and
absolute growth rate; (b) maximum spatial growth-rate; (c) amplification factor.

B.

Spatial stability analysis

The spatial growth of periodic disturbances is next studied by finding solutions of Eq. (2) for real values
of ω. Only window #2 is considered since the quiet window does not support growing Kelvin-Helmholtz
waves. The maximum value of αi is plotted as a function of ξ in Fig. 11(b). The cumulative amplification
of the Kelvin-Helmholtz waves as they convect down the airfoil can be measured by the amplification factor
A given by:
 Z 1

A (ω) = exp −
αi (ω, ξ) dξ .
(4)
ξ0

Here, ξ0 is the (frequency dependent) location where the Kelvin-Helmholtz wave first becomes unstable.
The amplification factor is plotted in Fig. 11(c). The broad peak centered at 900 Hz matches well with the
broad hump observed in the near- and far-field PSD. This confirms that Kelvin-Helmholtz wave, rather than
Tollmien-Schlichting waves, constitute the dominant instability mechanism leading an acoustic response in
this flow, as is observed from the visualizations of the event signature obtained during the intense window
in Fig. 6.
Using the model proposed by Kingan & Pearse,42 the eigenvalues obtained from the spatial stability
analysis can also be used to obtain a crude estimate of the tonal frequencies. The hypothesis underpinning
this model is that the tones are produced by a feedback loop between growing downstream-propagating
instability waves and upstream-propagating acoustic waves. These waves reinforce each-other only if the
total phase change over the loop, which is given by the expression
Z 1
ω
Φ (ω) =
αr (ω, ξ) dξ + π +
,
(5)
1−M
ξ0
equals an integer multiple of 2π. This model predicts the appearance of tones at 391, 703, 1012, and 1332 Hz,
as shown in Tab. 1. While some of these values seem to match tones observed in the data and others do not,
it is important to note that the model contains several uncertainties that could lead to discrepancies. More
precise predictions of the tonal frequencies will be obtained in the future using a global stability approach.

VII.

Conclusions and Perspectives

The Lattice-Boltzmann simulation of the CD airfoil installed in the potential core of a wind tunnel has
captured the transition of the boundary layer from laminar to turbulent flow close to the trailing-edge.
The simulation performed with a higher Mach number than the actual wind-tunnel experiments is able
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to reproduce the key features of the flow thanks to detailed comparison with experiments including wallpressure measurements, wall-pressure spectra and comparison with PIV measurements. The unsteadiness
of the boundary layer development has been assessed using a wavelet decomposition of the wall-pressure
fluctuations. Time periods of quiet and intense events have been detected and compared. During a typical
quiet time window, the boundary layer transition is progressive and the flow remains attached up to the
trailing-edge yielding a thin turbulent wake development. During a typical intense window, the boundary
layer detaches and large vortices form as a consequence of the Kelvin-Helmholtz instability that develops
in the shear layer of the recirculation bubble. The signature of the events present in the intense window
allows the identification of the hydrodynamic mechanisms responsible for the emission of a strong dipole
acoustic field. No feedback on the boundary layer from the acoustic wave emitted at the trailing edge is
observed. The wall-pressure fluctuations spectra computed over the full simulated time are influenced by the
statistic from the two typical time windows. The acoustic predictions using Ffowcs Williams and Hawkings
analogy capture the tonal content of the measured acoustic spectra although the tones seem to be shifted
in frequency. The linear stability analysis performed on the mean flow of the simulation has demonstrated
that the recirculation bubble close to the trailing-edge is the inception of the tonal mechanism. The KelvinHelmholtz instability develops in the shear layer of the recirculation bubble and is found to be convectively
unstable. The frequencies of resonance obtained from the spatial eigenvalues of the linearized flow equations
provide good estimates of the acoustic tones observed in the measured and computed acoustics. But this
estimation is very sensitive to the actual mean flow and to the selected Mach number for the simulation.
In a future work, a new simulation involving a lower Mach number and a finer mesh resolution to capture
precisely the laminar boundary layer will be performed.
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